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Abstract 

 In this paper we consider special compound n4  n4  and n6  n6  
magic squares. We determine a 32 n  (res. 53 n ) dimensional 
subspace of the nullspace of the n4  n4  (res. n6  n6 ) squares. All 
vectors in the subspaces possess the property that the sum of all 
entries of each vector equals zero. 
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1      Introduction 
 

A semi magic square is a n  n  matrix such that the sum of the entries in each row 

and columns is the same. The common value is called the magic constant. If, in 

addition, the sum of all entries in each left-broken diagonal and each right-broken 

diagonal is the magic constant, then we call the matrix a pandiagonal magic 

square. Rosser and Walker show that a pandiagonal 44   magic square with 

magic constant s2  has in general the following structure 

CBA

E

s – Bs  – As – s – C

s  –s  – Es – s –

where 

 = s2 –A–B–C,  

http://www.i-csrs.org/
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  = s2 – A–B–E, 

 =A+E – C, 

 =B+C – E. 

 

We note that every antipodal pair of elements add up to one half of the magic 

constant. 

       We define a certain class of 66  magic squares, which has a similar 

structure to the structure of a pandiagonal 44   magic square. In this class each 

antipodal pair will add up to one third of the magic constant. Precisely, we have 

Definition 1.1: A 66  magic square with s3  as a magic constant is called 

panmagic if  

).(   ) (    ,,,  , 3 modand3 modsuch thateachfor ljkilkjisaa
klij

  

The following matrix is a possible form for this kind of squares: 

M  R  W  T  L  K  
Q  J  I  H  G  F  

P  E  D  C  B  A  
s –T  s – L  s – K  s – M  s – R  s –W  

s  – H  s  –G  s  – F  s –Q  s  – J  s  – I  

s  – C  s  – B  s  – A  s – P  s  – E  s  – D  
where 

2

3s
KLCDEHIJM  , 

ADFIKW  , 

ABCDEsP 3  

FGHIJsQ  3 , 

,BEGJLR   

ABCFGHKL
s

T 
2

9
.

Note that we have the following relations: 

 

CHTPQM  ,  

BGLEJR  , 

AFKDIW  . 

Using Maple we can show that the 66  panmagic square possesses a nontrivial 

null space, which can be written in the following form: 

  }:,,,,,{
321321

Rzxxxxxxz 
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where 

))()()((
1

FIEBJGDAx  , 

),32)((22)32)((
2

sHJGADAIFDsECBIFx 

).)(3222()2)((
3

GJsEBCDAHIFEBx   

Note that the sum of all entries of the vectors is zero. 

     For example, 
-51 39 26 0 9 13 

54 -10 -2 -5 4 -5 

-5 1 2 3 17 18 

12 3 -1 63 -27 -14 

17 8 17 -42 22 14 

9 -5 -6 17 11 10 

has as nullspace   }:132,115,34,132,115,34{ Rzz
t

 .  

Definition 1.2: A 88  square consisting of 4 pandiagonal magic squares 

22211211 ,,, AAAA  having the same magic sum in the form 










2221

1211

AA

AA
 

is called a compound magic square if the following relation holds 

21121122 AAAA  . 

      It is easy to check that the last relation guarantees that the square is a magic 8 

8 square. In the same manner we can combine four panmagic squares in a magic 

square. 

Definition 1.3: Let 21121122
,,, BBBB be panmagic squares having the same magic 

constant. Assume that 21121122
BBBB  . Then the matrix 










2221

1211

BB

BB
 

is called the compound 1212  magic square. 

      The condition 21121122
BBBB   ensures that the compound 1212  

magic square is magic.

 

2      Main Results 
We prove first a simple result for a compound square of 44   squares. We then 

generalize this result for an arbitrary number of squares. 

Proposition 2.1: The compound 88  magic square processes a three dimensional 

subspace of its nullspace. 

Proof: First we note that the vector 
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  1,1,1,1,1,1,1,1  

is a nonzero vector, which belongs to the nullspace of the square,  since the 

squares have the same magic constant. 

Now, the square 11A (res. 12A ) has a nonzero vector 11v  (res. 12v ), which belongs 

to the nullspace of the square, since 11A (res. 12A ) is a pandiagonal magic square. 

We look for four numbers 22211211 ,,, ffff  such that the vector














12221121

12121111

vfvf

vfvf
 

belongs to the nullspace of the square. To do this we compute the following 

matrix multiplication 










2221

1211

AA

AA














12221121

12121111

vfvf

vfvf













)()(

)()(

12221121221212111121

12221121121212111111

vfvfAvfvfA

vfvfAvfvfA
 

According to the choice of  11v  and 12v  we obtain the vector ),(
21
gg  as the 

result of matrix multiplication, where 

1121121212111
vfAvfAg  , 

221211122121112111121212211111212
)()( fvAvAfvAvAfvAfvAg 

. 

Note that we used the relation 11211222 AAAA  . We can rewrite the vector 

),(
21
gg  in the form 











12112111211212211121

11121211

)()(

00

vAAvAAvAvA

vAvA )1..(..........

22

21

12

11





















f

f

f

f

 

According to Al-Ashhab we can assume that the vectors in the nullspace of the 

pandiagonal magic square 

  1,21,for   , ,,, ****** 


 jivvvvv
ijijijijij  

Further, we can assume that 

2,1,, 
























 ji

fseshsgs

bsasdscs

hgfe

dcba

A

ijijijij

ijijijij

ijijijij

ijijijij

ij

Hence, we can assume that
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***

***

***

***

******

******

******

******

)()(

)()(

)()(

)()(

ijijijijijij

ijijijijijij

ijijijijijij

ijijijijijij

ijijijijijijijij

ijijijijijijijij

ijijijijijijijij

ijijijijijijijij

ijij

vhfvge

vdbvca

vhfvge

vdbvca

vfvevhvg

vbvavdvc

vhvgvfve

vdvcvbva

vA

Since the sum of two pandiagonal magic squares is pandiagonal magic, we deduce 

that four rows in the matrix in (1) are redundant. Since we have the relations 

)(

)(

1111111111111111

1111111111111111

hfdbhdfb

gecagcea




 

the application of elementary row operations on the matrix in (1) yields to  



































0000

0000

0000

0000

0000

0000

00

121211211211

2112

rqqrqq

rr

where 

**

122121

*

12212112

**

112121

*

11212111

**

111212

*

11121221

**

121111

*

12111112

)()(

)()(

)()(

)()(

vdbvcaq

vdbvcaq

vdbvcar

vdbvcar









This analysis enables us to conclude the following relations from (1) 

.

,

21

12

21

12

22

11

1212

21

1211

211212112112

11

f
r

r
f

f
q

rq
f

rq

rqrqrr
f









If we set 

,,,0,0
12121111222112

qrfqfff 

which is consistent with the previous relations, we conclude that the vector 








 

1211

111212 )(

vq

vqr
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belongs to the nullspace of the square. We can make another choice as follows 

0
22
f , 111221

qrf   , )(,
112112122111112112

qrrqrfqrf   

and we obtain a vector belonging to the nullspace of the square, which is 














111121

121121111121121221 ))((

vqr

vqrvqrrqr
 

Now, the vectors 1112 ,vv  are linearly independent, since they correspond to 

different magic squares. Hence, the last two vectors are linearly independent. Also 

the vector 

  1,1,1,1,1,1,1,1  

is linearly independent with the last two vectors, since its first two entries are not 

the opposite of the third and fourth entry.    

     For example, the following square is a compound 88  magic square 
0 14 -19 13 10 5 -22 15 

-12 6 7 7 -20 13 12 3 

23 -9 4 -10 26 -11 -6 -1 

-3 -3 16 -2 -8 1 24 -9 

-16 25 -17 16 -6 16 -20 18 

1 -2 2 7 -7 5 7 3 

21 -12 20 -21 24 -14 10 -12 

2 -3 3 6 -3 1 11 -1 

For this square we can construct as described the following two vectors in its 

nullspace 
t









 544,170,544,170,

5

722
,

5

38
,

5

722
,

5

38

t









 71706,3774,71706,3774,

5

85026
,

5

216006
,

5

85026
,

5

216006
 

In fact, its nullity is 3. Thus, these two vectors together with  

  1,1,1,1,1,1,1,1  

form a basis of its nullspace. 

 

    We prove now a similar result to the previous proposition, where we replace the 

44   square with a 66  one. 

 

Proposition 2.2: The compound 1212  magic square possess a three 

dimensional subspace of its nullspace. 

Proof: First we note that the vector 

  1,1,1,1,1,11,1,1,1,1,1  

is a nonzero vector, which belongs to the nullspace of the square, since the 

squares have the same magic constant. 
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       We look for scalars 654321 ,,,,, vvvvvv  such that  































































































































































0

0

0

0

0

0

0

0

0

0

0

0

.

6

5

4

6

5

4

3

2

1

3

2

1

222222222222212121212121

222222222222212121212121

222222222222211121212121

222222222222212121212121

222222222222212121212121

222222222222212121212121

121212121212111111111111

121212121212111111111111

121212121212111111111111

121212121212111111111111

121212121212111111111111

121212121212111111111111

v

v

v

v

v

v

v

v

v

v

v

v

osnsmsrsqspsosnsmsrsqsps

ishsgslsksjsishsgslsksjs

csbsasfsesdscsbsasfsesds

rqponmrqponm

lkjihglkjihg

fedcbafedcba

osnsmsrsqspsosnsmsrsqsps

ishsgslsksjsishsgslsksjs

csbsasfsesdscsbsasfsesds

rqponmrqponm

lkjihglkjihg

fedcbafedcba

 

 

We transform this equation into the linear system  

0

0

0

0

0

0

0

0

0

0

0

0

622522422622522422321221121321221121

622522422622522422321221121321221121

622522422622522422321211121321221121

622522422622522422321221121321221121

622522422622522422321221121321221121

622522422622522422321221121321221121

612512412612512412311211111311211111

612512412612512412311211111311211111

612512412612512412311211111311211111

612512412612512412311211111311211111

612512412612512412311211111311211111

612512412612512412311211111311211111

























vovnvmvrvqvpvovnvmvrvqvp

vivhvgvlvkvjvivhvgvlvkvj

vcvbvavfvevdvcvbvavfvevd

vrvqvpvovnvmvrvqvpvovnvm

vlvkvjvivhvgvlvkvjvivhvg

vfvevdvcvbvavfvevdvcvbva

vovnvmvrvqvpvovnvmvrvqvp

vivhvgvlvkvjvivhvgvlvkvj

vcvbvavfvevdvcvbvavfvevd

vrvqvpvovnvmvrvqvpvovnvm

vlvkvjvivhvgvlvkvjvivhvg

vfvevdvcvbvavfvevdvcvbva

 
We eliminate the redundant equations. The system becomes

0)()()()()()(

0)()()()()()(

0)()()()()()(

0)()()()()()(

0)()()()()()(

0)()()()()()(

622225222242222321212212112121

622225222242222321212212112121

622225222242222321212212112121

612125121241212311112111111111

612125121241212311112111111111

612125121241212311112111111111













vrovqnvpmvrovqnvpm

vlivkhvjgvlivkhvjg

vfcvebvdavfcvebvda

vrovqnvpmvrovqnvpm

vlivkhvjgvlivkhvjg

vfcvebvdavfcvebvda

 
From the definition of the panmagic square we know that 
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)3.........()()()(

)2.........()()()(

)1.........()()()(

ijijijijijijijijijijijij

ijijijijijijijijijijijij

ijijijijijijijijijijijij

rolifcrlfolc

qnehebqkenhb

pmjgdapjdmga







Thus, we can reduce the linear system to the following 

0)()()()()()(

0)()()()()()(

0)()()()()()(

0)()()()()()(

622225222242222321212212112121

622225222242222321212212112121

612125121241212311112111111111

612125121241212311112111111111









vlivkhvjgvlivkhvjg

vfcvebvdavfcvebvda

vlivkhvjgvlivkhvjg

vfcvebvdavfcvebvda

 

We can verify using the computer that the coefficient matrix of this system has in 

general the rank four. Hence, we deduce that 4321 ,,, vvvv  depends on 5
v  and 6

v . 

By letting 5
v  and 6

v  take the values 0 and 1 we obtain two linearly independent 

vectors in the nullspace. These two vectors do not possess the property that the 

first six elements are the opposite of the last six elements. Hence, they are 

independent of the vector   1,1,1,1,1,11,1,1,1,1,1  

Remark: We did not here make use of the relation 21121122
BBBB  . It 

actually does not affect the proof. 

For example, the following square is a compound 1212  magic square 
-51 39 26 0 9 13 6 17 15 -6 0 4 

54 -10 -2 -5 4 -5 20 5 2 0 9 0 

-5 1 2 3 17 18 -24 6 7 8 19 20 

12 3 -1 63 -27 -14 18 12 8 6 -5 -3 

17 8 17 -42 22 14 12 3 12 -8 7 10 

9 -5 -6 17 11 10 4 -7 -8 36 6 5 

2 53 45 -131 33 34 59 31 34 -

137 

24 25 

-10 0 10 11 12 13 -44 15 14 16 17 18 

-89 21 22 23 29 30 -108 26 27 28 31 32 

143 -21 -22 10 -41 -33 149 -12 -13 -47 -19 -22 

1 0 -1 22 12 2 -4 -5 -6 56 -3 -2 

-11 -17 -18 101 -9 -10 -16 -19 -20 120 -14 -15 

 
Using the computer we can verify that its nullity is 3. In other words, the 

constructed subspace is the nullspace itself. 

       We can generalize the previous result for an arbitrary number of squares 

involved in the compound square. 

Theorem 1.3: Let i j
A  be distinct pandiagonal magic square with magic constant 

s2  having the structure 
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ijijijij

ijijijij

ijijijij

ijijijij

ij

fseshsgs

bsasdscs

hgfe

dcba

A

such that 1111 AAAA ijij   for nji ,...,1,  . Assume that 

0)(
12111211

 acca . Then, the following n4  n4  matrix  

























nnnnn

n

n

n

AAAA

AAAA

AAAA

AAAA

...

...

...

...

321

3333231

2232221

1131211



 

possess a 32 n  dimensional subspace of its nullspace, which is generated by the 

vectors 



























































]0[

]0[

)(

)db-d-b(

)db-d-b(

)(

)db-d-b(

)(

db-d-b

12111211

12121111

12111211

12121111

12111211

12121111

12111211

12121111



acca

acca

acca

acca

 

and 
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)(

0

0

]0[

]0[

0

db-d-b

0

)db-d-b(

)db-d-b(

)(

db-d-b

 ,  

0

)(

0

]0[

]0[

0

cc

0

)cc(

0

)c-c(

0

c-c

 ...,  , 

]0[

]0[

)(

0

0

0

db-d-b

0

)db-d-b(

)db-d-b(

)(

db-d-b

 , 

]0[

]0[

0

)(

0

0

cc

0

)cc(

0

)c-c(

0

c-c

12111211

12111211

1n1n1111

1n1n1111

12111211

1n1n1111

12111211

1n1n1111

12111211

12111211

1n1n1111

1n1n1111

1n121n12

1n121n12

12111211

12111211

13131111

13131111

12111211

13131111

12111211

13131111

12111211

12111211

13131111

13131111

13121312

13121312

acca

acca

acca

acca

acca

acca

aa

aa

aa

aa

acca

acca

acca

acca

acca

acca

aa

aa

aa

aa





 

 

 
Proof: We will check first that these vectors belong to the nullspace of the matrix. 

When we multiply the first vector with the matrix, we obtain a vector having in 

the first row 

0)]}())[({()]())[((

))((

))(())(())((

12121111121211111212111112121111

121211111212

121211111212121211111111121211111111







dbdbcacacacadbdb

cacadb

dbdbcacacadbdbdbca

 

Since we know that

)()(

)()(

11111111

11111111

hfdb

geca




 

we obtain zero in the second row of the vector. Since the third and fourth rows of 

the squares are complementary to the first two rows, we deduce that the third and 

fourth rows of the vector are also zero.

Now, the fifth entry of the vector is 

)]}())[({()]())[((

))(())((

))(())((

22222121121211112222212112121111

121211112222121211112222

121211112121121211112121

dbdbcacacacadbdb

cacadbdbdbca

cacadbdbdbca







 

We use the following relations according to our assumption 
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11211222

11211222

11211222

11211222

dddd

cccc

bbbb

aaaa









and obtain 

0)]}()[{()]()[(

)]}())[({(

)]())[((

11121112121211111112111212121111

112112112112212112121111

112112112112212112121111







ddbbcacaccaadbdb

dddbbbdbcaca

cccaaacadbdb

 

 

We continue checking all rows until we reach the last entry, which is 

)]}())[({()]())[((

))(())((

))(())((

221112121111221112121111

12121111221212111122

12121111111212111111

nnnnnnnn

nnnn

nnnn

dbdbcacacacadbdb

cacadbdbdbca

cacadbdbdbca







 
We use 

111122

111122

111122

111122

dddd

cccc

bbbb

aaaa

nn

nn

nn

nn









 

in order to obtain this value of the entry

0)]}()[{()]()[(

)]}())[({(

)]())[((

11121112121211111112111212121111

11112111121112121111

11112111121112121111







ddbbcacaccaadbdb

dddbbbdbcaca

cccaaacadbdb

nnnn

nnnn

 
Hence, we finished checking the first vector. 

   Now, we turn our attention to the second vector. When we multiply the matrix 

with it, we obtain in the first entry 

 

0))((

))(())(())(())(())((

)]())[(()]())[(()]())[((

))(())(())((

12121313

1111131313131212111112121313111112121111

121211111313131311111212131312121111

121211111313131311111212131312121111









caca

cacacacacacacacacaca

cacacacacacacacaca

cacacacacacacacaca

 

Using the relations 

)()(

)()(

11111111

11111111

hfdb

geca





we deduce that the second entry is also zero. In a similar manner we can deal with 

the third and fourth entries. The fifth entry will be 
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))(())(())(( 121211112323131311112222131312122121 cacacacacacacacaca 

 

We use the relations 

11211323

11211323

11211222

11211222

cccc

aaaa

cccc

aaaa









 

to obtain for the fifth entry 

0))(()())(())(())((

))(())(()())(())((

))(())(())(())((

)]())[((

)]())[(()]())[((

11111212

2

1111121221211111212112121313

1111131313131111

2

11111313121211111212

13132121111121211313212112122121

12121111112113112113

13131111112112112112131312122121











cacacacacacacacaca

cacacacacacacacaca

cacacacacacacaca

cacacccaaa

cacacccaaacacaca

We continue checking the entries until we reach the last entry, which is 

))(())(())(( 121211113313131111221313121211 cacacacacacacacaca nnnnnn 

Using the relations

111133

111133

111122

111122

cccc

aaaa

cccc

aaaa

nn

nn

nn

nn









we get 

0))(()())(())(())((

))(())(()())(())((

))(())(())(())((

)]())[((

)]())[(()]())[((

11111212

2

111112121111111112121313

1111131313131111

2

11111313121211111212

131311111111131311121211

121211111111311113

1313111111112111121313121211











cacacacacacacacaca

cacacacacacacacaca

cacacacacacacaca

cacacccaaa

cacacccaaacacaca

nnnn

nnnnnnnn

nn

nnnn

Hence, the second vector belongs to the nullspace of the ( nn 44  )-matrix. 

   Similarly, we can check that all the other vectors are included in the nullspace of 

the ( nn 44  )-matrix. We check the last vector (the ( 32 n )-th vector) belongs to 

the nullspace of the (4n4n)-matrix. The first entry by matrix multiplication is  

0)]}())[({()]())[((

))(())((

))(())((

1111111212111112121111111111

12121111111111111212

1212111111111111111111







nnnn

nnnn

nn

dbdbcacacacadbdb

cacadbdbdbca

cacadbdbdbca

 

As before we deuce also that the second, third and fourth entries are zero. The 

fifth entry is



  

 

 

Saleem Al-Ashhab                                                                                                142 

 

)]())[((

)]}())[({()]())[((

))(())((

))(())((

1121121121122121111111

2221211212111122222121111111

12121111221111112222

1212111121211111112121

cccaaacadbdb

dbdbcacacacadbdb

cacadbdbdbca

cacadbdbdbca

nn

nnnn

nnnn

nn









 

We use the relations 

112112

11211222

112112

11211222

dddd

cccc

bbbb

aaaa

nn

nn









Therefore, this entry is 

0)]}()[{()]()[(

)]}())[({(

)]())[((

1111111212111111121112111111

1121111211212112121111

1121121121122121111111







ddbbcacaccaadbdb

dddbbbdbcaca

cccaaacadbdb

nnnn

nn

nn

  

 

When we reach the ( 32 n )-th entry, we find that it is

)]}())[({()]())[((

))(())((

))(())((

111212111111111111

12121111111111

121211111111111111

nnnnnnnnnnnnnn

nnnnnnnnnn

nnnnnn

dbdbcacacacadbdb

cacadbdbdbca

cacadbdbdbca







  

We use the relations 

1111

1111

1111

1111

dddd

cccc

bbbb

aaaa

nnnn

nnnn

nnnn

nnnn









to prove that this entry is 

0)]}()[{()]()[(

)]}())[({(

)]())[((

1111111212111111121112111111

111111111112121111

111121111211111111







ddbbcacaccaadbdb

dddbbbdbcaca

cccaaacadbdb

nnnn

nnnnnn

nnnnnn

 

We prove now that the vectors are linearly independent. Let 

Rkkkkk
nn


 3242321
,,...,,, such that
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0

0
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0

0

0

0
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0

0

0

0

0

0

)(

0

0

0

0

0

0

0

db-d-b

0

)db-d-b(

)db-d-b(

)(

db-d-b

...

0

0

0

0

0

)(

0

0

cc

0

)cc(

0

)c-c(

0

c-c

0

0

0

0

0

0

0

0

)(

)db-d-b(

)db-d-b(

)(

)db-d-b(

)(

db-d-b

12111211

12111211

1n1n1111

1n1n1111

12111211

1n1n1111

12111211

1n1n1111

32

12111211

12111211

13131111

13131111

13121312

13121312

2

12111211

12121111

12111211

12121111

12111211

12121111

12111211

12121111

1







acca

acca

acca

acca

k

acca

acca

aa

aa

aa

aa

k

acca

acca

acca

acca

k
n

 

This leads us to
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0

0

0

0

0

0

0

0

0

0

0

0

0

0

)(

)(

)(

)(

)(

)(

)(

)(

)(

)db-d-b()cc(...)db-d-b()cc()db-d-b(

)(

)db-d-b()cc(...)db-d-b()cc()db-d-b(

)()()(

)db-d-(b)c-c(...)db-d-(b)c-c()db-d-b(

)()()(

)db-d-b()c-c(...)db-d-b()c-c()db-d-(b

1211121132

1211121142

1211121132

1211121142

121112113

121112112

121112113

121112112

121112111

1n1n1111321n1n111142131311113131311112121211111

121112111

1n1n1111321n1n111142131311113131311112121211111

1211121132121112113121112111

1n141111321n121n1242131311113131213122121211111

1211121132121112113121112111

1n1n1111321n121n1242131311113131213122121211111



accak

accak

accak

accak

accak

accak

accak

accak

accak

kaakkaakk

accak

kaakkaakk

accakaccakaccak

kaakkaakk

accakaccakaccak

kaakkaakk

n

n

n

n

nn

nn

n

nn

n

nn

  
From the ( 24 n )-th row of this vector we obtain the equation 

0)( 1211121132  accak n  

According to our assumptions we must have 032 nk . Similarly, we obtain 

042 nk  from the ( 34 n )-th row. We continue checking all the rows up to the 

tenth row, which looks like this 

0)( 121112113  accak  

Hence, we conclude that 03 k .  From the ninth (res. eighth) row we obtain 

02 k  (res. 01 k ). Since all 3242321
,,...,,,

 nn
kkkkk  are zero, we are done.  
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    We prove now a similar result to the previous theorem, where we replace the 

44   square with a 66  one. 

Theorem 2.4: Let ijB  be 66  panmagic squares with magic constant s3  such 

that 

1111 BBBB ijij   for all nji ,...,3,2,1,  . 

Moreover, we assume that 0))(())((
21212121
 ggbbhhaa . Then the 

following square 

























nnnnn

n

n

n

BBBB

BBBB

BBBB

BBBB

...

...

...

...

321

3333231

2232221

1131211


 

is a magic square with magic constant ns3 . Further, it has a ( 53 n )-dimensional 

subspace of its nullspace. This space is generated by the vectors: 



















































































]0[

]0[

]0[

)])(())([(

)])(())([(

)])(())([(

))(())((

)])(())([(

)])(())([(

)])(())([(

)])(())([(

)])(())([(

)])(())([(

)])(())([(

)])(())([(

21212121

21212121

21212121

21212121

21212121

21212121

21212121

21212121

21212121

21212121

21212121

21212121



ggbbhhaa

ggcciiaa

hhcciibb

ggbbhhaa

ggcciiaa

hhcciibb

ggbbhhaa

ggcciiaa

hhcciibb

ggbbhhaa

ggcciiaa

hhcciibb
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]0[

]0[

)])(())([(

0

0

)])(())([(

0

0

]0[

0

)])(())([(

)])(())([(

0

)])(())([(

))(())((

)])(())([(

)])(())(([

)])(())([(

)])(())([(

))(())((

)])(())([(

,

]0[

]0[

0

)])(())([(

0

0

))(())((

0

]0[

0

)])(())([(

)]()()([

0

)])(())([(

)()()(

0

)])(())([(

)]()()([

0

))(())((

)]()()([

.

]0[

]0[

0

0

)])(())([(

0

0

))(())((

]0[

0

)()()(

))(())((

0

)()()(

))(())((

0

)]()()([

)])(())([(

0

)()()(

))(())((

,

21212121

21212121

21313121

21313121

21313121

21313121

21212121

21313121

21313121

21212121

21313121

21313121

21212121

21212121

21313121

213312321

21313121

213312321

21323221

213312321

21323221

213312321

21212121

21212121

213312321

31212131

213312321

31212131

213312321

32212132

213312321

32212132
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ggbbhhaa

ggbbhhaa

ggcciiaa

hhcciibb

ggcciiaa

hhcciibb

ggbbhhaa

ggcciiaa

hhcciibb

ggbbhhaa

ggcciiaa

hhcciibb

ggbbhhaa

ggbbhhaa

ggbbhhaa

hhbhhbhhb

ggbbhhaa

hhbhhbhhb

ggbbhhaa

hhbhhbhhb

ggbbhhaa

hhbhhbhhb

ggbbhhaa

ggbbhhaa

ggaggagga

ggbbhhaa

ggaggagga

ggbbhhaa

ggaggagga

ggbbhhaa

ggaggagga

ggbbhhaa
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0

0

)])(())([(

0

0

]0[
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0

)])(())([(

)])(())([(

0

)])(())([(

))(())((

)])(())([(

)])(())(([

)])(())([(

)])(())([(

))(())((

)])(())([(

,

0

)])(())([(

0

0

))(())((

0

]0[

]0[

0

)])(())([(

)]()()([

0

)])(())([(

)()()(

0

)])(())([(

)]()()([

0

))(())((

)]()()([

,

0

0

)])(())([(

0

0

))(())((

]0[

]0[

0

)()()(

))(())((

0

)()()(

))(())((

0

)]()()([

)])(())([(

0

)()()(

))(())((

,

21212121

21212121

211121

211121

211121

211121

21212121

211121

211121

21212121

211121

211121

21212121

21212121

211121

2131221

211121

211221

212221

211221

212221

211221

21212121

21212121

211221

121211

211221

121211

211221

221212

211221

221212

ggbbhhaa

ggbbhhaa

ggcciiaa

hhcciibb

ggcciiaa

hhcciibb

ggbbhhaa

ggcciiaa

hhcciibb

ggbbhhaa

ggcciiaa

hhcciibb

ggbbhhaa

ggbbhhaa

ggbbhhaa

hhbhhbhhb

ggbbhhaa

hhbhhbhhb

ggbbhhaa

hhbhhbhhb

ggbbhhaa

hhbhhbhhb

ggbbhhaa

ggbbhhaa

ggaggagga

ggbbhhaa

ggaggagga

ggbbhhaa

ggaggagga

ggbbhhaa

ggaggagga

ggbbhhaa

nn

nn

nn

nn

nn

nn

nn

nn

nn

nn

nn

nnn

nn

nnn

nn

nnn

nnn

nn

nnn

nn

nnn

nn

nnn

nn



Proof: It is easy to prove that it is a magic square. We look now for vectors in 
nR6

 having the following structure 
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 nnnnnn

vvvvvvvvvvvv
3132331323321321

,,,,,,...,,,,  

where nnn vvvvvvvvvvvv 31323987654321 ,,,...,,,,,,,,,   are scalars, which can be 

determined by solving 







































































0

0

0

0

...

...

...

...

3

3

2

1

321

3333231

2232221

1131211



nnnnnn

n

n

n

v

v

v

v

BBBB

BBBB

BBBB

BBBB

 

Using the structure of the vector we can eliminate the terms including s . 

Moreover, the resulting linear system has repeated equations. In fact, the number 

of equations, which we have to solve, is n3 . They are 

11 11 1 11 11 2 11 11 3 12 12 4 12 12 5 12 12 6 13 13 7

13 13 8 13 13 9 1 1 3 2 1 1 3 1 1 1 3

11 11 1 11 11 2 11 11 3 12 12

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ) ... ( ) ( ) ( ) 0

( ) ( ) ( ) ( )

n n n n n n n n n

a d v b e v c f v a d v b e v c f v a d v

b e v c f v a d v b e v c f v

g j v h k v i l v g j

 

             

          

       4 12 12 5 12 12 6 13 13 7

13 13 8 13 13 9 1 1 3 2 1 14 3 1 1 1 3

11 11 1 11 11 2 11 11 3 12 12 4 12 12 5 12 12 6 13 13 7

13

( ) ( ) ( )

( ) ( ) ... ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) ( ) ( )

(

n n n n n n n n

v h k v i l v g j v

h k v i l v g j v h k v i l v

m p v n q v o r v m p v n q v o r v m p v

n

 

      

          

             

 13 8 13 13 9 1 1 3 2 1 1 3 1 1 1 3

21 21 1 21 21 2 21 21 3 22 22 4 22 22 5 22 22 6 23 23 7

23 23 8 23 23 9 2 2 3 2 2

) ( ) ... ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) (

n n n n n n n n n

n n n n

q v o r v m p v n q v o r v

a d v b e v c f v a d v b e v c f v a d v

b e v c f v a d v b e

 



         

             

        2 3 1 2 2 3) ( ) 0n n n n nv c f v   

0)()()(...)()(

)()()()()()()(

0)()()(...)()(

)()()()()()()(

0)()()(...)()(

)()()()()()()(

0)()()(...)()(

)()()()()()()(

0)()()(...)()(

)()()()()()()(

333133323339333383333

73333632325323243232331312313113131

333133323339333383333

73333632325323243232331312313113131

333133323339333383333

73333632325323243232331312313113131

322132223229232382323

72323622225222242222321212212112121

322132223229232382323

72323622225222242222321212212112121































nnnnnnnnn

nnnnnnnnn

nnnnnnnnn

nnnnnnnnn

nnnnnnnnn

vrovqnvpmvrovqn

vpmvrovqnvpmvrovqnvpm

vlivkhvjgvlivkh

vjgvlivkhvjgvlivkhvjg

vfcvebvdavfcveb

vdavfcvebvdavfcvebvda

vrovqnvpmvrovqn

vpmvrovqnvpmvrovqnvpm

vlivkhvjgvlivkh

vjgvlivkhvjgvlivkhvjg
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0)()()(...)()(

)()()()()()()(

0)()()(...)()(

)()()()()()()(

0)()()(...)()(

)()()()()()()(

31323933833

733622522422311211111

31323933833

733622522422311211111

3134423933833

733622522422311211111



















nnnnnnnnnnnnnnnnnnn

nnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnnnn

nnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnn

nnnnnnnnnnnnnn

vrovqnvpmvrovqn

vpmvrovqnvpmvrovqnvpm

vlivkhvjgvlivkh

vjgvlivkhvjgvlivkhvjg

vfcvebvdavfcveb

vdavfcvebvdavfcvebvda



We know that the following relation holds for panmagic squares  

)3.........()()()(

)2.........()()()(

)1.........()()()(

ijijijijijijijijijijijij

ijijijijijijijijijijijij

ijijijijijijijijijijijij

rolifcrlfolc

qnehebqkenhb

pmjgdapjdmga







 

Hence, we can reduce the previous system to the following system consisting of 

n2  equations 

11 11 1 11 11 2 11 11 3 12 12 4 12 12 5 12 12 6 13 13 7

13 13 8 13 13 9 1 1 3 2 1 1 3 1 1 1 3

11 11 1 11 11 2 11 11 3 12 12

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) ( ) ( ) 0

( ) ( ) ( ) (

n n n n n n n n n

a d v b e v c f v a d v b e v c f v a d v

b e v c f v a d v b e v c f v

g j v h k v i l v g j

 

             

          

       4 12 12 5 12 12 6 13 13 7

13 13 8 13 13 9 1 1 3 2 1 1 3 1 1 1 3

21 21 1 21 21 2 21 21 3 22 22 4 22 22 5 22 22 6 23 23 7

23

) ( ) ( ) ( )

( ) ( ) ... ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) ( ) ( )

(

n n n n n n n n n

v h k v i l v g j v

h k v i l v g j v h k v i l v

a d v b e v c f v a d v b e v c f v a d v

b

 

      

          

             

23 8 23 23 9 2 2 3 2 2 2 3 1 2 2 3

21 21 1 21 21 2 21 21 3 22 22 4 22 22 5 22 22 6 23 23 7

23 23 8 23 23 9 2 2 3 2 2

) ( ) ... ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) (

n n n n n n n n n

n n n n

e v c f v a d v b e v c f v

g j v h k v i l v g j v h k v i l v g j v

h k v i l v g j v h

 



          

             

        2 3 1 2 2 3

31 31 1 31 31 2 31 31 3 32 32 4 32 32 5 32 32 6 33 33 7

33 33 8 33 33 9 3 3 3 2 3 3 3 1 3 3 3

31 31 1 31 31

) ( ) 0

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) ( ) ( ) 0

( ) (

n n n n n

n n n n n n n n n

k v i l v

a d v b e v c f v a d v b e v c f v a d v

b e v c f v a d v b e v c f v

g j v h k



 

  

             

          

   2 31 31 3 32 32 4 32 32 5 32 32 6 33 33 7

33 33 8 33 33 9 3 3 3 2 3 3 3 1 3 3 3

) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) ( ) ( ) 0n n n n n n n n n

v i l v g j v h k v i l v g j v

h k v i l v g j v h k v i l v 

          

          

 

1 1 1 1 1 2 1 1 3 2 2 4 2 2 5 2 2 6 3 3 7

3 3 8 3 3 9 3 2 3 1 3

1 1 1 1 1 2 1 1 3 2

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ... ( ) ( ) ( ) 0

( ) ( ) ( ) (

n n n n n n n n n n n n n n

n n n n nn nn n nn nn n nn nn n

n n n n n n n n

a d v b e v c f v a d v b e v c f v a d v

b e v c f v a d v b e v c f v

g j v h k v i l v g j

 

             

          

       2 4 2 2 5 2 2 6 3 3 7

3 3 8 3 3 9 3 2 3 1 3

) ( ) ( ) ( )

( ) ( ) ... ( ) ( ) ( ) 0

n n n n n n

n n n n nn nn n nn nn n nn nn n

v h k v i l v g j v

h k v i l v g j v h k v i l v 

      

          

 

In order to simplify the calculations we use the following notations 

nnnnnnnnn
fccebbdaafccebbdaa

111111111111111111111
,,,...,,, 

nnnnnnnnn
liikhhjggliikhhjgg
111111111111111111111

,,,...,,, 
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Using the computer we deduce from the last system that 

2 3 1 2 1 2 2 31 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 3 2 1 3 3 1 2 1 2 1

1 2 1 2 1 2 1 2

( )( ) ( )( )( )( ) ( )( )

1 6 7( )( ) ( )( ) ( )( ) ( )( )

( ) ( ) ( ) ( )(

8( )( ) ( )( )

a a h h b b g gb b i i c c h h

a a h h b b g g a a h h b b g g

b h h b h h b h h b b i i

a a h h b b g g

v v v

v

         

         

      

    

  

  3 1 3 1 2

1 2 1 2 1 2 1 2

2 1 2 1 2 2 1 2 2 1 1 2

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 1

) ( )( )

9( )( ) ( )( )

( )( ) ( )( ) ( ) ( ) ( )

3 2 3 1( )( ) ( )( ) ( )( ) ( )( )

( )( ) (

...

n n n n n

n

c c h h

a a h h b b g g

a a h h b b g g b h h b h h b h h

n na a h h b b g g a a h h b b g g

b b i i c

v

v v

  

    

          

          

  



 

 1 2

1 2 1 2 1 2 1 2

)( )

3( )( ) ( )( )
nc h h

na a h h b b g g
v

 

    

 

1 2 3 2 1 3 3 1 21 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 2 3 2 3 1 2 1 2 1 3

1 2 1 2 1 2 1 2

( ) ( ) ( )( )( ) ( )( )

2 6 7( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( ) ( )( )

8( )( ) ( )( )

a g g a g g a g ga a i i c c g g

a a h h b b g g a a h h b b g g

a a h h b b g g a a i i

a a h h b b g g

v v v

v

        

         

      

    

 

  1 3 1 2

1 2 1 2 1 2 1 2

1 2 2 1 1 2 1 2 2 2 1 2

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 1

( )( )

9( )( ) ( )( )

( ) ( ) ( ) ( )( ) ( )( )

3 2 3 1( )( ) ( )( ) ( )( ) ( )( )

( )( ) (

...

n n n n n

n n

c c g g

a a h h b b g g

a g g a g g a g g a a h h b b g g

n na a h h b b g g a a h h b b g g

a a i i c c

v

v v

  

    

         

          

   



 

 1 2 1 2 1 1 1 2

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 1 1 2

1 2 1 2 1 2 1 2

)( ) ( )( ) ( )( )

3 3 1( )( ) ( )( ) ( )( ) ( )( )

( )( ) ( )( )

3( )( ) ( )( )

n n

n n

g g a a h h b b g g

n na a h h b b g g a a h h b b g g

a a i i c c g g

na a h h b b g g

v v

v

     

         

    

    





nggbbhhaa

ggnccniiaa

nggbbhhaa

ggnbbnhhaa

nggbbhhaa

ggnanggangga

ggbbhhaa

ggcciiaa

ggbbhhaa

ggbbhhaa

ggbbhhaa

ggaggagga

ggbbhhaa

ggcciiaa

nggbbhhaa

hhnccniibb

nggbbhhaa

hhnbnhhbnhhb

nggbbhhaa

nggbbhhnaa

ggbbhhaa

hhcciibb

ggbbhhaa

hhbhhbhhb

ggbbhhaa

ggbbhhaa

ggbbhhaa

hhcciibb

n

vv

vv

vvvv

vv

vv

vvvv

vvvvv

3)21)(21()21)(21(

)21)(1()1)(21(

13)21)(21()21)(21(

)21)(1()1)(21(

23)21)(21()21)(21(

)21()1(2)2(1

9)21)(21()21)(21(

)21)(31()31)(21(

8)21)(21()21)(21(

)21)(31()31)(21(

7)21)(21()21)(21(

)21(3)31(2)32(1

6)21)(21()21)(21(

)21)(21()21)(21(

5

3)21)(21()21)(21(

)21)(1()1)(21(

13)21)(21()21)(21(

)21()1(2)2(1

23)21)(21()21)(21(

)1)(21()21)(1(

9)21)(21()21)(21(

)21)(31()31)(21(

8)21)(21()21)(21(

)21(3)31(2)32(1

7)21)(21()21)(21(

)31)(21()21)(31(

6)21)(21()21)(21(

)21)(21()21)(21(

4

312963

...

...

...







































































 
If we set ))(())((

212121216
ggbbhhaav   and nnn vvvvvv 31323987 ,,,...,,,   

to zero, then we obtain the first vector. If we set 

))(())((
212121217

ggbbhhaav   and nnn
vvvvvv

31323986
,,,...,,,

  to zero, 

then we obtain the second vector. We continue in this manner until we set 

))(())((
212121213

ggbbhhaav
n

  

and 13239876 ,,...,,,,  nn vvvvvv  to zero, in order to obtain the last vector. It is clear 

from the way of their generation that the vectors are linearly independent. It is 
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also easy to multiply the square with each vector to verify that the result is the 

zero.  

     

         For example, we consider the following compound square of nine squares 

 

-51 39 26 0 9 13 6 17 15 -6 0 4 21 35 12 -60 21 7 

54 -
10 

-2 -5 4 -5 20 5 2 0 9 0 -34 19 28 2 13 8 

-5 1 2 3 17 18 -24 6 7 8 19 20 -42 0 15 3 20 40 

12 3 -1 63 -

27 

-

14 

18 12 8 6 -5 -3 72 -9 5 -9 -

23 

0 

17 8 17 -42 22 14 12 3 12 -8 7 10 10 -1 4 46 -7 -16 

9 -5 -6 17 11 10 4 -7 -8 36 6 5 9 -8 -
28 

54 12 -3 

2 53 45 -
131 

33 34 59 31 34 -
137 

24 25 74 49 31 -
191 

45 28 

-10 0 10 11 12 13 -44 15 14 16 17 18 -98 29 40 18 21 26 

-89 21 22 23 29 30 -

108 

26 27 28 31 32 -

126 

20 35 23 32 52 

143 -
21 

-
22 

10 -
41 

-
33 

149 -
12 

-
13 

-47 -
19 

-
22 

203 -
33 

-
16 

-62 -
37 

-19 

1 0 -1 22 12 2 -4 -5 -6 56 -3 -2 -6 -9 -

14 

110 -

17 

-28 

-11 -
17 

-
18 

101 -9 -
10 

-16 -
19 

-
20 

120 -
14 

-
15 

-11 -
20 

-
40 

138 -8 -23 

48 7 79 -
122 

10 14 105 -
15 

68 -
128 

1 5 120 3 65 -
182 

22 8 

-44 1 25 16 27 11 -78 16 29 21 32 16 -

132 

30 55 23 36 24 

-
101 

33 6 9 4 85 -
120 

38 11 14 6 87 -
138 

32 19 9 7 107 

134 2 -2 -36 5 -

67 

140 11 7 -93 27 -

56 

194 -

10 

4 -

108 

9 -53 

-4 -

15 

1 56 11 -

13 

-9 -

20 

-4 90 -4 -

17 

-11 -

24 

-

12 

144 -

18 

-43 

3 8 -

73 

113 -

21 

6 -2 6 -

75 

132 -

26 

1 3 5 -

95 

150 -

20 

-7 

 

We note that the proposition ensures us that the following vectors form a basis of 

a subspace of the nullspace of the square: 

  0 ,0 ,0 ,0 ,0 ,0 ,123 ,141 ,33 ,123  ,141  ,33  ,123  ,141  ,33  ,123 ,141 ,33 , 

  0 ,0 ,123 ,0  ,0 ,123 ,0 ,837  ,85 0, ,837  ,85 ,0 ,837 ,38 ,0 ,837 ,38 , 

  0 ,123 ,0 ,0 ,123  ,0  ,0  ,636  ,100  0,  ,636 ,100 ,0 ,513 ,100  ,0  ,513  ,100 , 

  312  ,0  ,0  ,312  ,0  ,0  ,0  ,0  ,141  ,0 ,0  ,141  ,312  ,759  ,141  ,123  ,759  ,141 . 

 

REFFERENCES 
[1] Ahmed, M., Algebraic Combinatorics of Magic Squares, Ph. D. Thesis, 

Mathematics Dep., University of California, Davis, 2004. 
[2] Al-Amerie, M., Msc. Thesis, Al-Albayt University, supervised by S. Al- 

Ashhab, S., 2007. 



  

 

 

Saleem Al-Ashhab                                                                                                150 

 

[3] Al- Ashhab, S., Theory of  Magic Squares, Royal Scientific Society, 

2000. 

   

[4] Al-Ashhab, S., Mueller W., Semi Pandiagonal Magic 44 Squares, 
Results in  Mathematics 44, (2003), p.p. (25-28). 

 

[5] Andress, W., Basic Properties of Pandiagonal Magic Squares, The 

American Mathematical Monthly, Vol. (67) No. (2), 1960, p.p. 143-152. 

 

[6] Anton, H., Elementary Linear Algebra, 7
th

 Edition, Jon Wiley, New 

York, 1994. 

 

[7] Bellew, S., Counting the Number of Compound and Nasik Magic 

Squares, Mathematics Today, August (1997), p.p. 111-118. 

 

[8] Duijvestijn, A., Federico P., Compound Perfect Squares, the American 

Mathematical Monthly, Vol.89, No. 1, 1982, p.p. (15-32). 

 

[9] Hendricks, J., The Determinant of a Pandiagonal Magic Square of Order 4 is 

Zero, Journal of Recreational Mathematics, Vol. (21), 1989, p. p. 179-

181. 

 

[10] Rosser, B. , Walker, R., On The Transformation Group for Diabolic 

Magic Squares of Order Four, Bulletin of the American Mathematical 

Society, Vol. (44), 1938,  p.p. 416-420. 

 

[11] Ward, J., Vector Spaces of Magic Squares, Mathematics Magazine, Vol. 

(53),  No. (2), March (1980), p. p. 108-111. 

 
 

 

   

 

  


