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Abstract

This paper proposes a new fuzzy similarity measure to calculate the degree of
similarity of generalized fuzzy numbers (GFN’s).The fuzzy similarity measure is
developed by integrating the concept of centre of gravity (COG) points and
fuzzy difference of distance of points of fuzzy numbers. A fuzzy description for
difference of distances between fuzzy numbers in its turn exploits appropriate
similarity measure between the pattern sets when compared with other measures
available. It greatly reduces the influence of inaccurate measures and provides
a very intuitive quantification. Several sets of pattern recognition problems and
a fingerprint matching problem are taken to compare the proposed method with
the existing similarity measures. Our approach gives a better and more robust
similarity measure.
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1 Introduction

In traditional theories world representations are forced to comply with extremely
precise models, avoiding and rejecting imprecision as a perturbation factor.
However, imprecision plays an important role in information representation in
real processes where increase in precision would otherwise become
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unmanageable. Fuzzy set theory allows the formalization of approximate
reasoning and preserves the original information contents of imprecision. The
fuzzy sets defined on the set of real numbers are used in many applications of
fuzzy theory. Their membership functions of the form A:R - [ 0, 1] have
quantitative meaning and may be considered as fuzzy numbers or intervals when
they capture the concept of approximate reasoning G.J.Klir [1].Since any
imprecision factor is represented as fuzzy number the study of their similarity
measure becomes very important in the research topic of pattern recognition. In
pattern recognition we often want to measure the geometric properties of regions
in an image that are not crisply defined. Many of the standard geometric
properties and relationship among regions are generalized to fuzzy numbers. So to
measure their similarity is very important in decision making .Automated
fingerprint classification [2], [3] constitutes a complex problem in the pattern
recognition domain. Fuzzy geometrical features of finger print images can be
considered in the form of fuzzy numbers to handle the uncertainties in decision
making process.  Various similarity measures have been proposed to calculate
the degree of similarity between fuzzy numbers. In this paper we review only
those measures that are most related to our measure. However there are some
drawbacks in the earlier ones, the current method overcomes the drawback.

1.1 Outline of the paper

Section 2 gives the basic definitions, section 3 discusses the existing similarity
measures, section 4 presents the new fuzzy similarity measure, its relevant
properties and describes the approach of applying the current method to a
fingerprint matching problem. Section 5 compares and discusses the results of
proposed measure with other measures through pattern sets, and the conclusion is
given in section 6.

2 Generalized Trapezoidal Fuzzy Numbers (GTFN)

[4].[5]

The membership function of GTFN A= (a,b,c,d;w) where
aSbSCSd,O<WS1 is defined as
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0 X<a
X;a a<X<b
b-a

Ua(X)= W b<x<c
XZC t<x<d
d-c
0 X >d

If w=1, then GTFN A is a normal trapezoidal fuzzy number A = (a, b, c, d). If
a=Dband c=d, then A is a crisp interval .If b = c then A is a generalized
triangular fuzzy number. Ifa=b =c =d and w = 1 then A is a real number.
Compared to normal fuzzy number the GFN can deal with uncertain
information in a more flexible manner because of the parameter w that
represent the degree of confidence of opinions of decision maker’s.

3 Existing similarity measures between fuzzy
numbers

For any 2 trapezoidal fuzzy numbers A= (a,,a,,a;,a,)and B=(b,,b,,b;,b,)

3.1 The similarity measure S.M.Chen [6]

4
Z|ai —by|
S (A, B) :1_':1T

3.2 In C.H Hsieh [7]

1
S(A,B)= ————— Whered(A,B)=|P(A)-P(B
AB)= T ias (A.B)=|P(A)-P(B)
I:,(’A\)zalJr2a2+2a3+a4 P(B):bl+2b2+2b3+b4

6 6
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3.3  Simple center of gravity method (SCGM) Chen and Chen
[8]

The SCGM is based on the concept of medium curve [9] .The SCGM method
integrates the concepts of geometric distance and the COG distance
of GFN’s. If the GFN’s are A= (a;,a,,a;,a,;W,) and B=( b;,b,,b,,b,;w;)

0<a <a,<a;<a,<land 0<b, <h, <h,<b, <1.
COG(A)=(X,, Y.), COG (B)= (x5, ys) then

*

*
’

“la, —b, x x| B(S pSm) MNG 0 YD)
S(A,B)=1,;‘a' : A-pc, =% b © a%e) A2 Where
4 maxy ,y )
B
WA(aa—az +2)
L | —2Tt g za (1)
Ya= 6 ! ‘
W .
7“ ifa, =a,
X;: y;(a3+a2)+(a4+a1)(WA_yZ) (2)
2W,
1if S,+S,>0
B(SAYSB): . A ° (3)
0if S,+S;=0
SA:a4_al SB :b4_b1 (4)

3.4 The Radius of gyration based similarity measure Deng Yong

[10]

4

231 _b'| B(S. S min(rA,rB)
S(AB)=1——— | A B)Cate) v v

4 X X max(rA, rB)
y
Where I,.XA _ (Ix)1+(|x)2 +(Ix)3vv ryA _ (Iy)l +(Iy)2 +(IY)3;N
((a3—a2)+(a4—a1))7“ ((a3 _a2)+(a4 _‘3‘1))7A
_(a —a,)w, _ (- a,)W; _(a, - a,)W;

(Ix)l_ 12 (Ix)z_ 3 (Ix)3_ 12
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(1), = (@ -a)w,  (&-a)aw,  2Aa-a)aw,

4 2 3
3 2 2
(1,),= @ _22) W, G _ai)azw“ C _aﬁl) HWa
3 2 2
(1), ~ oW, | @), Aa, -a)aw,
12 2 3

3.5 Similarity measure based on geometric mean averaging

operator Shi-Jay Chen [11]

4 R * *
S(A,B) = {4 [T12-]a -b) —1}xmm(y§’y3) where y,,y; are given by (1).
i=1

max(y », Ys)

4 New fuzzy similarity measure for GFN’s

Though the methods discussed in the previous section could predict the similarity
of fuzzy numbers they fail to correctly give the similarity measure in certain
situations. Here we present a new similarity measure based on fuzzy difference of
distance of points of fuzzy numbers rather than geometric distances used by the
existing methods. We see that from pattern sets given in section 5 the current
fuzzy similarity measure not only overcomes the drawback of the earlier methods
it also gives the similarity measure with better accuracy.

The membership function to measure the difference in distance of points of
two GFN’s is defined as

1-X o<x<d

Hy (X) = d
0, otherwise

where 0<d <land x =|a; —b;|.The degree of similarity of two GFN’s A and B is
defined as

*

rfpEease Ma Ye) (5)

S(AB) = %iﬂd(X) -

XA N -
max(yA'yB)
B(S,,Sz) is 0 or 1 according as COG point is considered or not and

Xy X Ya:Ys  are given in (1), (2), (3), (4). In pattern recognition problems like
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fingerprint matching, earthquake damage analysis, speech recognition,
handwriting recognition, image analysis etc., the study of similarity measure
becomes very important . When the absolute difference between the base of two
fuzzy numbers is small the value of x,(x)is large. The choice of d, represents the

degree of accuracy required to measure the similarity of the fuzzy numbers. In
situations where high degree of accuracy is required in the similarity rating , the
value of d can be chosen as low as possible.

Here we take a more popular example of biometric technology the fingerprint
matching problem. Finger prints are perhaps what the majority of people
immediately associate with biometrics. In automatic fingerprint identification
systems the system will search for a matching print and may in fact produce a list
of many potential matches. So to study the degree of similarity between the
supplied fingerprint and those listed out as matches is a crucial problem. Many
fingerprint recognition algorithm are based on minutiae matching because it is
more reliable and discriminating feature .Two features are selected - the number
of matched sample points n and the mean distance difference of the matched
minutiae pairs m Xingjian Chen [12].The membership function for n and m are
represented by Gaussian function .

{ n-N, JZ
[Ny

The feature m is represented by fuzzy feature M as u,, (m) =e [HMQ-MiH

The feature n is represented by fuzzy feature N as £y (n) =e

Where N, - imposter match cluster centers of N ,Ng - genuine match cluster
centers of N,M;—imposter match cluster centers of M, Mg - genuine match cluster
centers of M. We take a sample data of FVVC 2002 DB1 with N; = 18, Ng = 230,
M; = 4.8, Mg = 3.1. We approximate the Gaussian function as Trapezoidal
function Min-You Chen [13] and obtain the GFN’s as N (0, 0.31, 0.35, 0.64; 0.8),
M (.07, 0.17, 0.18, 0.27; 0.8). The data is the finger prints of two different
persons.

Figure 1 represents the fingerprint matching set for fuzzy features N and M.
The value of d is taken as 0.5 for all the pattern sets discussed in this paper. For
complicated sets where exactness is expected to be high the value of d can be
taken accordingly. Using the proposed similarity measure we get
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4
%Z 4, (X)= 625 COG of N = (0.3234, 0.275) COG of M = (0.1717,
i=1

0.273)

S (N, M) =.625 x .8483 x .9927 = 0.5263

0.8
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0.4

0.2

0 0.1 0.2 0.3 04 05 06

N (0, 0.31, 0.35, 0.64; 0.8)
M (0.07, 0.17, 0.18, 0.27; 0.8)

Fig 1. Fingerprint matching pattern

4.1 Relevant Properties of the New Fuzzy Similarity Measure

Apart from the basic properties (reflexivity and symmetry) discussed in [8],
the fuzzy similarity measure presented here satisfies other properties which
reduces the computational work. The relevant properties we consider for the
similarity measures depend on the usefulness within the domain of research but
they are not considered as complete.

Property 1: If GFN’s are real numbers i.e. if A=(a,a,a,a;1) and B(b,b,b,b;1) then
[a-bl
S(A B)= 1—T
Proof: For real numbers y, =yg=.5
S,=S;=0 .S, +S;,=0&B(5,,5;)=0
005
0.5

[a~b)

1 .
S(A,B)zz,ud(x)(l—‘xA—xB) Hgla—b|=1~ . S0 S (A, B)

[~ b
R e
= d
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Property2: If A and B are same real numbers a =a,=a,=a,=b=
b,=b, =b,;w, #w, or if they have same base but different weights i.e.

a,=b ,a,=b,,a,=Db;,a, =b,;w, #w,; wehave y: =" andx, =x;.
B

Proof:
. 9 * WA * WB
Case | : If the GFN’s are real numbers From (1) vy, =5 Vs =
then yf W |
Y Ws
* W *
Hence y, =—2vy_ .
Ya W, Ys
w w
. 7A(2a1)+2a1(WA_7A)
From (2) x,= =a,
2W ,
Similarly x; =a,. Therefore xj =x .
wo (2% 4 2)
Case Il : If GFN’s are have same base From (1)y, = 8~ now since
a; = b; for all i we have
A &% ) v w w
L Ia_Ta PR Yy 6
Ye 5 VW, Ya WByB (6)

*

Wpo o » Ys
—& a,+a,)+(a, +a,)1-—)w
W yB( 3 2) (4 l)( W) A

X =8 B
A 2w,
— y; (a3 + az) + (a4 + al)(WB - y;)
2w,
:y;(b3+b2)+(b4+b1)(ws_y;) =X*
2w, ®

Property 3: If the GFN’s are same real numbers or if they have same base and in
either case different weights and in particular if wa = 1 or wg =1 then S (A, B) =
min (WA, Wg )

Proof: If A and B are same real numbers or if they are GFN’s with same base then

according to property 2 we have vy, = Wa ys and X, =Xg.
WB

Let W, =1 and since Ye <We
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*

oW, e s .
.. min( —vy., min( ——,
min( y,,Ys) _ (WB Vs Ys) (WB Ye)

max( Ya,Ys) max(W—Ay;,y;) max( y—B,y;)
Wg Wy
_ Ve _y
* B
Ve
Wg

Also 1, (X)=4V x SOS(A,B)=1x1x wg =min (Wa,Wg).

4 Comparison Of Fuzzy Similarity Measure With The
Existing Methods

The concept of fuzzy difference of points and COG points of GFN’s is
incorporated in the new fuzzy similarity measure. Few pattern sets of generalized
fuzzy numbers are taken to compare the proposed similarity method with the
existing ones. The pattern sets are shown in figure 2. The results obtained are
given in table 1.The similarity rate of fuzzy numbers depends on various aspects
like the degree of confidence of decision maker, the differences in distance of the
base of GFN’s (even when they are of same shapes), the COG values of the
GFN'’s etc.If the degree of confidence w is low then accordingly the similarity rate
should also be low.

It is seen that in set 10 though the GFN’s are of same shape their base values
are different whereas in set 1 the GFN’s are of different shapes but the base values
are same .Set 1 is more similar than set 10, but Chen and Chen [8], Deng Yong
[10] and Shi Jay Chen[11]depicts the similarity measure for set 10 higher than set
1.

In set 5 both the GFN’s are same except only the value of w is different.
Whereas in set 7 the GFN’s are two different real lines but Chen and Chen [8],
Deng Yong [10] and Shi-Jay Chen [11] rates set 7 with higher similarity than set 5
and our proposed method gives the similarity rate as .8 for both the cases which
seems to be reasonable measure.

In set 16 the GFN’s are with different base, different shapes and the values of w
also differ, but the similarity values given by the existing methods are too high
especially Deng Yong [10] gives the similarity rate as .7 which is too high. Also
Shi-Jay Chen[11] predicts the similarity rate as .5927 for set 16 and for set 3
which is less similar than set 16 it gives higher value as .5997 wherein all the
other methods rate set 16 more similar than set 3 .Our proposed method rates set
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16 as .29 and set 3 as .24.A similar type of similarity results can be found in set 12
and set 23.

Also for set 13 and set 14 the similarity measures given by existing methods
are very high. It is obviously seen that set 9 ,set 21 and set 22 are same type of
GFN’s all the methods gives the similarity rate as same except Deng Yong [10].

Compared to all the pattern sets given in fig 1 we can see that the GFN’s in
Set 17 are dissimilar because the value of w is only .3897and the base values of
GFN'’s are very wide apart A (0, .225, .45; .225./3) and B (.45, .675, .9;.225./3).
Our proposed method gives the similarity measure as .055 but the values given by
Hsieh [7] and Chen [6] and Shi Jay [11] are not acceptable. Similarly set 18 has
the GFN’s with w value different as well as too low, they are of different shapes
defined in different intervals accordingly we get the similarity rate also low as
0.1031.

Deng Yong [10] argument was Chen and Chen [8] gives same similarity
measure for those GFN’s that have same COG points and their method rules out
this flaw and gives different similarity rate. Though the problem is ruled out in
[10] the similarity measures produced by it for certain GFN’s are not acceptable
for pattern sets like 13, 14, 15 and 16.

Of all the distinct GFN’s given in fig 2, it is very well seen that set 1 is having
higher similarity. The proposed method gives a high similarity rate for set 1
compare to other distinct GFN’s discussed in fig 2. So the new similarity measure
not only overcomes the drawbacks of the existing similarity measures it also gives
a better similarity rating. From the results obtained in table 1 we see that the
existing methods fail to predict the correct similarity measure in certain cases
whereas the new fuzzy similarity method gives an accurate measure.

Table 1 Comparison of the Calculation Results of Fuzzy Similarity Measure with the existing methods

SE | CHEN[ | HSIEH | CHEN | DENGYONG SHI PROPOSED
T 6] [7] 8] [10] [11] METHOD
1 975 1 8357 7954 8356 8143
2 1 1 1 1 1 1
3 7 7692 42 4028 5997 24
4 7 7692 49 4931 7 28
5 1 1 8 8 8 8
6 1 1 1 1 1 1
7 9 909 9 81 9 8
8 9 909 54 5754 5991 48
9 9 909 81 8112 9 72
10 9 1 9 8854 8974 8
11 9 1 72 6914 72 64
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12 .9 9375 .78 7744 .8959 .69
13 N .7692 49 .8961 .6971 .28
14 N 71692 .49 7781 N .28
15 N .7692 49 4931 N .28
16 N .7692 49 .7004 .5927 .29
17 .55 .6897 .3025 .309 .55 .055
18 .55 .6897 .3025 .287 .3612 .1031
19 .8 .8333 .5486 .5905 .6854 4110
20 .8 .8333 .5486 .5899 .6854 4110
21 .9 .9091 .81 .8568 .9 N
22 .9 .9091 .81 .8551 .9 72
23 .9 1 .8077 .8255 .8077 7179
24 .9 1 .8028 .8255 .8028 71
25 .85 .8696 .6193 .6419 728 .5094
26 .85 .8696 .6193 .6441 728 .5094
10 10 10
0 ; 0 I X 0 ;
_olo02 03 04 oro02 03 04 01 02 03 04 05 06 07
4=001,02,03,0410) A=(01,02,03,0410) d=01,0203 0410
B=(0.1,0.25,025, 04 1.0 B=(01,02,03,04 1.0y B=0(04,055055 07 L0
Setl Setl Set 3
0 - [ o X
01 02 03 04 05 06 07 01 02 03 04 0.3

A=(01,02,03,04 10

B=(04050607 10
Setd

02 03

A=(02,02,02,0%10)
B=03,03,03,03 10
Set 7

01 030405 o

A=(01,04,07,10)

B=(03,04,0510)
Set 10

A=(01,02,03,04 10

B=(01,02,03,0408
Setf
01 02 02 04

A=0(0.1,02,0.3;1.0)
B=(03,03,03 L0
Set §

02 03 0405 06
A=(02,03,05,0610)

4=(03,03,03,03 10)

B=003030303 10
Set 6

0l 02 03 04
A=(01,02,0%10)
B=(02,03,04 10

Set 9

030405 08

4=0404.0810

B=(03,04,05,10)
Set 12
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: H H X
03 04 05 06 07 08 03 04 05 06 07 08 01 02 03 04 05 06 07
A=(03,03,04,04w) A=(03,03,04,04w) A=(01,02,03,04 47
B=(05,05,08 08w B=(06,06,07,07w) B=(04,05060747
Set13 Set 14 Set15
23 02254 [y
0 WX 0 X : » X
0.1 i 045 09 ~ 045 0675 _
4=01020 A=(0,0225,045 02253 A=(0,0.225, 045 02253
B=(055-243/9_055,055+243/9, 23 B=(045,0675,05, 022543 B=(0675, 0675, 0675, 01543
Set16 Set17 Set 18
ol Lot :
0 ’ ! X l:)‘E i X
01 02 03 04 05 01 02 03 04 03 01 02 03
A=(00,01,02,03 1) A4=(02,03,04,05 10) d=(0,01,0310)
B=(02,0350510) B= (0,01503%10) B=(01,02,03 10)
Set19 Set 20 Set 1l
IA‘ 0993942 [t
0 L~ L X D b 0 I X
0] 08 03 10 01 02 03 04 05 _ 05 06 0.7 05 05 LO
4=(07,08091.0) 4=(00,01,04,0510) A4=(05,06,09,10,10)
=(08,09,1.0; 1.0) B=(01,02030410) B=06,07,08 090993942
Set22 Set23 Set 24
1O 1.0}
c‘ X 0 L X
01 02 03 04 01 02 03 04 05
A=(01,02,0304 10 4=(01,02,03,0410)
B=00,01,021.0) B=(03,04,0510)
Set23 Set 26

Fig 2 Few sets of GFN’s

6 Conclusion

In this paper we presented a new fuzzy similarity measure for generalized
fuzzy numbers. The proposed measure work successfully in situations where the
GFN’s have same COG points and overcomes the drawbacks of the existing
methods. We see that giving a fuzzy definition for distances between points of
fuzzy numbers very much improves the similarity measure than the geometric
distances adopted by earlier methods. The measure greatly reduces the influence
of inaccurate measures and provides a very intuitive quantification. The results
obtained by our method reflect the significance of fuzzy representation rather than
the crisp definition.
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7 Open problem

Active research is going on in the study of the similarity measure of fuzzy
numbers in various areas. Several novel measures are used to access similarity of
fuzzy numbers but the current measure correlates better than the other measures
For crudely categorizing pairs of fuzzy numbers as either similar or dissimilar all
the measures performed well. But for distinguishing between degrees of similarity
between exigent pairs certain measures were clearly superior and others were
clearly inferior. However there is no serious attempt to validate the techniques
through behavioral experiments. Some authors have mentioned that their
technique work very well, but they do not provide appropriate data to support
their claim. Future plan is to acquire validity for the behavior of the measure and
scale up the experiment with larger database.
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