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Abstract

Following the definition of intuitionistic fuzzy n-norm [3],
we have introduced the definition of intuitionistic fuzzy norm
(in short IFN) over a linear space and there after a few
results on intuitionistic fuzzy normed linear space and finite
dimensional intuitionistic fuzzy normed linear space. Lastly,
we have introduced the definitions of intuitionistic fuzzy
continuity and sequentially intuitionistic fuzzy continuity and
proved that they are equivalent.
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1 Introduction

The authors T. Bag and S. K. Samanta [5] introduced the definition of
fuzzy norm over a linear space following the definition S. C. Cheng and J.
N. Moordeson [4] and they have studied finite dimensional fuzzy normed
linear spaces. Also the definition of intuitionistic fuzzy n-normed linear space
was introduced in the paper [3] and established a sufficient condition for an
intuitionistic fuzzy n-normed linear space to be complete. In this paper,
following the definition of intuitionistic fuzzy n-norm (3], the definition of
intuitionistic fuzzy norm (in short IFN) is defined over a linear space. There
after a sufficient condition is given for an intuitionistic fuzzy normed linear
space to be complete and also it is proved that a finite dimensional intuitionistic



Finite Dimensional Intuitionistic Fuzzy Normed Linear Space 575

fuzzy norm linear space is complete. In such spaces, it is established that a
necessary and sufficient condition for a subset to be compact. Thereafter
following the definition of fuzzy continuous mapping [6], the definition of
intuitionistic fuzzy continuity, strongly intuitionistic fuzzy continuity and
sequentially intuitionistic fuzzy continuity are defined and proved that the
concept of intuitionistic fuzzy continuity and sequentially intuitionistic fuzzy
continuity are equivalent. There after it is shown that intuitionistic fuzzy
continuous image of a compact set is again a compact set.

Definition 1 /3] A binary operation = : [0, 1] x [0, 1] — [0, 1]
is continuous t - norm if x satisfies the following conditions

(i) % is commutative and associative

(i1) % s continuous

(iti) ax1 = a VacelO,1],

(iv) a x b < ¢ x d whenever a < ¢ , b < d and
a,b,c,de[0,1].

Y

Definition 2 /3] A binary operation <o : [0, 1] x [0, 1] — [0, 1]
is continuous t - co - norm if © satisfies the following conditions

(7) o s commutative and associative ,

(7) o is continuous ,

(iti) ao0 = a Vacel0,1],

(iv) a o b < ¢ o d whenever a < ¢ , b < d and
a,b,c,de[0,1].

Remark 1 /3] (a) Forany ri,re ¢ (0, 1) with ry > ro , there
exist r3, rqg € (0, 1) suchthat ry % r3 > ry and 11 > T4 079 .

(b) Forany rs e (0, 1) , there exist 16 , r7 ¢ (0, 1) such
that rg *x r¢ > r5 and r7 o r7 < r5 .

Definition 3 [3/ Let E be any set. An intuitionistic fuzzy set A of
E is an object of the form A = {(x, pa(x), valz)) : z e E}
where the functions pa : E — [0, 1] and va : E — [0, 1]
denotes the degree of membership and the non - membership of the element
xr e E respectively and for every v e E , 0 < pa(z) + va(z) < 1.

Definition 4 [3/ If A and B are two intuitionistic fuzzy sets of a non -
empty set E |, then A C B if and only if for all v ¢ E

pa(r) < pp(x) and va(r) > vp(z);
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A = B if and only if for all x ¢ E

palz) = pp(x) and va(z) = vp(r);

A= {(z,valz), pa(z)) : ze E};

ANB = {(z, min(pa(z), pp(x)), max(va(z), vp(z))) : e E};

AUB = {(z, max(pa(z), pp(z)), min(va(z), vp(z))) : v e E}.

Definition 5 Let * be a continuous t - norm , ¢ be a continuous t -
co - norm and 'V be a linear space over the field F (= R or C) . An
intuitionistic fuzzy norm or in short IFN on V' is an object of the form
A ={((z,t), N(z,t), M(z,t)) : (x,t)eV x RT} | where
N, M are fuzzy setson V x RY | N denotes the degree of membership and
M denotes the degree of non - membership (x , t) ¢ V. x RT satisfying
the following conditions :

(7) N(zx,t)+ M(z,t) <1 V(x,t)eV x RT;
(i) N(z,t) > 0;

(i) N(z,t) =1 dfandonlyif = = 0;

(iv) N(cm,t):N(m,ﬁ) c#0,ce F;

(v) N(z,s)*« N(y,t) < N(z +vy,s +1t);

(v1) N(x , -) is non - decreasing function of RT and
tlimoo N(x,t) = 1;

(wvii ) M(xz,t) > 0;

(viii ) M(z,t) = 0 dfandonlyif = = 0;

(iz) M(cx,t):M(x,ﬁ) c #0,ce F;

(z) M(z,s)oM(y,t) 2 M(z +y,s+1);

(i) M(xz , ) is nmon - increasing function of R7T and

lim M (z,t) = 0.

t — oo
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Example 1 Let (V. = R, || - ||) be a normed linear space where
lz|| = |z V. z e R . Define a *x b = min{ a, b} and
a b = max{a, b} foral a,be [0, 1] . Also define
N(xz,t) = m and M(xz,t) = tf',f"gc' where k > 0 . We now

consider A = {((z,t), N(xz,t), M(z,t)) : (x,t) eV xR*"}
. Here A isan IFN on V .

Proof: Obviously follows from the calculation of the example 3.2 [3].

Definition 6 If A is an IFN on 'V ( a linear space over the field
F (= Ror C)) then (V, A) s called an intuitionistic fuzzy normed
linear space or in short IFNLS.

Definition 7 [3] A sequence {x, }, in an IFNLS (V , A) s said to
converge to v € V if gwwen r > 0 , t > 0 , 0 < r < 1 there
exists an integer no € N such that N(z, — z,t) > 1 — r and
M(z, —x,t) < r forall n > ngy .

Theorem 1 In an IFNLS (V , A) , a sequence {x,},  converges
to © ¢ V if and only if lim N (z, — x,t) = 1 and

lim M (z, —z,t) = 0.

n — oo

Proof: The proof directly follows from the proof of the theorem 3.4 [3] .

Theorem 2 If a sequence {x, }, in an IFNLS (V , A) is convergent ,
it’s limat is unique .

Proof: Let lim z, = z and lim =z, = vy . Alsolet s,t e R* .
n — oo n — o
Now
i lim N(zp—z,t) =1
im z, = «x e
n— oo M = nlewM($"_x t)y =0
| lim N(zp—y,t) =1
. n — oo
im x, = :
n — oo n ) = 7L1LmOOM(z7l—y,t):O

N(zx —y,s +t)

Taking limit , we have

N(Ji—y78+t)2 lim N<xn_xas)*lim N(an—y,t):l



278

T. K. Samanta and Igbal H. Jebril

— N(xz —y,s +t)

l = o —y 0 = 2 =y
This completes the proof .
Theorem 3 If lim =z, xr and lim y, = y then
lim z, +y, = x + y inan IFNLS (V , A) .
Proof: Let s, t ¢ Rt . Now ,
lim N(zn—z,t) =1
lim Tp = T = {nljmwM(xn—x t) =0
. nleooN(yn—y7t):1
nlimw Yn vy = nlewM(yn—y,t)ZO
Now,
N((zn +yn) = (x+y), s+1t) = N((za —2) + (yn —y), s + 1)
> N(xp, —x,5)*% N(yn —y, 1)
Taking limit, we have
lim N ((zp + yn) — (z+vy), s+ 1)
> lim N (z, —x,s) x lim N (y, y,t)
= 1x1 =1

Again,
M ((zn + yn) — (

—z) + (Yo —y). s + 1)

S (xn_x78)0M<yn_yat)
Taking limit, we have

im M ((z, + yn) — (z +y),

s+ 1)
< lim M(z, —x,s) ¢ lim M (y, —y,t)
= 000 =0
= lim M ((zn +yn) — (z+y),s+t) =0
Thus, we see that lim =z, + vy, = = + vy .
Theorem 4 [f lim =z, x and ¢ (# 0) e F then lim czx, =
cx in an IFNLS (V| A) .

n — oo

Proof: Obvious.
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Theorem 5 In an IFNLS (V | A), every subsequence of a convergent
sequence converges to the limit of the sequence .

Proof: Obvious.

Definition 8 A sequence {x,}, n an IFNLS (V |, A) s said to

be a Cauchy sequence if lim N (z,4, — T,, 1) = 1 and
lim M (zp4p —2zp,t) = 0, p =1,2,3, -+ t >0

Theorem 6 In an IFNLS (V , A) , every convergent sequence is a Cauchy
sequence.

Proof: Let { z, }, be a convergent sequence in the IFNLS (V' , A) with

lim z, = 2 .Let s, teR" and p =1,2,3, -+ , we have

N (Znip — Ty, s+ t) N(zpyp — 2+ — 2y, + 1)
N(zpip —x,58) * N(z — x,, 1)

N(zpyp —2,s)* N(z,, —x,1t)

vl

Taking limit , we have
lim N (xp4p — xn, s +t)

> lim N(zp4yp, —x,s) = lim N (z, — 2, 1t)
=1 %1 =1
= lim N (Zpnip — Tpn,s +t) = 1 V s, t e R" and
p:1a2737”'
Again

M(2pyp — 0 +2 — Ty, 5+ t)
M (zpip —x,8) 0 M (x —x,, 1)
M(zpyp, —x,8)0 M(z, —x,t)

M<xﬂ+p_xn78+t)

A

Taking limit , we have
lim M (zp4p — 2y, s + t)

< lim M (zp4p —x,s) o lim M (x, —x,t)
=000 =0
= lim M (zpyp —xp,s+t) = 0 ¥V s, t e RT and
p:172737”'

Thus, { x, }, isa Cauchy sequence in the IFNLS (V' , A) .

Note 1 The converse of the above theorem is not necessarily true . It is
verified by the following example .

Example 2 Let (V|| - ||) be a normed linear space and define a * b =
min{a, b} and a o b = max{a, b} forall a,be[0,1] . Forall
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t > 0, define N(z,t) = t+kt” 7 and M(x,t) = % where
k> 0 . Itis easy to see that A {((z,t), N(x,t), M(x,t))

(z,t) eV x Rt} isan IFN on V . We now show that

8

(a) {xn}, isa Cauchy sequencein (V , | -||) if and onlyif {x, },
is a Cauchy sequence in the IFNLS (V , A) .
(b)  A{zn.}, is a convergent sequence in (V , || - |) if and only if

{x,}, isa convergent sequence in the IFNLS (V , A) .

Proof: (a) Let {z,}, beaCauchysequencein (V, ||| ) and t > 0
< lim |[zp4p — 2u| = 0 forp=1,2, -
t k n - n
— lim — 1 and lim lnip = zull
n—oot + klTaip — n—oo t + k[Zagp — @l
< lim N (zp,4p —2n,t)=1and lim M (x,4+p, — xp,t) = 0
<= {x,}, isa Cauchy sequencein (V , A)
(b) Let {z,}, beaconvergent sequencein (V , || -|) and t > 0 .
<— lim |z, —z| = 0
. t _ ; kllzn — x| —
= Im gy = 1oand lim —mr—0g = 0
<~ lim N(z, —x,t) = land lim M (z, —x,t) = 0
<= {uz,}, isaconvegentsequencein (V , A).

Theorem 7 Let (V , A) be an IFNLS , such that every Cauchy sequence
in (V, A) has a convergent subsequence. Then (V | A) s complete .

Proof: Let {z, }, be a Cauchy sequence in (V , A) and {xz,,}, be
a subsequence of { z, } that converges to x eV and t > 0 . Since
{x,}, isa Cauchy sequencein (V , A) , we have

t
lim N(mn—xk,—) = 1 and lklm M(mn—xk,

n,k— oo 2 n,k— oo

N |+
N~
I
o

Again since { x,, }, convergesto z , we have

t t
limN(xnk—x,—) = 1 and limM(xnk—x,—> = 0
Now,

N(x, —x,t)
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= lim N (z, —z,t) = 1

n — oo

Again, we see that

= lim M(z, —z,t) = 0

n — oo

Thus, {z, }, convergesto z in (V' , A) andhence (V' , A) iscomplete.

Theorem 8 Let (V , A) be an IFNLS , we further assume that ,

(wii) aiaZalt Yacel0, 1]

(wiii) N(z,t) >0Vt>0 = 2 =20

(xiv) M(z,t) >0Vt>0 = z =0

Define |z ||t = A{t : N(x,t) > a} and |z|> = VvV {t

M(z,t) < a} ,ac(0,1). Thenboth {||z|. : aec(0,1)}
and {||=||2 : ae (0,1)} areascending family of norms on 'V . We

call these norms as « - norm on V  corresponding to the IFN A on V .

Proof: Let o ¢ (0, 1) . Toprove | 2|} isanormon V , we will prove
the followings :

(1) lzlly > 0 VaoeV;
(2) Izl =0 <= 2 =0;
(3) lealle = lelllall ;

(4) le +ylls < lala+ Nyl -

The proofof (1), (2) and (3) directly follows from the proof of the theorem
2.1 [5] . So, we now prove (4) .
lzlla + Iyl = Afs : N(z,s) 2 a} + A{t : N(y,t) 2

a} = A{s +t : N(z,s) > a, N(y,t) > «a}
AN{s +t : N(z,s) *« N(y,t) > ax af > A{s + t :
N(z +y,s +t) > a} = |z + yl., which proves (4) . Let

0 < a1 < ay < 1. ||~’B||(111 = AN{t : N(z,t) > a1}
and ||gzc||il2 = A{t : N(xz,t) >
{t : N(xz,t) > as} C {t : N(
N(z,t) > ay} > ANt : N(z,t
H:L’H;l . Thus, we see that { || 2|}

as} . Since a; < asy

t) > a1} = At
1

> ary = |z|,, =

e (0, 1)} is an ascending
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family of norms on V .

Now we shall prove that { | z|? ; a e (0, 1) } is also an
ascending family of norms on V. Let a« ¢ (0, 1) and =z , y ¢ V
It is obvious that ||z ||> > 0 . Let |[z]2 = 0 . Now,
z]|2 = 0 = V{t : M(z,t) < a} =0 = M(z,t) >
a > 0V t > 0 = =z = 0. Conversely, we assume that
r =0 = M(z,t) = 0Vt>0 = V{t: M(z,t) <
a} =0 = Jz||2 = 0.
It is easy to see that ||ca |2 = |c| |z ||2 VY ce F.
lzls + Nyl = vis « M(z,s) < a} + Vv {t :
M(y,t) < a} = Vv{s +t : M(z,s) < a, M(y,t) <
al = Vi{s +t : M(x,s) o M(y,t) < a o a} >
V{s +t : M(z +y,s +t) < a} = |z + y]|, ,thatis

}
Iz +yle < lalls + Iyl Vao.yeV.

Let 0 < a3 < az < 1 . Therefore, ||x||i1 = V{t : M(z,t) <
aq} and HxHi2 = V{t : M(z,t) < as} . Since a; < as , we
have

{t : M(z,t) < a1} C {t : M(xz,t) < as}

= V{t: M(z,t) < a1} < V{t : M(z,t) < as}

= HxHil < H:L‘HZQ Thus we see that { ||z |2 : ae (0, 1)} is
an ascending family of norms on V .

Lemma 1 /5] Let (V , A) be an IFNLS satisfying the condition ( Xiii)
and {x1, xo, -+, x,} be a finite set of linearly independent vectors of V
. Then for each « € (0, 1) there exists a constant C, > 0 such that for
any scalars oy, g, -+, Qp

n
larzy + azas + - + apzallh > Ca > |a;]
=1

where || - || is defined in the previous theorem.

Theorem 9 FEuvery finite dimensional IFNLS satisfying the conditions ( Xii)
and ( Xiii) is complete .

Proof: Let (V', A) be a finite dimensional IFNLS satisfying the conditions
(Xit) and (Xiii). Also, let dimV = k and {e;, ey, -+, ex} bea
basis of V. Consider {x, }, asan arbitrary Cauchy sequencein (V , A).
Let Ty = ﬁ§n) €1 + 5§n) €9 + + ﬁlin) €L where
ﬁ%”) , ﬁén) IR ﬁ,(g") are suitable scalars. Then by the same calculation
of the theorem 2.4 [5], there exist (31, B2, -+, Or € F such that the
sequence {ﬁi(n)}n converges to (; for i = 1,2, --- | k. Clearly
r = Xk:ﬂiei e V. Now, forall t > 0,

=1
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i=1
> N — Bi)er, L) ok o x N((BY -
Bk)ek>%) . .
= Nlew gy ) xoos Nlews e
Since  lim —— oo, we see that lim N(e;, —z5—) =
n—oo k|B; — B n — 0o k|8; — B4
1
— lm N(z, —z,t) > 1%---x1=1 Vit>0

= lim N(z, —z,t) =1 Vt>0
Again, for all ¢ > 0,

M(zx, —x,t) = M(Ef:lﬁi(")ei - ﬁ:lﬁiei, t)
k
= M(X (B — Bi)es, t)

=1

< M((ﬁgn) — fi)er, ) O - 0 M((ﬂé”) —

ﬁk)ek7£) .
= M —t Yo .- 0o M
(er, k\ﬂ§">—ﬁ1|) (ex km,i”)—m)

Since  lim + = oo, weseethat lim M (e;, +) =

n—oo k|B;" — B n — oo k|1B;"" —Bil
0
— lim M(z, —z,t) < lo--0ol=1 Vit>0
— lim M(z, —z,t) =0 Vit>0.

Thus, we see that {x, }, is an arbitrary Cauchy sequence that converges to
x ¢ V | hence the IFNLS (V , A) is complete .

Definition 9 Let (V , A) be an IFNLS. A subset P of V s said to be
closed if for any sequence {x,}, in P convergesto x ¢ P , that is,

lim N(z, —z,t) = l,and lim M(x, —2z,t) = 0 = =z ¢ P.

n — oo n — oo

Definition 10 Let (V , A) be an IFNLS. A subset Q of V is said to
be the closure of P ( C V) if for any = € @Q , there exists a sequence
{xn}n in P such that

lim N(z, — x,t) = l,and lim M (z, — x,t) = 0 VteR™T.

n— oo n — oo

We denote the set Q by P .
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Definition 11 A subset P of an IFNLS is said to be bounded if and only
if there exist t > 0 and 0 < r < 1 such that

N(z,t) >1 —rand M(xz,t) <r ¥V xzelP

Definition 12 Let (V , A) be an IFNLS. A subset P of of V s said to
be compact if any sequence {x, }, in P has a subsequence converging to
an element of P .

Theorem 10 Let (V , A) be an IFNLS satisfying the condition (Xii) .
Every Cauchy sequence in (V , A) s bounded .

Proof: Let {z,}, bea Cauchy sequence in the IFNLS (V' , A) . Then
we have

'n,li{noo]\/Y(Y:ISTL-~>1’71‘”7t):1
lim M(zp4p—2n,t) =0 Vt>o7p:172’

n — oo

Choose a fixed ro with 0 < rqg < 1 . Now we see that

lim N(z, — zpyp,t) =1 >rgVt>0,p = 1,2,
= Fort > 0 3 ng = ne(t') suchthat N(z, — xpip,t) >

0
To vV n Z No, p = 1 9 2 )
Since, tlim N(z,t) = 1, wehave for each z; , 3t; > 0 such that

N(I’i,t)>7’0 Vt>t,,e=1,2,- -

Let to:t’+max{t1,t2,--~,tn0}.Then,
N(zp,to) > N(x,,t' + t,,)
= N(zp — Tpy + Tng, t' + tng)
> N(zp — Tpg, t') * N(Xpy, tay)
> rgkrg = rg Vn > ng

Thus , we have
N(z,,to) > 190 Y n > ng

Also N(z, , to) > N(x, , t,) > 1o forall n =
1,2, -, ng
So, we have

N(xy,tg) >ro Vn=1,2,- - (1)
Now,nILmOOM(xn—xn+p,t) =0< (1l —=7r9)Vit>0,p =
1,2,

= Fort > 0 3 nfy = ny(t') suchthat M(z, — z,4,,t) <
(1 —ro)¥Vmn >mny,p = 1,2, -
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Since, tlim M(xz,t) = 0, we have for each z; , 3t > 0 such that

M(l'i,t)<(1—7“0) Vt>t’l,z:1,2,

Let tlo = t, + InaX{tll , tl2, Tty t/no} . r_]_j].’.leIl7
M(z,,ty) < M(z,,t + 1)
= M(zn - $n’0 + xn’o ) t' + t/no)
< M(wy — @, 1) 0 M(2p, t,,)
< (1 =7r9)o (1l —rg) = (1L —rg) Vn>n

Thus , we have

M(x,,t,) < (1 —rg) Vn>nj
Also , M(z,,t)) < M(z,,t,)) < (1 —rg) forall n =
1,2, -, 0
So, we have

M(z,, th) < (1 —rg) Yn=1,2, o (2)

Let t) = max{to, t/y} . Hence from (1) and (2) we see that

N(wn.th) > ro } Vo = 1,2

M (@n,th) < (1=70)

This implies that {z, }, is bounded in (V , A) .

Theorem 11 In a finite dimensional IFNLS (V , A) satisfying the
conditions (Xii), (Xiii) and (Xiv) , a subset P of V is compact
if and only if P is closed and bounded in (V , A).

Proof: = part : Proof of this part directly follows from the proof of the
theorem 2.5 [5].
<= part : In this part, we suppose that P is closed and bounded in
the finite dimensional IFNLS (V , A). To show P is compact, consider
{Zn}n, an arbitrary sequence in P. Since V is finite dimensional, let
dimV = n and {e;, ey, -+, e,} beabasis of V. So, for each xy,
3 8k By ... Bk e F such that

T = ﬁfel—f_ﬂge?_’_"'—f_ﬁsenak: ]-a2a"'

Since P is bounded, {xj}) 1is also bounded. So, 3 t; > 0 and rg
where 0 < r¢g < 1 such that

N(zgk,to) > 1—ro=ap } v k (]_)

M(xk,t())<7"0
Let [[z]la = A{t : N(z,t) > a},ae (0, 1). So,we have

[z ao < o (2) (By(1))
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Since {e;, es, -+, e, } is linearly independent, by Lemma (1), 3 a
constant ¢ > 0 such that V £ = 1, 2,

lzellao = II D Breillas > ¢ D 18] (3)

=1 =1

From (2) and (3) we have

- t
Z|6Zk|§_0 fO’f’ k:1727
i=1 ¢
= Foreach i,
- t
k k 0
o< - E=1.2. ...
EIED W S 2,
= { 3%}, is a bounded sequence for each i = 1,2, ---  'n
— {BF} has a convergent subsequence say {5}, .
— {1y, By, - {BF}, are all convergent .
Let @y, = B e + B5'es + - + Ble, and By = lim Bf', By =
lim 5517"'76n: lim BF and o = Brer + Baez + -+ + Buey.

Now V t > 0 , we have

N(zg, —x,t) = N(Zn:ﬂflei— iﬁieiyt)

i=1 i=1

- N(iilwﬂ — Bi)ei s t)

> N((fy 51)61,;)*---*N((5’” 571)671771)

= N (e, ﬁ)*---*N(en,ﬁ)
Since lli)ngo - tiﬁi 00 , we see that llirr;o N(e;, m) =
:IEH;ON(mkl—x,t)Zl*---*lzl Vit>0
:>llirréoN(xkl—x,t):1 Vit>0 (4)
Again, for all t > 0,
M(xy, —a,t) = M(Zlﬁk’ 121616“ )

= M(X (B - Beit)

< M8 - B e ) o (8%
B)en. t) | |
| | T M(el,nlﬁl—ﬂl)o---.oM(en,Mﬁsl—W)
Since llirrio m = 00, we see that zlir%o M (e;, m) =
O:>llinC1>OM(a:kl—xt)§O<>--~<>O:0 Vit>0
= lim M(xy, —2,t) =0 Vit>0 (5)

| — o0
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Thus, from (4) and (5) we see that
lim z4,, = v = xe A | Since A isclosed ].

[ — oo

= A is compact.

Definition 13 Let (U, A) and (V , B) betwo IFNLS over the same field
F. A mapping f from (U, A) to (V, B) is said to be intuitionistic
fuzzy continuous ( orin short IFC ) at x¢ € U, if for any given ¢ > 0
,ae(0,1) , 36 =0(a,e) > 0,0 =p(a,e)e (0,1) such
that for all x ¢ U,

Ny(z — x¢g,6) > f = Ny(f(z) — f(x0),¢) > «
and

My(z —x9,60) <1 =0 = My(f(z) — f(z9),¢) <
1 - «.
If f s continuous at each point of U , [ s said to be IFC on U .

Definition 14 A mapping f from (U , A) to (V , B) is said to be
strongly intuitionistic fuzzy continuous ( or in short strongly IFC )
at xo e U, if for any given ¢ > 0 , 35 = 6(a,e) > 0 such that for
all x ¢ U,

Ny (f(x) — f(xo9),e) > Ny(x — xo, 0) and

My (f(x) — f(zo0),e) < My(z — x0,0) .
f 1s said to be strongly IFC' on U if [ 1is strongly IFC at each point of U .

Definition 15 A mapping f from (U , A) to (V , B) is said to be
sequentially intuitionistic fuzzy continuous ( or in short sequentially
IFC ) at zy € U, if for any sequence {xn}, , ©, € U ¥ n , with
r, — xo in (U, A) implies f(x,) — f(xo) in (V, B) , that
is

lim Ny(z, — z9,t) = 1 and lim My(z, — z9,t) = 0
= lim Ny (f(zn) — flzo), t) = 1 and lim My (f(z,) —
f(l'o),t) =0

If f s sequentially IFC at each point of U then [ is said to be sequentially
IFC on U .

Theorem 12 Let f be a mapping from (U , A) to (V , B). If f
strongly IFC then it is sequentially IFC but not conversely .

Proof: Let f : (U, A) — (V , B) be strongly IFC on U and
xg e U. Then foreach ¢ > 0 , 3§ = d(xg, ) > 0 such that for all
xelU,

Ny (f(z) — f(zg),e) > Ny(xz — xo,9) and
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My (f(x) = f(zo),e) < My(x = xo,9)

Let {z,}, be a sequence in U such that z, — =z, , thatis, for
all t > 0,

lim Ny (z,—2¢,t) = 1 and lim My(x, —xo,t) =

0
Thus, we see that
Nv(f(zn) = f(2z0),e) = Ny(zn — 20, 9) and
MV(f(‘Tn) - f(]?()),é?) < MU('Tn - Xo, 5)
which implies that
nlewNv(f(xn) — f(xo) , €) = 1 and nleva(f(xn) —
f(zo),e) =0

thatis, f(z,) — f(z¢) in (V, B) .

To show that the sequentially IFC of f does not imply strongly IFC of f
on U | consider the following example .

Example 3 Let (X =R, || - ||) be a normed linear space where |z | =
|z| V x ¢ R. Define a * b = min{a, b} and a © b = max{a, b}
forall a,be [0, 1]. Also, define

Nl, M17 NQ, M2 : X X R+ — [0, ]_] by
t Ed
Nl($7t>_t+|$’ ) Ml(xat)_t+’x|
t k|z|
NQ(CL’,t):maMl(IE;t):m k>0

Let A = {((x,t), Ny, My) : (z,t)e X x R"}and
B ={((z,t), Ny, My) : (z,t)e X x R"}

It is easy to see that (X , A) and (X, B) are IFNLS . Let us now define,
flzx) = 11% V. x e X. Let xoge X and {x,}, bea sequence in
X such that x, — xo in (X, A) , thatis, forall t > 0,

lim Ny(z, —z9,t)=1 and lim M;(z, — z¢,t)=0

. n — oo n — oo

that is
e lim Ltn=rol -
n — oo t+|$n_730| and n — oo t+|$n_x0| 0
= lim |z, — 29| =0

n — oo

Now , forall t > 0
Na (f (@) = F(20).D) = 77700
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t
4
Zn _ 0
t+k|1+x% 1+x%‘
t(1+z2) (1+22)
t(1+x2)(14zd)+k ol (1+22) —2d (1 +22)]

4

- t(1+z2)(14+z32)
T () (e +k (23 — 23) (a2 +a3)tad o3 (2323 |
= dim Ny (f(2n) = f2o), 1) = 1.
22 —22) (22 +22) 422 22 (22 — 32
= My(f(wn) = f(wo), ) = e e T

t(i+ad)(Itag)+kl(e2 —2F) (23 +23) + 23 25 (2 —23)|
Thus, f s sequentially continuous on X . From the calculation of the
example [6] , it follows that f is not strongly IFC .

Theorem 13 Let [ be a mapping from the IFNLS (U, A) to (V, B).
Then f is IFC on U if and only if it is sequentially IFC on U .

Proof: — vpart : Suppose [ is IFC at zg ¢ U and {z,}, isa
sequence in U such that z, — 2o in (U, A). Let ¢ > 0 and
ae (0, 1). Since f isIFCat z¢ , 3 § = d(e, @) > 0 and
308 = p(e,a)e (0,1) such that for all =z ¢ U,
Ny(x —x9,6) > 8 = Ny (f(x) — f(z9),e) > «
My(z —29,0) < 1=0 = My(f(x)—f(zg),e)<l—a.

Since =, — xo in (U, A) , there exists a positive integer n
such that for all n > ng

Ny(zp —xg,0) > [ and My(z, — 29,0) < 1 —
= Ny (f(zn) — f(zo),e) > a and My (f(xz,) — f(xg),e) <
1 — «
= f(xz,) — f(xo) in (V, B) ,thatis, f issequentially IFC at
o -
<= part : Let f be sequentially IFC at zo ¢ U . If possible, we suppose
that f is not IFC at zg.
= Je >0 and ae (0, 1) suchthatforany § > 0 and ¢ (0, 1),
Jy ( dependingon ¢, 5 ) such that

Ny(xg —y,0) > [ but Ny(f(zo) — f(y),e) < «

and
My(xog—y,0)<1—=0 but My (f(zo)—f(y),e) > 1—a.
Thusfor 3 =1 - 1~  §= -1 n=1,2, .-, Fy, suchthat

n+1 n+1
NU(‘%O_yn?n;H) > 1_n.1~_1 but NV(f(x0>_f(yn)a5) < o«
My (2o = Yn, 7o7) < 735 but My (f(ze) — f(y),e) = 1 — a.
Taking § > 0 , 3 ng suchthat 2~ < § V n >
) 1

n+1 o
NU(‘TO _yn75) 2 NU<I0 - Yn, nil > - 7L<1F1 \V/n Z no ,
MU(JIU - ynaé) S MU(xO - Yn, n;-i-l) < nil vV n Z no

= lim Ny(z9 — yn,0) = 1 and lim My(zg — yn,0) = 0

But | Nv(f(z0) = flya) » ©) < a = lim Ny(f(zo) -
fyn), €) # 1.

Thus, {f(y,)}n does not converge to f(xzo) where as y, — =z in
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(U, A) which is a contradiction to our assumption . Hence , f is IFC at
o -

Theorem 14 Let f be a mapping from the IFNLS (U, A) to (V , B)
and D be a compact subset of U . If f IFC on U then f(D) isa
compact subset of 'V .

Proof: Let {y,}, beasequencein f (D) . Thenforeach n , 3 z, ¢, D
such that f(z,) = wy,. Since D 1is compact, there exists {z,, }
a subsequence of {z,}, and xeeD such that z, — 1z in (U,A).
Since f is IFC at =z if for any given ¢ > 0 , a ¢ (0, 1) ,
360 = 6(a,e) > 0,0 = [(a,ce)e (0, 1) such that for all
xe U,

Ny(x — x¢g,0) > 8 = Ny(f(z) — f(xo),e) > «
and

My(z —29,0) <1 -0 = My(f(z)—f(2),e)<l—a
Now, z,, — x¢ in (U, A) implies that 3 ny ¢ N such that for all
k Z N

Ny(xn, — 20,6) > B and My(z,, —209,0) < 1—-0

= Ny (f(zn,) — f(z9),e) > ae) < 1 — «

and My (f(xn,) — f(z0),¢) < 1 — «a
ice. Ny (yn, — f(xg),e)>aand My (y,, — f(xo),e) <1l—aVk>ng

= f(D) 1isacompact subset of V.

2 Open Problem

Though there are the concepts of fuzzy inner product spaces [9, 10] but the
concept of fuzzy norm could not be induced by these concepts of fuzzy inner
product. So, one can develop the concept of fuzzy inner product which can
induce the concept of fuzzy norm. Also, one can develop the concept of anti
fuzzy inner product which can induce the concept of anti fuzzy norm [8].
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