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Abstract
A hyperbolic problem wich combines a classical(Dirichlet)
and a non-local contraint is considered. The existence and
uniqueness of strong solution are proved, we use a function-
nal analysis method based on a priori estimate and on the
density of the range of the operator generated by the consid-
ered problem.
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1 Introduction

The first study of evolution problems with a nonlocal condition - the so called
energy specification - goes back to Cannon[5], 1963 Using an integral condition,
we proved the existence and uniqueness of the solution of a mixed problem
wich combine a classical (Dirichlet)and an integral condition for the equation.
Problems involving local and integral condition for hyperbolic equations are
investigated by the energy inequalities method in [1],[6],[7],[8],[9], [10], [11],
and [12]. In this paper, we prove the existence and uniqueness of the solution
for the mixed problem (1) — (5). Our proof is based on a priori estimate and
on the fact that the range of the operator generated by the considered problem
is dense, in the end some open problems are given.

2 Problem Formulation

In the region @ = (0,1) x (0,T), with | < co and T' < oo, we shall consider
the problem
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Lu = g — (b(w, ), — 5825;2 = f(z,1),¥(z,1) € Q (1)
hu=u(z,0)=¢;(z), x€(0,1) (2)

low = u; (2,0) = o (), € (0,]) (3)

u(0,t) =0, te (0,7) (4)

/Ol zu(x,t)de =0, te€(0,7T) (5)

where [ is a strictly positive real number and b(x,t) and its derivatives
satisfy the conditions:
Cl : b() S b(l’,t) S bl ) bt (xat) S b27b$ ('T’t) S b37 for any (:E?t) € @7

Co: by (z,t) < by, by (x,t) < bs for any (z,t) € Q.

The functions f, ¢ and ¢y are known functions wich satisfy the compati-
bility conditions:

01(0) = 2 (0) = [3 w1 () dz = [§ 2y (x) da = 0.

3 Functional Spaces

The problem (1)-(5) can be put in the following operator form: Lu=F, u €
D(L), where

Lu = (Lu, lyu,lou) and F = (f, p1, @2).

The operator L is considered from B to H, where B is the Banach space
consisting of functions v € L*(Q), satisfying conditions (4) and (5) with the
finite norm

lulf = sup [lfu, D720 + el 717200 (6)
0<r<T
and H is the Hilbert space L?(Q) x L*(0,1) x L*(0,1) equipped with the norm

2 2 2 2
1F e = 1122 gr) + lenllz200 + l2llz2g,)-

Let D(L) denote the domain of £ which is the set of all functions u € L*(Q)
for which wy, Uy, Uy, Use, U € L*(Q) and satisfying conditions (4) and (5).
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4 A priori estimate and its consequences

Theorem 1. For any function u € D(L) satisfyies conditions C;-Cy there
exists a positive constant ¢, such that

lullp < cllLully (7)
Proof. We consider the scalair product in L*(Q7) of the operator Lu and Mu,
where Mu = 2S%u; — S (puy), with @™ = (0,1) x (0,7), 0 < 7 < T, and
St = [Lo(€,t)dE, we obtain

(Lu, Mu) 2 gr = (e, vS5Ut) 2oy — (0 (2, 0) ug), x%*ut)LQ(Q,)
-5 (uttxza 90%;%:%2(@7) (uth (put))LQ(QT)
+ (0 (1) uz),, » %;(put))Lg(QT) + 0 (Utta, S :v(put>)L2(QT) .(8)

Making use of conditions (2)-(5) and integrating by parts we estabilish the
equalities

* 1 * 2 1 * 2 *
(Uttaxgxut)m(@) D) ||%mut('77>||L2(0,l) T 5 ||%m902||L2(0,5) - (%zuttaut)Lg(Qf)a

(9)

— (0@, ) ta)y , 235(00)) p2gry = 5 H\/i
2V

L2(0,0)
by (z,t) u, %;Ut)LQ(QT)
(b (l’,t) uwaut>Lg(Q7) ) (10)

-5 [Vecon

L2(0, l) L2(Q7)

ﬁ 2 2
9 [Jwe (-, T)||L2(o,z) ) ||<P2|\L2(o,z) — B (utta, Ut)Lg(Qr) :

(11)

=B (st 735 (r)) 2 r) =

(Utt, (PW))H(QT) = (%Zutt,ut)Lg(Qm (12)
(0 (2, ) s ), S5 () 2 gry = (B (2, 1) Uy Ur) 12 r) » (13)
ﬁ (uttx:m %;(put))[g(Qr) = ﬂ (uttxa ut)L%(QT) . (14)

Combining equalities (9)-(14) and (8) we obtain

ISt e 0n + 3 [ V0

* 2
= 1852l + 3 [Vo 0 peon T S Iealtan + 2 VB[ o,
+ (b (2,1) u, %;ut)LQ(QT) + (Luax%f:ut)p(@) — (Lu, \%(Put))p(@) - (15)

2
L2( 01) g ||ut('7T)||L2 (0,0)
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By applying the Cauchy inequality to the last three terms on the right-hand
side of the inequality (15) and making use conditions C;, combining with (15),
we obtain

2 2 . 2
[ T 2200 + NG 200y + 11856 )20
2 2 2
< k[”f”L?(QT) + ||901HL2(0,1) + H902||L2(0,l)
2 2 w112
+ ||u||L2(QT) + ||utHL2(QT) + H%mutHLQ(Q‘F)L (16)

max(2,b1,8+12,b3+b2,1*)

min(1,bo,0)
Applying the Gronwall lemma to(16), and elimining the term ||S%u,(., 7) Hig(w)
of the left-hand side of the inequality we obtain

where &k =

2 2
[u(., T)“L?(o,l) + [l (., 7')||L2(0,l)

< kexp(KT)(1f22gr) + I91llz200 + l2llZ2(00)- (17)

Since the left-hand side of (17) does not depend on 7, we take the supremum
with 7 from 0 to T, then the estimate (7) follows with ¢ = vk exp(kT).

5  Solvability of the problem

Proposition 1. The operator £ acting from B to H have a closure.

Proof. ( see [3])

Let £ be the closure of £, D(L) its domain .

Definition. The solution of Lu = F for any u € D(L) is strong solution of
problem(1)-(5).

We take the limit in the inequality (7), we obtain

lullp < e|[Lul ¥u e D(L). (Tbis)

From the inequality we have

Corollary 1. The strong solution of problem (1)-(5) when it exists, it’s
unique, and depends continuly of data f, ¢, @s.

Corollary 2. The set of values R(L) of the operator L is equal to the

closure R(L) of R(L).

Theorem 2. If the conditions C;-Cy are satisfying, then for any F = (f, 1, ¢2)
€ H, there exists a strong unique solution v = L 'F=7L"1F of the probleme
(1)-(5) where the estimate ||u| 5 < c||F|| is satisfying, where ¢ is a positive
constant does not depends of u.

Proof. From (7 bis) we conclude that the operator £ acting from D(L) in

R(L) have an inverse £ *, and from corollary 2, we conclude that the range
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R(L) of the operator L is closed. Then we will be proove the density of the
set R(L) in the space H (i.e) R(L) = H.

For this we need the following proposition

Proposition 2. If, for all functions u € Dy(L), where

Dy (E) = {U|U, € D(,C) chu=lhu = 0},
and for some function w € L?(Q), we have
(Lu,w) 2y = 0. (18)

then w vanishes almost everywhere in Q).
Proof of the proposition 2. The relation (18) is given for all u € Dy(L),
we can express it in a particular form. Let uy be a solution of

b(o,t) [ u — S5 (pu)] = h(x,t), (19)

where ¢ is a constant in (0,1) and h(z,t) = [ w(x, 7)dr.
And let u be the fonction defined by

0 si 0<t<s
u_{ff(t—T)uﬂdT si s<t<T (20)

(19) and (20) follows u is in Dy(L) and

w(r,t) = ((S2))'h == [b(o.t) (@un — S (pun))],
= [b(0, 1) 35 (p — @)un], - (21)
To continue the proof we need the following lemma

Lemma 2. The function w defined by (21), belongs to the space L?(Q).
Proof of lemma 2. We start with the proof of this inequality

4
* 2 2
1S2(p = @)unllz20, <15 luullzao, -

From this inequality and since the conditions C; are satisfied we conclude that
b (0,t) % (p — x)uy belongs to L2 (Q).

I

Because
w(z,t) = [b(0,t) I(p — x)un], = b (0,1) I (p — x)ue + b (0,) S (p — @) un,

then we will prove that b (o,t) S (p — z)uy € L*(Q).
For this we introduce the t-averaging opérators p. of the form

(Dt =~ [

€

t—s

)f(x, s)ds,

3
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where w € C3°(0,7),w > 0,, f+°° (s)ds =1, w=0,fort <0andt > T,
applying the operators p. and . to the equation

—b(0,t) S5 (p — x)uy = h(z,t),

we obtain
S (=b(0,t) Sa(p — x)uw)
= 21=b(0,t) S(p — 2)ug + pe (b(0,) S5(p — 2)uw)] — 5 peh.
Then
160, 8) S2p — @)l
B 2 o |
<2 (b0, ) Silp — )un — pe B0 ) Sip— )| +2 | 2peh
ot r@ 19 g

Since p.f — f when € — 0, and 2 (b(0,t)S%5(p — 2)uy) is bounded in
L*(Q), then w € L*(Q).
Now we return to the second proposition, we remplace w in (18) by its

representation given by (21) we have

(uee, [b (0, 1) S5(p = @)unel,) 2 gy = ((0 (2, 8) uz), , [b(0,8) S(p — 2)unl,) 12
+ﬁ (uttrxa [b (07 t) S;(p - x)utt]t)L2(Q) . (22)
Making use conditions (3)-(5), and from the particular forme of u given by (19)
and (20), the equality (22) can be simplified. For this integrating by parts each
term of the equality on the sub-domain Qg = (0,1) x (s,T) where0 < s <T

(utt7 [b(0, )% (p — ) usels )L2(Q) -

1
_ = (&%
=3 H\/b(a, $)Sruy (., ) o H\/rxf Uyt 20 (23)
(b, t)uz)e, [b(o, 1) (p— 2)un]e) 12(q) = H\/—UT%t L20l)+

+; /QS 3by (2, 8) b (0,t) + b (2, 1) by(0,1)] (ug)” dadt
_/Ol b, (QJ,T)b(U,T)u(gj’T)ut ($’T) dr

+ /QS [btt (37, t) b (O’, t) + by (;p’ t) b, (0’ t)] uugdzdt
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+ [ [be (2, t) up 4 by (2, 8) u] b (0, t) Shuydrdt (23bis)
Qs

B(Uttm’ [b(0,1) S5(p — w)u], )L2(Q) -
o1 LR B N

Substitution of (23)-(23 bis) and (24) into (22) gives

O] W W—w .
L2(0,)

+£| b(a S ()|
= 3 |y (0:5) 9% ;(Qg 5 [V (o Jua ;(Q )

+3 Jo. 180 (2, 8) b(0,) + b (2, 8) by (0,1)] (uy)? daxdt
— Sy (2, T) b (0, T) u (, T) uy (2, T) d
+ Jo. bst (x, 1) b(0,t) + by (2,1) by (0, )] uusdadt
+ Jo. [0z (7, 1) up + bay (2, 8) u] b (0, 1) Syugdrdt. (25)

L2(Qs) L2(0,0)

L2(0,0)

By applying the Cauchy inequality and Cauchy inequality with € to estimate
the last three terms on the right-hand side of the inequality (25) and making
use conditions C; — Cy, combining the estimates and (25) taking into account

b2 )
that ¢ = 2z we obtain
1

% 2 2 2
% 195t (s ) 200y + % M T 200y + B e )1 720

" 2 b 2 b2+b2+4b1 ba+b2 2
< (B3 + %) [S5unlliaq,) + %2 lluell T2, + FE5225 w72 q,)
b24-b2 +b2 2 b2b2 2
PB4+ 0 () gy (26)
By virtue of the elementary inequality
b2b3 9 b2b3 b2b3 2
G I Dl <7 ey +7° el (2D

where u € Dy(L) and satisfies the conditions (4) and (5), we estimate the last
term of the right-hand side of the inequality(26), we obtain

« 2 2 2
[Rpses 5)HL2(0,1) + %O [Jue (-, T)HL2(0,1) + B [, S)HLZ(OJ)

zb%bg 2 19
21)2+b b2 +2b1b2+(b2+b1) +b3 2
< (222) 1S5l 72 g, + 32 lual3oq,) + 2 - el 720,

+b2(bg+b§+b2)+2b b2

B * [lullZ2(q.) (28)
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For estimate the last term of the right-hand side of the inequality (28),
we will prove the inequality HuHiQ(QS) <2472 HutHiQ(QS), combining the last
inequality and (28) we get

« 2 2 2
S5 ue (. 8)“L2(0,l) + fJuee (., 8)“L2(0,l) + fJue(, T)HLQ(O,Z)

w12 2 2
<k [H%xuttHL?(QS) + HuttHL2(QS) + ||ut”L2(QS)} J (29)

max(Bbs, (262 +b2 ) bok(b;,T))
bo min(lﬂ,l%o)

262b3+53 [2b1b2+(bo+b1) +b3] +24T2 [b2 (63 +b3+b2 ) +2b2b3]

b3 :

where k=

, and

k (b, T) =

To continue, we introduce the new function v(z,t) = [ u,.dr, then
w(z,t) =v(x,s) —v(x,t) , and u(z,T) = v(z,s).
The inequality (29) it be

« 2 2 2
[Rp7es S)HL2(O,1) + Jue(-, 5>HL2(0,Z) + (1 =2k(T = s)) [Jv(., 5)HL2(0,1)
2 2 2
< 2k([IS5unl 12, + llunllz2 g, + 10lL20.)- (30)

If so > 0 satisfies (1 — 2k(T — s9)) = 3, then the inequality (30) implies
. 2 2 2
[Rpres 5)HL2(0,Z) + fJuee (., 5)HL2(0,Z) + Jv(., S>HL2(O,Z)
.2 2 2
< 4]?(”%9@“#”1:2(@3) + ||uttHL2(Qs) + HUHL2(QS))7 (31)
for all s € [T — s9,T]. We denote
w2 2 2
Y(s) = H%xutt”LQ(Qs) + HuttHLQ(QS) + HUHL2(QS) : (32)
We get
Y/ _ % 2 2 2
(s)=— ||‘Smutt<"8)||L2(0,l) — [Juee (- 3)||L2(o,l) — [Jv(, S)HLQ(O,Z)'
Then and from (31) we obtain
—Y'(s) < 4kY (s).

Then —£ (Y(s)exp(4ks)) < 0.

Integrating this inequality on (s, T") and taking into account that Y (7') = 0,
we obtain Y'(s) exp(4ks) < 0.
Then Y(s) = 0 for all s € [T'— s9,7]. Then w = 0 almost everywhere in
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Q1—s,, proceding in this way step by step, we proove that w = 0 almost ev-
erywhere in Q.

This achieves the proof of proposition. Now we return to proove the
théoreme. We will prove that R(L) = H.

Since H is a Hilbert space, the equality R(L) = H is true, if from
(Lu, W)y = (Lu,w) gy + (i, wi) 2oy + (2w, w2) 29y = 0, (33)

where W = (w,wy,ws) € R(L)*, we get w = 0,w; =0 and wy = 0in Q, for
any element of Dy(L).
From (33) we obtain Vu € Do(L), (Lu,w) 2 = 0. Then by virtue of the
second proposition, we conclude that w = 0.
Then from (33), we obtain (l;u, wl)LQ(OJ) + (lou, wg)Lg(O’l) =0.

Since the quantities [yu and lyu can vanish independently and the ranges
of the trace operators 1 and Iy are dense in the Hilbert space L?(0,1), then
w1 = we = 0. Thus to conclude that W = 0.

6 Open Problems

We give in this section some open problems which that are treated as an exten-
sion of our present work, and has a great importance in physical applications
and other domains.
We consider a nonlinear hyperbolic visco-elastic problem with a nonlocal bound-
ary conditions.
500t [ glt =) (), ds = a2, ¥(a 1) € Qup > 2
Uy — B — ) (b(x,t)ug), ds = |ulP”“u, v (z, , ,
. ot?0x? 0 J ’ “ b

under the conditions (2)-(5) given in our problem. We propose that

1. Establish the local and global existence of solution for the given problem.
2. When the solution u of the given problem blow up in time.

3. Show the polynomial then the exponential decay of the solution.
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