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Abstract

In heterogeneous computing systems, a suite of different machines
is interconnected to provide a variety of computational capabilities to
execute collections of real-time application tasks that have diverse
requirements. In these systems, machine failures are inevitable and
can have an adverse effect on applications executing on the system.
To reduce this effect, an efficient scheduling approach that is capable
to assign tasks of an application to the suitable processors in these
systems, to yield high performance and reliability of the system, must
be devised. In this paper, we investigate a non-preemptive heuristic
dynamic scheduling scheme for a set of independent stochastic tasks
with parallelizable contents executing on a heterogeneous computing
environment. Each stochastic task is characterized by its deadline and
its time cost distribution, which is given in terms of mean and
variance. A scheduled task may run as one unit on a single processor,
or parallelized and its split tasks can be executed concurrently on
multiple processors. We use this parallelism in tasks to meet their
deadlines and also obtain better processor utilization compared to
non-parallelized tasks. Non-preemptive parallelizable task scheduling
combines the advantages of higher schedulability and lower
scheduling overhead offered by the preemptive and non-preemptive
task scheduling models, respectively. The scheduling algorithm
proposed in this paper takes reliability measures into account, thereby
enhancing the reliability of heterogeneous systems without any
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additional hardware cost. To make scheduling results more realistic
and precise, we exploits parallelism in tasks, if it is necessary, and
distributes them among the available processors to maximize both of
the reliability of the application and the performance measures of the
system, such as the schedulability and the processor utilization, while
maintaining lower scheduling overhead at the same time, compared to
the previous task scheduling approaches.
Keywords: Heterogeneous computing environments, real–time applications,
stochastic tasks, parallelizable tasks, parallel processing, stochastic scheduling,
heuristics, processor utilization, reliability, schedulability.

1

Introduction

Different activities of a computationally intensive real-time application often
require different types of computations. However, numerous applications that
have more than one type of embedded parallelism are now being considered for
parallel implementation. .In general, a given machine architecture with its
associated compiler, operating system, and programming environment does not
capable to satisfy all the requirements for all activities of an application equally
well. With growing needs of building reliable real-time applications coupled with
advancement of high-speed networks and high-performance machines,
heterogeneous systems have been increasingly used for many real-time safetycritical applications in which the correctness of the systems depend not only on
the results of a computation but also on the time at which these results are
produced [1-2]. In heterogeneous computing environments, various resources
have different capabilities to satisfy the requirements of varying application task
mixtures. The efficient execution of applications in such environments requires
effective scheduling strategies that take into account both algorithmic and
architectural characteristics to achieve a good mapping of tasks to processors
which is capable to maximize some required performance criterion. This means
that existence of such strategies is an important component of these environments
to maximize their performances.
Many real–time critical applications are composed of one or more independent
tasks that need to perform their functions under strict timing constraints. These
applications need to schedule dynamically their tasks with predictable
performance. Thus, for predictable executions, schedulability analysis must be
done before a task's execution is begun. This analysis requires a sufficient amount
of information (execution time behavior and probability distribution) about the
current set of tasks. Due to the real–time constraints on tasks, the proposed
scheduling strategy for these tasks should be very efficient and accurate. This
implies that the scheduling decisions, such as whether a task can be completed
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before its deadline or not as well as which the most suited processor the task
should be allocated, must be made efficiently. It is very difficult to estimate the
actual execution time cost of different tasks in most of these applications [3-11].
Moreover, a task may have different execution times for different inputs. In
addition, if we describe tasks by their arrival times, ready times, worst case
computation times and deadlines, these characteristics must be taken into account
during the schedulability analysis which makes the real – time scheduling
problem harder than the non real–time scheduling [2-7]. On the other hand, in
these applications, each task can be easily characterized as a stochastic task in
terms of its time cost distribution and its deadline. The uncertainty nature of the
task execution times and data transfer rates is usually neglected by traditional
scheduling heuristics. These are the motivating factors to go in for a novel
direction called the stochastic scheduling that investigate the problem of
scheduling a set of tasks with random features [3-7, 11-13]. Common random
features such as task processing times are usually modeled by specifying their
probability distributions. Although a task's processing time is not known until it is
complete, the probability distribution of task processing times are assumed to be
known by the system as a priori. A stochastic scheduling strategy which is a
function of the time cost distribution and the deadline for each real-time task in
the application can perform better than the previous simple heuristics [3-8, 11-13].
Knowing the time cost distributions for different application's tasks makes the
scheduling decisions much faster and can guide the scheduling process efficiently
to yield reasonable results [3-13]. Stochastic scheduling could be preemptive or
non-preemptive, conduct on one or multiple processors, and be concerned with
various optimization criteria.
Efficient application scheduling is critical for achieving high performance in
heterogeneous computing environments. Because of its key importance on
performance, there exists a large body of literature covering many task and
parallel computer models. Many real-time heuristic scheduling algorithms have
already been developed under different scenarios [3, 5-8, 13-21] which provide
reasonable solutions. Most of these algorithms [3, 5, 6, 13-21] considered that
each task can be executed on a single processor only. This may result in missing
of task deadlines due to poor processor utilization. Moreover, tasks would miss
their deadlines when their total computation time requirement is more than the
deadline. On the other hand, execution of a task may be rejected, at the instant of
its scheduling, since the available processing power for any processor in the
systems does not enough to execute it to meet its deadline. These are the
motivating factors to go in for parallelizable task scheduling strategy [2, 7, 22].
This strategy, considered in this paper, is an intermediate solution, between
preemptive and non-preemptive scheduling approaches, which tries to meet the
conflicting requirements of high schedulability and low scheduling overhead.
Most of existing real–time systems consider the performance measures such
as schedulability as the main goal and ignore other effects such as machines
failures [2-7, 11-22]. In a heterogeneous computing system, machine failure is
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inevitable and can have an adverse effect on applications executing on the system
[23-31]. To reduce that effect, we need an effective and efficient reliable
scheduling algorithm which is capable to maximize not only the performance
measures but also the probability that the system can run the entire application
successfully, which is referred to as the system reliability. Recently, a wide
variety of algorithms for reliable scheduling of tasks with precedence constraints
on heterogeneous computing systems were developed under different scenarios
[24-31]. However, since the only objective of this type of algorithms is to
minimize the probability of failure of the application, it may produce task
assignments that decrease the schedulability of the application [24, 29, 30]. As a
result, there are usually conflicting requirements between maximizing the
schedulability of the system and minimizing the probability of failure of an
application, and it may not be possible to satisfy both objectives at the same time.
Consequently, an effective reliable scheduling algorithm for real-time applications
which take into account both schedulability and reliability must be devised.
Parallelizing tasks in these applications, if it is necessary, and distributing its split
tasks to run among different processors at the same time may achieve better
reliability of the application, in addition of yielding higher schedulability and
utilization for the system. This has great influence to make the application subject
to the system failure [23, 25].
In this paper, a new approach is developed for scheduling an application
represented by a set of independent stochastic tasks on a heterogeneous
computing system, where the reliability measurements of different processors is
incorporated into a heuristic scheduling algorithm to take failures into account
while making scheduling decisions. This approach exploits parallelism in tasks,
especially those with higher expected time cost or with tight laxities, to improve
the resulting performance measures and the reliability of the system. The major
contribution of this work is explicitly using a partitioning approach to divide
given tasks as needed into parallel parts to improve the capabilities of the
scheduling process. In addition, it extends the traditional formulation of the
stochastic scheduling problem so that both the system performance and the
reliability of applications are simultaneously accounted for. Simulation studies
are used to evaluate the merits of the proposed algorithm and its effectiveness to
produce a better schedulability and reliability relative to that of the other
compared scheduling algorithms.
The rest of this paper is structured as follows. Section 2 describes the
modeling approach and defines the problem; section 3 gives some basic
definitions and presents the proposed reliable scheduling algorithm; section 4
includes the performance results and comparisons with other scheduling
algorithms; and finally section 5 summarizes the paper conclusions.
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Model Description and Problem Formulation

The proposed scheduling model consists of a target architecture heterogeneous
computing environment, a real-time application, and proposed feasible
performance criteria for scheduling. Our model considers a typical heterogeneous
system structure consists of a set of parallel m independent different
heterogeneous processors, P = {P1 , P2 ,..., Pm } , having different processing

powers, PP , j = 1,2,..., m . Each of these processors has its own dispatch queue
j

and local memory, as shown in Figure 1.
The workload of the real-time application consists of a set of n independent
stochastic tasks. The number of these tasks is much greater than the number of the
available processors in the system (n > m). For the application model we assume:
1. Each task Ti, i =1,2,..,n, is characterized by its deadline di, its time cost
distribution and the required processing power. In the normal case, when a
task Ti runs on one processor, the time cost distribution of the task is known
with mean, µi, and variance, Vi, and the required processing power ω i .
Moreover, for the pessimistic case, when the task Ti is partitioned into k
parallel parts running on k different processors, the worst case mean and
variance µ ik and Vi k , are known a priori, where k is the degree of
parallelism of the task, that varies from 2 to m (or to the max-split number (<
m) which can given as an input parameter).
2. For each task Ti, the worst case mean and variance for any j and k with j<k
satisfy
the
sub-linear
speedup
assumptions
where

j * µ ij ≤ k * µ ik and j *Vi j ≤ k * Vik , respectively [2, 7, 22].

The sub-

linearity is due to the overheads associated with communication and
synchronization among the split tasks of a task.
3. When a task is parallelized, all of its parallel subtasks, also called split tasks,
have to start simultaneously in order to synchronize their executions.
4. Tasks are non-preemptive, i.e., once a task or a split task starts execution, it
finishes to its completion.
5. The processing power for each available processor in the system Pj , j = 1,
2,…,m is enough to execute any task Ti , i = 1, 2,…..,n, i.e. PP ≥ ω i ,∀ i , j .
j

In the proposed model, all tasks arrive from a task generator through a general
task queue (Q) and get fed into a central processor called the system processor or
the scheduler from where they are distributed to the dispatch
queues, Q1 , Q2 ,....., Qm , for all of the available processors in the system for
execution, as shown in Figure 1. We assume that all of these tasks are
synchronous, i.e. their first request arrives simultaneously at the time zero. Since
the task set cannot be predicted, task allocation and scheduling must be done online and use up-to-date information for the scheduling activities during the system
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execution. Although some tasks may miss their deadlines, the scheduler follows a
task-skipping scheme [32, 33] to ensure that the firm guarantees of the new task
will be met.
New Tasks from
the task generator

Task queue
(Q)

The scheduler

Dispatch
queues

The working
processors

Local
memories

Q2 . . . . . . . . . . . . . . . .

Q1

Qm

P1

P2

..................

Pm

M1

M2

..................

Mm

Fig. 1: The target computing environment.

For each candidate task, an acceptance test has to be carried out by the
scheduler, to determine whether its real-time performance requirements can be
met by executing it as one unit on a single processor or partitioned into k split
tasks running on k different processors simultaneously. If so, the candidate task is
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allocated to the dispatch queue(s) of the suitable application processor(s), which
has been identified as having sufficient resources to schedule this task (or split
tasks) without compromising the minimum performance guarantees that have
been provided to the tasks which are already present. A task whose time
constraints are not guaranteed can be rejected. The scheduler will run in parallel
with the applications processors, scheduling the new ready tasks, from the task
queue (Q), and periodically updating the dispatch queues. This organization
ensures that the processors will always find some tasks in the dispatch queues
when they finished their current tasks. The process of task allocation and
scheduling takes (as input) the stochastic task set that represents the real-time
application under consideration and the target architecture specified by the
heterogeneous multiprocessor environment. It then attempts to obtain a suitable
mapping of the tasks to the available processors that is capable to offer better
schedulability for tasks while maintaining lower scheduling overhead.
Under the previous assumptions, the proposed model is useful to deal with the
scheduling problem for real-time applications that require predictable
performance in advance. In a previous work [5-7], we presented a heuristic
approach, called Performance Efficient Stochastic Scheduling (PESS) algorithm,
to schedule a set of independent stochastic real-time tasks on a homogenous
multiprocessor system. This work assumed that each task is characterized by its
deadline and its time cost distribution which is given in the form of its mean and
variance. The algorithm was proposed to yield the maximum possible probability
for each task to meet its deadline. The problem being addressed in this paper is
concerned with allocating a set of stochastic tasks of a parallel application onto a
heterogeneous computing system. For this type of systems, we must take into
account and increase the potential for system failures. Maximizing reliability of
such systems is of critical importance along with the task scheduling. A system
may execute an application with high reliability if the application tasks are
assigned carefully onto the appropriate processors in the system taking into
account the failure rates of processors. Therefore, the objective of our work is to
present a simple heuristic scheduling algorithm which accounts for maximizing
both the reliability of the application and yielding the required probability for each
task in this application to meet its deadline, at the same time. This algorithm
exploits parallelism in tasks whenever needed to satisfy the required objectives
and improve the previous results.

3

Performances and Reliability-Driven Scheduling
Algorithm for Stochastic Tasks with Parallelizable
Contents

3.1 Terminology
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The Central Limit Theorem [34]. If T1,T2,…,Tn are n independent random
variables with means, µi, and variances, Vi, i = 1,2,…,n, then the random variable
n

S = ∑ Ti ,

follows

approximately

i =1
n

a

normal

distribution

with

mean

n

µ S = ∑ µ i , and variance VS = ∑ Vi .
i =1

i =1

Based on the previous theorem and by considering the proposed parallel
model, we can state the following basic definitions and important concepts which
are necessary to explain the proposed scheduling approach.
Definition 1: Since the time cost distribution, TP , for the current load of any
j

processor, Pj , j = 1,2,.., m , is given by the sum of the of several independent tasks

or split tasks, it follows approximately a normal distribution with mean,

µ P j , and

variance, V P , which are defined as the sum of the means and the variances for
j
the time cost distributions of its assigned tasks or split tasks, respectively,
including the current one.
Definition 2: The laxity, Li, for a task, Ti, with expected time cost, µi, and
deadline, di, is defined as
(1)
Li = di – µi , i ∈ {1,2,…,n}
Definition 3: A processor reliability, RP j , is the probability that the processor,

Pj , j ∈ {1,2,..., m}, is operational during the execution of all tasks or split tasks

assigned to it. Therefore, it can be defined in an exponential form [23, 25, 28], as
follows
(2)
RP j = exp − λ P j µ P j

(

where

)

λ P j is the failure rate of the processor Pj and µ P j is the total expected

time cost of all tasks or split tasks assigned to that processor. Without loss of
generality, we can assume that the processor failure rates are constant and
independent of each other. This assumption is common to other studies which
deal with analyzing the reliability of real-time systems [23-31].
Definition 4: For a heterogeneous computing system with m processors, the
reliability of an application, RA, is defined as the probability that none of the
system components (processors) fails while processing the given application tasks
[23, 27, 29]. In other words, RA is the product of the reliability for all the system
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processors, since failures of these processors are assumed to be statistically
independent [23, 25, 27, 29]. Hence, it can be formulated as follows

⎛ m
R A = ∏ RP j = exp⎜ − ∑ λ P j µ P j
⎜ j =1
j
⎝

⎞
⎟
⎟
⎠

Definition 5: The average expected time cost, µ P j , and variance, V P j

(3)
of the

proposed load for the processor Pj , j = 1,2,..., m , based on its processing power,
PP , is defined by
j

n

µP =

∑
i =1

j

µ

PP

i

.

m

j

(4)

m

∑
j =1

PP

j

n

and

V Pj =

V
∑
i=

PP

i

1

m

.

j

(5)

m

∑
j=

1

PP

j

and the corresponding proposed reliability, RP j , for this processor is given by

(

RP j = exp − λ P j µ P j

)

(6)

Consequently, the proposed reliability of an application, R A , can be defined as
follows

⎛ m
R A = ∏ RP j = exp⎜ − ∑ λ P j µ P j
⎜ j =1
j
⎝

⎞
⎟
⎟
⎠

(7)

Assume that the task, Ti (or a split task Tik ) , i ∈ {1,2,.., n} , with deadline,

di, is allocated to a processor, Pj , j ∈ {1,2,..., m}, and TP j be the time cost
distribution for the current load of that processor, including the last task or split
task, with mean, µ P j , and variance, V P .
j

Definition 6: Any processor in the system, Pj , j = 1,2,...., m , is said to be under-

loaded if µ P + σ P < µ P + σ P j , where σ P j = VP j is the standard deviation
j
j
j
of the current load of the processor Pj and σ P j = V P is the standard deviation
j
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of its proposed load. With equal constraint, the processor takes its full load.
Otherwise, the processor is overloaded.
Definition 7: The reliable processor set is the set that contains all processors
with current reliability less than their proposed reliability, i.e., all processors,
Pj , j ∈ {1,2,..., m} , that satisfy the condition

RP j ≤ RP j

or equivalently

µ Pj ≤ µ Pj

(8)

Processors in this set are ordered in a descending order of their reliabilities, i.e., in
ascending order of their current expected time costs.
Definition 8: The probability that the processor Pj completes the execution of

the task Ti (or the split task Tik ) before its deadline, di, is defined as
⎛ TP − µ P
di − µP
j
j
⎜ j
≤
P⎛⎜ TP ≤ d i ⎞⎟ = P ⎜
⎠
⎝ j
σP
⎜ σ Pj
j
⎝
= P (Z ≤ β )

where the variable Z =

β=

di − µ P

σP

j

TP j − µ P j

σ Pj

⎞
⎟
⎟
⎟
⎠
(9)

is the standard normal variable and

is a positive constant, since di must be greater than

µ Pj .

j

If we need to make this probability at least equal to a certain value, say α, then
from (9) we must have
P(Z ≤ β) ≥ α
(10)
The Z-value, β, corresponding to the required probability, α, with equal
constraint, can be found directly in the body of the standard normal tables [6, 34].
The requested value is shown graphically in Figure 2. This figure shows that we
can obtain the required probability if

d i − µ Pj

σ Pj

⎡ di − µ P
j
≥ β or equivalently ⎢
⎢ βσ P j
⎣

⎤
⎥ ≥1
⎥
⎦

(11)

Therefore, executing the task Ti (or the split task Tik ) on the processor Pj, that

⎡ di − µ P
j
satisfies the condition ⎢
⎢ βσ P j
⎣

⎤
⎥ ≥ 1 , is a sufficient condition to guarantee the
⎥
⎦

required probability of this task to meet its deadline.
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Shaded area = P(Z≤β)
=α

0
β
Z
Fig. 2: Determining the z-value to meet a specified probability.
Definition 9: The candidate processor set is a subset of the reliable processor set
that contains all processors, Pj , j ∈ {1,2,..., m}, which satisfy the condition,

µ Pj ≤ di .
Definition 10: FTPj is the finishing time for the last task (or split task) in the
processor Pj, j=1,2,…,m. The distribution of this time has the mean µ FTP and
j

the variance V FTP , which are defined respectively, as the sum of the means and
j
the variances for the time cost distributions of all tasks or split tasks that are
scheduled on that processor in the proposed scheduling.
Definition 11: FTS is the finishing time of a schedule (application) which is the
time required for the last processor to finish executing its assigned task (or split
task). The distribution of this time is equal to the finishing time distribution of the
processor, say PK , that has maximum mean. This time cost has the mean µ FTS

and the variance V FTS where

µ FTS

= max µ
=µ
FTP
FTP
P
j
k
j

and V FTS = V
FTP

(12)

k

3.2 The proposed algorithm
In this section, we introduce a performance and reliability-driven approach for
stochastic tasks with parallelizable contents to allocate and schedule a set of
independent stochastic tasks comprising a real-time application onto a
heterogeneous computing system. In the context of this paper, the proposed
algorithm has complete knowledge about the currently active set of tasks, but not
about the new tasks that may arrive while scheduling the current set. The design
of a real-time scheduling scheme requires simultaneous consideration of the
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multiple contradictory objectives. Due to the nature of the real-time applications
and under the assumption that tasks are stochastic [5-7, 11-13, 25], our scheduling
approach must satisfy the following requirements:
1. Yielding a certain required probability for each task to meet its deadline.
2. Providing a high level reliability while executing the application.
3. Maximizing the utilization for the available processing power of different
processors to increase the rate of applications admitted to the system
without any delay and avoiding (reducing) the fragmentation of this
power, as much as possible.
4. Minimizing the inter-communication among the sequential tasks or split
tasks.
5. Producing a well-balanced load to each of the available processor in the
system, relative to its associated processing power, to minimize the total
expected time cost of the schedule (application).
6. Keeping the degree of parallelism as specified in the application's task
graphs and choosing the number of split tasks as small as possible, to
decrease scheduling overheads.
For real – time systems, we must take into consideration the system failure.
A system may execute an application with high reliability if the application tasks
are assigned carefully onto the appropriate processors in the system taking into
account the failure rates of processors. The proposed algorithm parallelizes a task
whenever its deadline cannot be met with the required probability. The degree of
parallelization, k (i.e., the number of split tasks) of a task is chosen in such a way
that the task’s deadline is just met with this probability. Knowing the time cost
distributions of different tasks, in both normal and pessimistic cases, can be used
as a good tool to guide the scheduling process efficiently. The statistical
properties and the probability rules can help to find the sufficient conditions that
maintain the required probability for each task. Before applying this algorithm, we
must evaluate the expected time cost, µ P j , and the variance, V P j , of the proposed
load for each available processor in the system, Pj , j = 1,2,..., m , and its
corresponding proposed reliability, RP j , to guide selection of suitable candidate
processor(s) during the scheduling process. In addition, evaluating

µ P j and V P j

can be used to check the current load of any processor, after allocating a task or a
split task to it, in order to know whether that processor takes its proposed load or
remains under loaded, to maintain the required load balancing. If the processor
takes its proposed load, the scheduler should stop assigning tasks to this
processor. On the other hand, the under loaded processors can continue accepting
more tasks as assigned by the scheduling process. In the task queue (Q), the
current tasks are sorted in ascending order of their deadlines. Tasks with the same
deadlines are sorted in ascending order of their laxities, i.e., in a descending order
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of their expected time costs. In the case of several possibilities, tasks are sorted in
a descending order of their variances. Executing the task with the maximum
expected time cost and the maximum variance, out of tasks with the same
deadline may increase its probability to meet its deadline and has great influence
on maximizing the overall reliability of the system to execute the application.
After arranging tasks, we allocate the first m tasks in the resulting list, one to a
different available processor in the system. For the remainder tasks,
Ti , i ∈ {m, m + 1,......, n} , the proposed algorithm builds their allocation and
scheduling step by step by extending the previous partial schedule by one task at a
time. At each step, the candidate task in the current task queue is selected and a
decision is made on which that task needs parallelization or not, and on to which
processor(s) the task (or its split tasks) should be mapped. Our main mission in
taking this decision is to select the most reliable processor that guarantees the
required probability for the candidate task to meet its deadline. It is important to
notice that using the available processors efficiently, especially when
parallelization for the candidate task is necessary, has a great influence to
maximize this probability. On the other hand, poor processor utilization may
result in missing of task deadlines.
The proper choice of the candidate processor is made as follows. The
candidate task Ti, with deadline, d i , i ∈ {m, m + 1,...., n}, is added to the current

load of each under loaded processor in the system, Pj , j ∈ {1,2,..., m} . For the
resultant time cost distribution of each processor, we evaluate the expected time
cost, µ P j , and the variance, V P . Then, we can construct the reliable processor set
j

which contains all processors that is capable to execute this task and satisfy the
condition RP j ≤ RP j or equivalently µ P j ≤ µ P j , j ∈ {1,2,..., m}. Processors in
this set are ordered in ascending order of their current expected time costs, i.e., in
a descending order of their reliabilities Finally, we construct the candidate
processor set that contains all processors, in the reliable processor set, which
satisfy the condition: µ P ≤ d i . Let the first processor in the candidate processor
j

⎡ di − µP ⎤
f ⎥ ≥ 1 , the candidate task T do not
list is Pf , f ∈ {1,2,..., m} If the ratio ⎢
i
⎢ β σP ⎥
f ⎦
⎣
need to be parallelized, as illustrated in definition 8, and scheduling it on the
processor Pf can produce the required probability of this task to meet its deadline.
If the previous ratio is less than one, the candidate task Ti must be parallelized. In
this case, the number of split tasks, k, must be chosen as small as possible, to
avoid the idle times of the candidate processors and decrease scheduling
overheads. Therefore, we search for the smallest number of processors, k
processors, k ∈ {2,3,......, max − split} , such that the kth processor in the current
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⎡ d i − µP
r
candidate processor list, say Pr, r∈{1,2,..,m}, satisfy the condition ⎢
β
σ
⎢⎣
Pr

⎤
⎥ ≥ 1,
⎥⎦

when the kth split task Tik is added to the current load of this processor. Then, the
split tasks for the candidate task Ti are scheduled on the first k processors in the
candidate
processor
list.
If
the
previous
set
is
empty,
i.e., µ P > d i , ∀ j ∈ {1,2,..., m} , the deadline of the candidate task cannot be met
j

using any degree of parallelization up to max-split. In this case, the time
constraints of the candidate task are not guaranteed and it must be rejected. The
previous process is repeated again for every remaining task until all tasks in the
current set have been allocated and scheduled on the different available processors
in the system. Finally, we evaluate the expected time cost and the variance for the
finishing time distribution of each processor in the system. Then, choose the
finishing time distribution of the processor with the maximum expected time cost
to be the suitable distribution for the finishing time of the schedule, FTS. If more
than one distribution has the same maximum, choose the one with maximum
variance. The time complexity of the proposed algorithm for scheduling n tasks
is O(m n) .
Scheduling using this strategy will increase the likelihood of mapping to the
most reliable processor(s) in the system being able to execute the candidate task
(or its split tasks) with the required probability to meet its deadline. Moreover, it
is obvious to notice that the selected candidate processor(s), according to the
previous approach, is the processor(s) with the minimum current load(s), which
can help to yield a well-balanced load to each of the available processor in the
system, relative to its associated processing power. This will maximize the
processor utilization and hence minimizes the total expected time cost of the
whole application. In addition, using the proposed reliabilities, or equivalently the
proposed expected time costs, of different processors to guide the scheduling
process can help to maximize the overall reliability of the application.
Given the max-split number and the required probability of each task to meet
its deadline, is at least α, as input parameters, the proposed algorithm can be
written in steps as follows:
1. Evaluate the Z-value, say β, corresponding to the required probability
from the standard normal tables.
2. Sort the current tasks in the task queue (Q), in ascending order of their
deadlines. If more than one task has the same deadline, evaluate the
laxity Li , i ∈ {1,2,..., n}, for these tasks and sort them in ascending order
of their laxities. Sort the tasks with the same deadlines and laxities in a
descending order of their variances.
3. Set three pointers i, j and k, to indicate the task index in the resulting task
queue, the processor index, and the number of split tasks permitted for the
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candidate task, respectively. The pointer i changes from 1 to n, j changes
from 1 to m, where n > m, and k changes from 2 to max-split .
4. Evaluate the expected time cost and the variance of the proposed load for
each processor in the system, µ P j and V P j , j = 1,2,..., m .
5. For i = 1 to m, allocate a task Ti
Pj , j ∈ {1,2,...., m} .

to a different processor

6. Initialize the pointer i to be m+1.
7. Add the time cost distribution of the candidate task Ti, that has the mean,
µi, the variance, Vi , and the deadline, di, to the current load for each under
loaded processor, Pj, j ∈{1,2,…,m}.
8. Evaluate the expected time cost, µ P , and the variance, V P , for the
j

j

resultant time cost distribution of each processor Pj, j ∈{1,2,…,m}.
9. Construct the reliable processor set which contains all processors that
satisfy the condition µ P j ≤ µ P j . Processors in this set are sorted in
ascending order of their current expected time costs. Order the processors
of the same expected time costs in ascending order of their variances.
10. Construct the candidate processor set which contains all processors, out of
that selected in the reliable processor set, that satisfy the
condition µ P ≤ d i .
j

10.1
10.2

If the resultant set contains only one processor, select this
processor to be the candidate processor.
If the set contains more than one processor, q processors,
and Pf , f ∈ {1,2,..., q} , is the first processor in the
⎡ di − µP ⎤
f ⎥
candidate processor list, evaluate the ratio ⎢
for
⎢ βσP ⎥
f ⎦
⎥
⎣⎢
the current time cost distribution of the processor Pf .

⎡ d i − µP ⎤
f ⎥
≥ 1 , parallelization for Ti is not
10.3 If the ratio ⎢
⎢ β σP ⎥
f ⎦
⎣
necessary. Schedule the candidate task Ti on the processor Pf .
⎡d − µ
i
Pf
10.4 If ⎢
⎢ βσ
P
⎢⎣
f

⎤
⎥ < 1 , the candidate task T must be parallelized.
i
⎥
⎥⎦
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10.4.1 Add the kth split task of the candidate task Ti, with mean µ ik
and variance Vik , k∈{2,3,..,q(or max-split)} to the kth
processor in the current candidate processor list, say Pr ,
r ∈ {1,2,...., q} .
10.4.2 Evaluate the expected time cost, µ Pr , and the variance,
V Pr , for the resultant time cost distribution of the

processor Pr .
10.4.3 Find the smallest value of k , k∈{2,3,..,q(or max-split)},
⎡ d i − µP ⎤
r ⎥ ≥1
such that the ratio ⎢
⎢ β σP ⎥
r ⎥
⎢⎣
⎦
10.4.4 If such k exists, schedule the k split tasks of Ti on the first k
processors in the current candidate processor list.
⎡ di − µP ⎤
r
10.4.5 If ⎢
⎥ < 1 ∀ k∈{2,3,..,q(or max-split)}, drop the task
β
σ
⎢⎣
Pr ⎥
⎦
Ti from the current task set and reject its execution.
10.5 In the case of empty candidate processor set, i.e., all processors in
the candidate processor set have µ P > d i , drop the task Ti from the
j

current task set and reject its execution.
11 After allocating and scheduling the candidate task (or its split tasks),
update the expected time cost(s) and the variance(s) for the current
load(s) of the selected processor(s).
12 Check for the selected processor(s) load(s). If µ P + σ P < µ Pr + σ Pr ,
r

r

r∈{1,2,…,q}, the processor Pr is under loaded and can cooperate in the
next steps. Otherwise, discard the processor Pr from the scheduling
process in the next steps, since it takes its proposed average load.
13 Increment i and repeat steps 6 to 12 until i = n, i.e., until all tasks in the
current task queue are scheduled on different processors in the system.
14. Evaluate the finishing time distribution of the processor with the maximum
mean to be the distribution for the finishing time cost of the schedule, FTS.
In the case of several possibilities, choose the one with maximum variance.

4

Simulation Study

To evaluate the effectiveness of task parallelization in yielding better
schedulability and reliability, we conducted extensive simulation study on the
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parallel real-time system model, which was illustrated in section 2. In this study,
we compare the performance of the proposed approach, the Performance and
Reliable-driven scheduling for Parallelizable Stochastic tasks (PRPS) algorithm,
with the Reliability driven Real Time Periodic scheduling (RRTP) algorithm [28]
and the (Repars) algorithm [31]. Both of the compared algorithms schedule a set
of periodic real-time tasks on heterogeneous multiprocessor systems. As
mentioned earlier, we are concerned in whether or not the proposed algorithm
produces an appropriate reliability of a task set (an application) and all the tasks in
this set (application) can finish before their deadlines with an acceptable
probability, taking into account minimizing the scheduling overheads. Therefore,
three major metrics were used to evaluate the performance of this algorithm. The
first metric is the reliability ratio (RR) which is defined as the ratio of the number
of task sets found schedulable by the proposed algorithm, with an acceptable
overall reliability, to the number of task sets considered for scheduling. In this
study, we consider that the reliability of a task set is accepted, if it is equal
to R A − ∈ , where R A is the proposed reliability of the application and ∈ is a pre
specified acceptable deviation factor, which was assumed to be 0.25. The second
metric is the success ratio (SR) which is defined as the ratio of the number of task
sets found schedulable by the proposed algorithm, with an acceptable probability
of each task to meet its deadline, compared to the number of task sets considered
for scheduling. For this study, we considered that the probability of a task to meet
its deadline is accepted if it is at least equal to 0.75, i.e. α ≥ 0.7 5. Finally, the third
metric is the scheduling overhead ratio (OHR) which is defined as the number of
scheduling steps performed by proposed (PRPS) algorithm relative to that
performed by the (RRTP) or the (Repars) algorithm to schedule the same task set
(application).
We ran simulations for different random task test sets that model real-time
applications with different means and variances, to represent the time cost
distributions of different stochastic tasks in these sets. Schedulable task sets are
generated for simulation using the following approach:
1. Tasks of the task test set (or the application) are generated till schedule
length, which is an input parameter, with no idle time in the processors, as
described in [2, 4, 7, 14].
2. Number of tasks, n , in each task set is uniformly distributed varies
between 50 to 700 tasks.
3. Each of the mean and variance, µ i and Vi of the time cost distribution for
the task Ti , i ∈ {1,2,....., n} , in the normal-case, were chosen uniformly
distributed between two input parameters, ( Min _ M , Max _ M ) and
( Min _ V , Max _ V ) , respectively.
4. In the worst-case, the allowable maximum degree of parallelization of a
task, max-split number, varies from 2 to 16.

(

)
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5. The worst-case means and variances, µ ik and Vik , when a task Ti is
executed on k processors in parallel, 2 ≤ k≤ max-split number, were
evaluated by using the sub-linear relations:

[

]

[

]

µ ik = µ ik −1 * (k − 1) / k + 1 and Vik = Vik −1 * (k − 1) / k + 1.

6. The deadline, di, for each task, Ti , i ∈ {1,2,..., n} , is chosen such that
d i = (1 + R ) * µ i , where R is the laxity parameter, which varies from 1.5

to 3.5, that denotes the tightness of the deadline [2, 4-7, 13, 31], and µi is
the proposed mean of the task Ti. In other words, we considered the laxity,
Li, of each task, Ti, equal to R * µi.
On the other hand, we considered a target computing heterogeneous system
with m processors. The number of processors varies from 4 to 40. The failure
rate of each processor, λ P j , j = 1,2,..., m , was assumed to be uniformly
distributed between 0.001 and 0.0001 failures/hr [25-31]. In each test case, we
assumed that the total number of tasks is greater than the number of the available
processors in the system (n > m). In addition, we considered that the processing
power of any processor in the system is greater than that required by any task in
the test set.
Our experimental work showed that the laxity parameter, R, the number of
the available processors in the system, m, and the maximum allowable degree of
parallelization of a task, the max-split, have the greatest effect on the performance
of the proposed approach. Results of the simulation study showed that the
introduction of the parallelization action in the scheduled tasks, if it is necessary,
leads to a significant improvement in the performance measures of the system
such as the schedulability and the processor utilization, for all cases in this study
over our previous approach, Performance Effective Stochastic Scheduling (PESS)
algorithm [5-7]. In addition, these results show that the average performance
provided by the proposed algorithm, in terms of the success ratio SR and the
reliability ratio RR, provided by the proposed approach is always greater than that
of the other compared algorithms in all cases of this study. Figures 3,4,5 and 6,7,8
show results of simulations that represent, respectively, the reliability ratio RR
and the success ratio SR offered by the proposed algorithm (PRPS) over the
(RRTP) algorithm and the (Repar) algorithm, for different values of the laxity
parameter, R, different numbers of processors, m, and different values of maxsplit number. Each point in the performance curves is the average of 5 simulation
runs, each with 300 task sets. Each task set contains approximately 50-700 tasks
by fixing the schedule length to 800 during the task set generation.
The effect of the laxity parameter (R) is studied in Figures 3 and 6. As the
laxity parameter increases, the deadline of the candidate tasks increases, the
success ratio for all algorithms increases in all cases. From Figures 3 and 6, the
difference in success ratio (SR) and the reliability ratio (RR) between the
proposed algorithm (PRPS) and the other algorithms for lower laxities is high and
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decrease with increasing laxity until no improvement, approximately, can be
obtained when R > 2.5. When R < 1.5, the value of (RR) can be significantly
increased by more than 15%. This is due to the fact that tasks experience more
degree of parallelization (in order to meet their deadlines) when their laxities
(deadlines) are tight, but the same tasks with higher laxities rarely need
parallelization since their deadlines can be met without parallelizing them. This
shows that task parallelization is more effective for tasks having tighter laxities.
The effect of varying the number of processors (m) is studied in Figures 4
and 7. The increase in the number of processors increases the success ratio and the
reliability ratio for all algorithms, and vice versa. The difference in success ratio
of all algorithms for two successive values of m, i.e. m and m + 1 , is very high
when m is small, and decreases as m increases. This is because the limited
availability of resources, i.e., the bottleneck is the resources and not the
processors. This means that if (m) is increased beyond 24, there cannot be much
improvement in the success ratio. On the other hand, while the number of
processors increases, the proposed load for each processor, based on its
processing power, decreases as expected. In parallel to this decrease, the failure
probability of applications also decreases, i.e., the reliability of applications in
terms of the resultant success ratio increases.
From Figures 5 and 8, it is an interesting to note that, in general, an
increase in degree of parallelization, max-split, increases the success ratio and the
reliability ratio offered by the proposed algorithm (PRPS) over the other
compared algorithms. It is clear that lower values of max-split are more sensitive
to change in laxity parameter R (deadline) than higher values of max-split. For
tasks with tight laxities, the growth in the value of max-split has great influence to
help them to meet their deadline with the required probability. Executing tasks,
especially those of higher expected time cost, as one unit on a single processor
means that the processor will run this task for longer time which has great
influence to increase the probability of having a failure. i.e., reduces the
application reliability. Parallelizing this task by executing its split tasks in more
than one processor, each of them needs a shorter time and that will decrease its
probability of failure. This gives a chance for the processors with lower
processing power, which are capable to execute these split tasks, to enter the
candidate processor set. Selecting the candidate processor(s) from a set of large
number of processors can help to maximize the reliability of the application and to
avoid (reduce) processing power fragmentation.
For the same previous experiments, simulation results showed that the (OHR)
offered by the proposed algorithm (PRPS) relative to (Repar) or (RRTP)
algorithm decreases as the performance parameters R, m, max-split decreases. The
proposed approach doesn't backtracks, like the other compared algorithms, when
the deadline of the candidate task cannot be met. Instead, it uses parallelization as
an effective tool to distribute its split tasks directly among different processor to
help it in yielding the required probability to meet its deadline. The number of
split tasks is chosen as small as possible, to avoid the idle times of the candidate
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processors and decrease scheduling overheads. Evaluation of the mean and
variance, when a task is parallelized, uses the sub-linear speedup assumptions [2,
7, 22], that take into account the overheads associated with communication and
synchronization among the split tasks of a task. This emphasizes that the proposed
algorithm has lower scheduling overhead than (Repar) and (RRTP), in this case.
On the other hand, when one of the performance parameters increases, (PRPS)
and (RRTP) incur almost the same amount of scheduling overhead, i.e. the (OHR)
of (PRPS) relative to (Repar) tends to 1, while the (OHR) offered by each of
these algorithms relative to (RRTP) algorithm continue to decrease substantially.
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Fig. 3: The effect of the laxity parameter (R) on the success ratio (SR).
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Fig. 4: The effect of the number of processors (m) on the success ratio (SR).
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Fig. 5: The effect of the max-split number on the success ratio (SR).
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Fig.7: The effect of the number of processors (m) on the reliability ratio (RR).
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Fig. 8: The effect of the max-split number on the reliability ratio (RR).

5 Conclusion
High schedulability and reliability are the main keys requirements in the design
and development of heterogeneous computing environments. In this paper, we
address the stochastic scheduling problem for heterogeneous systems with
reliability constraints. This paper introduces a simple compromise heuristic
algorithm for scheduling a real-time application represented by a set of
independent stochastic tasks with parallelizable contents in terms of maximizing
the reliability of the application and the performance measures of the system, such
as the success ratio and the processor utilization, simultaneously. The algorithm
exploits parallelism in the scheduled tasks, if it is necessary, to improve the
capabilities of the scheduling process. In this algorithm, all the scheduling
decisions are based on the reliability measurements of the available processors in
the system, in addition to the time cost distributions of different tasks and their
deadlines. This can be used, with statistical properties and probability rules, as a
good tool to guide the scheduling process efficiently to maintain the required
objectives. Our algorithm, the Performance and Reliable-driven scheduling for
Parallelizable Stochastic tasks (PRPS) algorithm was evaluated with the
Reliability driven Real Time Periodic scheduling (RRTP) algorithm [28] and the
(Repar) algorithm [31]. Results of simulations showed that the proposed
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scheduling approach is beneficial in that it provides a better scheme with higher
schedulability, in terms of the success ratio, and reliability while maintaining
lower scheduling overhead compared to (RRTP) and (Repar) algorithms for a
wide variety of task and system parameters.

6 Open Problem
Over the last decade, heterogeneous systems have been widely used for scientific
and commercial applications. To improve the performance of applications running
in heterogeneous systems, past research has developed a wide variety of
scheduling algorithms for heterogeneous computing systems. However, there are
many open related problems that remain to be solved before to maximize the
performance and efficiency of these systems. Two of these problems that we
plane to study in future are outlined below.
Although numerous approaches have been developed for real-time scheduling
in heterogeneous systems, less attention has been devoted to reliability-driven
scheduling for fault-tolerant systems. To bridge this gap in real-time scheduling
technology, we need to develop a fault-tolerant scheduling algorithm consists of
two consecutive phases. The first phase manages to assign tasks in a way to
improve the reliability of the system while meeting real-time constraints of tasks.
The second phase aims to make the system fault-tolerant by incorporating the
primary-backup scheme in the process of scheduling.
High availability is a key requirement in the design and development of
heterogeneous computing systems where processors operate at different speeds
and are not continuously available for computation. Most existing scheduling
algorithms designed for heterogeneous systems do not factor in availability
requirements imposed by multi-class applications. To remedy this shortcoming,
we need to investigate the stochastic scheduling problem for multi-class
applications running in heterogeneous systems with availability constraints. Each
node in a heterogeneous system is modeled using its speed and availability.
Multiple classes of tasks submitted to the system are characterized by their time
cost distributions and availability requirements. To incorporate availability and
heterogeneity into scheduling, we must define new metrics to quantify system
availability and heterogeneity for multi-class tasks. We then propose a scheduling
algorithm to improve the availability of heterogeneous systems while maintaining
good performance of the system in terms of its schedulability and the processor
utilization.
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