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Abstract

In this paper we consider special compound 4nx4n and 6nx6n
magic squares. We determine a 2n-3 (res. 3n-5) dimensional
subspace of the nullspace of the 4nx4n (res. 6nx6n) squares. All
vectors in the subspaces possess the property that the sum of all
entries of each vector equals zero.
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1 Introduction

A semi magic square is a nxn matrix such that the sum of the entries in each row
and columns is the same. The common value is called the magic constant. If, in
addition, the sum of all entries in each left-broken diagonal and each right-broken
diagonal is the magic constant, then we call the matrix a pandiagonal magic
square. Rosser and Walker show that a pandiagonal 4x4 magic square with
magic constant 2s has in general the following structure

s—¢ s—p s—E |s-0

where
w =2s—A-B-C,
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6=2s— A-B-E,
¢=A+E -C,
p=B+C—E.

We note that every antipodal pair of elements add up to one half of the magic
constant.

We define a certain class of 6x6 magic squares, which has a similar
structure to the structure of a pandiagonal 4 x4 magic square. In this class each
antipodal pair will add up to one third of the magic constant. Precisely, we have

Definition 1.1: A 6x6 magic square with 3s as a magic constant is called
panmagic if

a,; +a, =S, foreachi, J,k,| suchthati =k (mod3)and j =1 (mod 3).
The following matrix is a possible form for this kind of squares:

M R w T L K

Q J I H G F

P E D C B A
s—T s—L s—K s—M s—R s—W
s —H s —G s —F s—Q s —J s —I
s —C s —B s —A s—P s —E s —D

where
3s
M =J+I+H+E+D+C—L—K—?’

W=K-1+F-D+A,
P=3s-E-D-C-B-A
Q=3s-J-1-H-G-F_
R=L-J+G-E+B,
T=9—25—L—K—H—G—F—C—B—A_

Note that we have the following relations:

M+Q+P=T+H+C,
R+J+E=L+G+B,

W+I+D=K+F+A.

Using Maple we can show that the 6x6 panmagic square possesses a nontrivial
null space, which can be written in the following form:

{Z(Xl, Xz,xg,—xl,—xz,—x3) :ze R}
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where
X, =(A-D)(G-J)(B-E)(I-F),
X,=(F-1)(B+2C+E-3s)+2FD—-2Al +(D—-A)(G+J +2H —-3s),
X,=(B-E)(F+1+2H)+(A+D+2C+2B+2E—-3s)(J —-G).
Note that the sum of all entries of the vectors is zero.

For example,
5139 [26] 0 | 9 [13
54 |-10[2][ 5] 45
5] 1[2]3]17]18
12 3 |-1[63][-27]-14
17| 8 [17[-42[ 22| 14
9 | 5]6[17]11]10

has as nullspace {z(34,115,~132,~34,~-115132) : ze R},

Definition 1.2: A 8x8 square consisting of 4 pandiagonal magic squares
A, A,, A, A, having the same magic sum in the form

{/ﬂl AZ}
A Ay

is called a compound magic square if the following relation holds

Ap+ A=A+ A,
It is easy to check that the last relation guarantees that the square is a magic 8x
8 square. In the same manner we can combine four panmagic squares in a magic
square.

Definition 1.3: Let B,,,B,;,B,,,B,, be panmagic squares having the same magic
constant. Assume that B,, + B, = B, + B,,. Then the matrix

|:Bll BlZ i|
BZl B22
is called the compound 12x12 magic square.

The condition B,, +B,, = B,, +B,, ensures that the compound 12x12
magic square is magic.

2  Main Results

We prove first a simple result for a compound square of 4x4 squares. We then
generalize this result for an arbitrary number of squares.

Proposition 2.1: The compound 8x8 magic square processes a three dimensional
subspace of its nullspace.

Proof: First we note that the vector
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(1111,-1-1-1-1)
is a nonzero vector, which belongs to the nullspace of the square, since the
squares have the same magic constant.

Now, the square A, (res. A;,) has a nonzero vector v,, (res. v,,), which belongs
to the nullspace of the square, since A, (res. A,,) is a pandiagonal magic square.
We look for four numbers f,;, f,, f,;, f,, such that the vector
(fllvll + f12V12 J
IPATR AT
belongs to the nullspace of the square. To do this we compute the following
matrix multiplication

A11 Aiz fllvll + fle12 _ {Au( f11V11 + leVlZ) + ALZ( f21V11 + fZZVlZ)J
AZl A22 f21V11 + f22V12 B A21( f11V11 + leVlZ) + Azz( f21V11 + f22V12)

According to the choice of v, and v,, we obtain the vector (9,,9,)" as the
result of matrix multiplication, where

0, =A,fv,+A,fv,,
g,=AV, T, +AV, T, +(AV,+AV )T +(AV,—AVN,)T, .
Note that we used the relation A,, = A, + A,; — A ;. We can rewrite the vector
(9,,9,)" in the form

1:11
[ A o 1 — o
A21V11 A21V12 (A12 + A21)V11 (An - All)vlz f21
f

22

According to Al-Ashhab we can assume that the vectors in the nullspace of the
pandiagonal magic square
v, =V VY ) ,fori=1,j=1,2

Further, we can assume that

= ! Vol j=12
A s—¢, s—d, s-a, s-b J

s—-g;, s—h, s-e s-—f
Hence, we can assume that
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% V” * b”V‘*J'* B CiiV; B dijV;* (a; - Cij)vi*j +(b, - dij)v;;*
Ay, - &V, + fvi _ 9V, — hv' e (&, — 9,)V; + (f, ~h V" **

—Cy vy —dyvy +ay; +by; —(a,—c,)v,—(b,—d, )V,

—g, V. —hv +eV + fv | (—(e,—g,)V;—(f,—h v

Since the sum of two pandiagonal magic squares is pandiagonal magic, we deduce
that four rows in the matrix in (1) are redundant. Since we have the relations

a,+e,=¢,+09, = a,-C,= _(ell - gn)

b11 + f11 = d11 + h11 = b11 - d11 =—( f11 - hll)
the application of elementary row operations on the matrix in (1) yields to
0 I, Iy 0 |

U1, U, M + 0 0, Ny

o O O O o o
O O O O o o
o O O O o o
o O O O o o

where
r, =(ay, - 011)V22 +(by, — d11)VI;
I = (a:LZ —Cp )Vfl + (b12 - d12 )Vﬁ
Gy = (81 = Coy)Vyy + (B, — gy )Vyy

G, = (a21 - C21)V12 + (b21 - d21)V12
This analysis enables us to conclude the following relations from (1)

fo—— r12r21 + q11r12 - q12r21 fo+ _qlz + r12 f
11 21 221
0.1, q,
P
f12 = _r_ 1:21'

12
If we set

f12:0! f2120 ’f22:q11 'f11:r12_q12’

which is consistent with the previous relations, we conclude that the vector

[('12 - Q12)V11j
011 Vi2
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belongs to the nullspace of the square. We can make another choice as follows
fzz =0, f21 =10, , f12 =10, f11 =0, — r12(r21 + q11)
and we obtain a vector belonging to the nullspace of the square, which is
((r21q12 — I (r21 + c111) )V11 - r21(:]11V12]
— 5100,V

Now, the vectors v,,,v,, are linearly independent, since they correspond to

different magic squares. Hence, the last two vectors are linearly independent. Also
the vector

(1111-1-1,-1-1)
is linearly independent with the last two vectors, since its first two entries are not
the opposite of the third and fourth entry. [
For example, the following square is a compound 8x8 magic square

0 14 -19 13 10 5 -22 15
-12 6 7 7 -20 13 12 3
23 -9 4 -10 26 -11 -6 -1
-3 -3 16 -2 -8 1 24 -9
-16 25 -17 16 -6 16 -20 18
1 -2 2 7 -7 5 7 3
21 -12 20 -21 24 -14 10 -12
2 -3 3 6 -3 1 11 -1

For this square we can construct as described the following two vectors in its
nullspace

38 , 2 : 38 " 122 ,—170,-544170,544
5 5 b 5

B 2160061_ 85026’ 2160061 85026 3774-71706-377471706
5 5 5 5
In fact, its nullity is 3. Thus, these two vectors together with
(1111,-1-1-1-1)

form a basis of its nullspace.

We prove now a similar result to the previous proposition, where we replace the
4 x4 square with a 6x6 one.

Proposition 2.2: The compound 12x12 magic square possess a three
dimensional subspace of its nullspace.
Proof: First we note that the vector

(111111-1,-1-1-1-1-1)
is a nonzero vector, which belongs to the nullspace of the square, since the
squares have the same magic constant.
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We look for scalars v,,v,,V,,V,,V:,V, such that

_an by, ¢y d, e, fu a, by ¢, dp € fio Vi [0]
91 hyy Iy Jus Ky ly 9, hy, P P Ki I, Vs 0
my Ny Oy P Ui My My Ny Op P O P Vs 0
s-d,s-e, s—f,s-a,s-b,s-¢c,s-d,s—e, s-f,s-a,s—b,s-c, -V, 0
S_jns_klls_lus_gus_hus_ins_jlzS_klzs_llz s_glzs_h12s_i12 -V, 0
S—=PyuS—0yS—ry S—-mMyS—-N;;S—-0,8S—P;, S—0Q;, S—T, S—MpRS—Ny, S=0p —V3 _ 0
an by  Cy d,, e, fo a, by Cp dy € f I Vy 0
92 hy iy Ja Ky, 1, 9, hy (PP P Ky, 15, Vs 0
My Ny Oy P2 U2 P My Ny O0p Py [P P Vs 0
s—d,s—e, s—-f,s-a,s-b,s-c,s-d,,s-e,, s—f,,s—a,s-b,,s-¢,, ||-V, 0
S_j213_k215_|21S_gzls_hus_izls_jzzS_kzzS_Izz S_gzzs_hzzs_izz —Vs 0

1S =P S—0yS—1 S—MyS—NyS—0,S—PyS—(yS—ry S—MypS—Ny, S—0, || —Ve | 10]

We transform this equation into the linear system
a;Vy + b11V2 +CpyVs — d11V1 —€4V, — f11V3 +a,V, +b12V5 +CppVs _d12V4 —€,V5 — leVG =0
OV t+ h11V2 + i11\/3 - j11V1 _k11V2 _I11V3 TO0LY, + h12V5 + i12V6 - j12V4 _k12V5 _|12V6 =0
My Vy +NyVy +04Vs — PiyVy =AYy =1V +MpVy + N3V +03V — PipVy — Vs — Ve = 0
- d11V1 —€,V, — f11V3 tayVv, +bllvz +CyVs _d12 Vy —€pVs — f12V6 ta,V, + b12 Vs +Cpp Vg = 0
- j11V1 _knvz - |11V3 +0yuVy + h11V2 + i11V3 - le Vg~ k12 Vs — I12V6 T 0V, + hlZ Vs + i12V6 =0
= Py = 0iyVy = 1gVy + MygVy + NV, 03,V = PipVy =0y Vs — 1V + MV, + Ny, Vg + 03,V =0
AyVy + b21V2 +CyVs _d21V1 —€uVy — 1t21V3 tayV, + bzzvs +CyVe — d22V4 —€pVs — fzzve =0
gxyVy + h21V2 +i21V3 - j21V1 _k21V2 - |21V3 A h22V5 "'izzvs - j22V4 _kzzvs - |22V6 =0
MyyVy + Ny Vy +0,V5 = PorVy = UpVp = Vg +MypVy +NpVs 405,V — PypVy —UppVs — Ve =0
_d21V1 —€uVy — f21\/3 +tayV, + b11V2 +CyV3— dzz Vy —€V5 — fzzve tayV,+ bzz Vs +CypVe = 0
- j21V1 _k21V2 - |21V3 0V, +h21VZ + i21\/3 - j22 Vy _kzz Vs — |22V6 Rl P hzz Vs + i22 Ve = 0
= PaiVy —UyVy = Vg +MyVy + Ny Vy +0,V5 = Py Vg =0y Vs = Vg + MV, + NV + 0,5V =0
We eliminate the redundant equations. The system becomes
(g —dy)vy +(0y =€)V, +(Cyy — Fiy)Vy + (8, —dyy v, +(by, —€5)Vs +(Cp, — F1)Vs =0
(911 - j11)V1 + (hn - kll)Vz + (i11 - |11)V3 + (912 - j12 )V4 + (h12 - k12 )Vs + (i12 - |12 )Ve =0
(m11 - pll)vl + (n11 - qli)Vz + (011 - r11)\/3 + ( My, — Pr, )V4 + (n12 — 0y )Vs + (012 —h )Ve =0
(a21 - d21 )Vl + (b21 —€y )Vz + (C21 - f21)V3 + (azz - dzz )V4 + (bzz —€y )Vs + (sz - fzz )Ve =0
(921 = Joa)Vy +(hyy =Ko Vo + (1 = Ty )Va + (90 — J22 Vs + (N =Ky )Vs + (5 — 15,)Vg =0
(Myy = Py IV + (Mg =0y )Wy (01 = Fy3)Vg +(Myy — Poy V4 +(Ngy =Gy V5 +(0y — 15V =0

From the definition of the panmagic square we know that



137 Nullspace of Compound Magic Squares

A + 9y +Mmy =dy+ Jy +py = (@ —dy)+ (g5 — 1) =-(My = Py) e (1)
by +hy +n; =e; +k; +a; = (by —¢;)+(hy —e;)=—(n; =) e (2)
C; +Iij +0; = fij +Iij +1; = (Cij - fij)+(iij —Iij) :—(oij —0) e (3)

Thus, we can reduce the linear system to the following

(all - d11)V1 + (bll _ell)vz + (011 - f11)V3 + (alz _d12 )V4 + (b12 —€p )Vs +(Clz - le )Ve =0
(911 - j11)V1 + (hll _k11)V2 + (i11 _I11)V3 + (912 - j12)V4 + (hlz _k12)V5 + (i12 _|12)V6 =0
(aZl _d21)vl + (b21 _e21)V2 +(C21 - f21)V3 + (azz - dzz )V4 + (bzz €y )V5 +(C22 - fzz )Ve =0
(95 = Jou)Vy + (g =Koy Vo + (g = 10)Vs +(Gg5 = T2 )Vy + (Mg =Ky )V + (1 = 1)V =0

We can verify using the computer that the coefficient matrix of this system has in

general the rank four. Hence, we deduce that v,,v,,v,,v, dependson Vs and Vs .

By letting V5 and Vs take the values 0 and 1 we obtain two linearly independent
vectors in the nullspace. These two vectors do not possess the property that the

first six elements are the opposite of the last six elements. Hence, they are
independent of the vector (1,1,1,1,1,1—1,~1,~1,-1,~1,~1) ]

Remark: We did not here make use of the relation B,, + B, =B, + B, . It

actually does not affect the proof.
For example, the following square is a compound 12x12 magic square

-51 39 26 0 9 13 6 17 15 -6 0 4
54 -10 -2 -5 4 -5 20 5 2 0 9 0
-5 1 2 3 17 18 -24 6 7 8 19 20
12 3 -1 63 -27 -14 18 12 8 6 -5 -3
17 8 17 -42 22 14 12 3 12 -8 7 10

9 -5 -6 17 11 10 4 -7 -8 36 6 5

2 53 45 | -131 33 34 59 31 34 24 | 25

137
-10 0 10 11 12 13 -44 15 14 16 17 18
-89 21 22 23 29 30 | -108 26 27 28 31 32

143 -21 -22 10 -41 -33 149 -12 -13 | -47 | -19 | -22

1 0 -1 22 12 2 -4 -5 -6 56 -3 -2
-11 -17 -18 101 -9 -10 -16 -19 -20 | 120 | -14 | -15

Using the computer we can verify that its nullity is 3. In other words, the
constructed subspace is the nullspace itself.
We can generalize the previous result for an arbitrary number of squares
involved in the compound square.

Theorem 1.3: Let A“- be distinct pandiagonal magic square with magic constant
2s having the structure
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Aij:

ij Cij

fij gij
s—d; s-a,
s—h, s-e,

such  that A =A;+A,-A, for i,j=1..n
(a,+c,—cC,—a,)#0.Then, the following 4nx 4n matrix

(AL A, A A
Ao Ay Aoy A,
An By A A,
A A, Ag A

Assume

138

that

possess a 2N —3 dimensional subspace of its nullspace, which is generated by the

vectors

and

b,-d, -b,+d,
-(a,+c,-c,-a,)
-(b,-d,-b,+d,)
(a,+c,-c,-a,)
-(b,-d,-b,+d,)
a,+¢,-C,-a,
(b,-d,-b,+d,)
-(a,+c,-C,-4a,)

[0]

[0]
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&, +Cy;-C, -2,
0

- (a12 +C,-Cp a13)
0

- (an —CytC,y - a‘ls)
0

8, —C,+Cy -2y,

b11 - d11 - b13 + d13

- (an +C,—Cy— a12)
- (bu - du : b13 + d13)
a,tC,-C; -4,

- (bu : du - b13 + d13)
0

b11 - d11 B b13 + d13

Nullspace of Compound Magic Squares

a,+C,-C,—a,
0

_(an +C,-Cp _aln)
0

- (au -C,1C, _aln)
0

a,—-C,+C, —a,

b11 - d11 - bln + dln

- (an +C,—Cy— au)
- (b11 - dn - bln + dln)
a,+C,-C; -4,

- (b11 - d11 - bln + dln)
0

b11 - d11 - bln + dln

0 J0 0 )| 0
a,+C,—C,—a, 0 [0] [0]
0 a,+C,—C,—a, : :
-(a,+¢,-¢,-a,)| |0 [0] [0]
0 -(a,+C,—-C,—2,) a,+c,—-C,—a, 0

[0]

[0]

[0]

[0]

0

- (au +C,—-Cy— aiz)
0

a, +C,-C, -4,
0

- (an +C,—Cy— alz)

Proof: We will check first that these vectors belong to the nullspace of the matrix.
When we multiply the first vector with the matrix, we obtain a vector having in
the first row

(a'u - C11)(b11 - d11 - b12 + dlZ) + (bn -

(blz - dlz)(au —C,—a,+ C]_Z) =

(

b

1

Since we know that

1 d11 - b12 + dlZ)[(all - C11) - (a12 - Clz)] _{(au —C,—a,+ ClZ)[(bll - d11) - (blZ

(all - Cll) = _(ell - 911)
(b11 - d11) = _( f11 - h11)
we obtain zero in the second row of the vector. Since the third and fourth rows of
the squares are complementary to the first two rows, we deduce that the third and
fourth rows of the vector are also zero.

Now, the fifth entry of the vector is

dn)(au —C,—a,+ C12) - (a12 - Clz)(bn - d11 - b12 + d12) -

- dlz)]} =0

(8, —Cy )0y —dy =y, +dy,) + (b, —dy )(ay; —Cyy —ay, +Cp,) -
(azz - sz)(bn - d11 - b12 + dlz) - (bzz - dzz)(an —Cy—a,t C12) =
(b11 - d11 - b12 + dlZ)[(a21 - C21) - (azz _sz)]_{(an - Cu - alZ + C12)[(b21 - d21) - (bzz - dzz)]}

We use the following relations according to our assumption
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Ay =8 +8, —ay;
b,, =by, +b, —by
Cpp =Cpp +Cy —Cyy
d, =d;, +dy, —d;,

and obtain

(b11 - d11 - b12 + dlz)[(a21 - 21) - (au +a, - a11 - —Cy+ Cn)]

_{(an —C,—a,+ Clz)[(b21 21) (b + b d - d .t dll)]}

= (bu - d11 - b12 + dlz)[_(a12 —a,—C,+ Cn)] {(au —a,+ Clz)[ ( d + dll)]}: 0

We continue checking all rows until we reach the last entry, which is
@y —¢y)by —dy; b, +dy,) + (b, —d )@, —Cy —a, +C,) —
(an2 - an)(bn - d11 - b12 + d12) - (an - dnz)(all —Cp—a, + C12) =
(b11 - d11 - blZ + dlz)[(anl - Cnl) - (an2 - an)] _{(all —Cy—ap + ClZ)[(bnl - dnl) - (bn2 - dn2)]}
We use

Ay =ap a8y —ay,

bnz = b12 + bnl - b11

Cha =Cpp +Cy —Cyy

dp,=d,+dy, —dy,
in order to obtain this value of the entry
(b,-d,-b,+d),)[@,-c,)-(a,+a,—a,—c,—C,+cC,)]
—{(a,-c,-a,+c,)[b,-d, )-(b,+b,-b,—d,—d + d“)]}
=(b,-d, -b, +d,)[-(a, -a,—c, +c,)]-{(a, -c, —a, +¢,)[(b, -b, —d, +d,)]}=0

Hence, we finished checking the first vector.
Now, we turn our attention to the second vector. When we multiply the matrix
with it, we obtain in the first entry

(an - C11)(alz —Cp—at C13) - (a12 —Cp ) (an —Cp—a C13) + (a13 —Cp3 )(an —Cp—ap+ 012) =
(an - Cu)[(alz - Clz) - (a13 —Cy )] - (alz —Cp ) [(au - C11) - (a13 —Cy )] + (a13 —Cy3 ) [(an - Cn) - (au —Cp )]
= (au - Cu)(alz - Clz) - (an - Cll)(aIS - C13) - (alz —Cp )(an - Cn) + (312 - Clz)(a13 - C13) + (a13 - ClS)(a'll - Cn)
_(a13 _013)(312 _Clz) =0
Using the relations
(all - Cll) = _(ell - 911)
(b, —d;;) =—(f, —hy)

we deduce that the second entry is also zero. In a similar manner we can deal with
the third and fourth entries. The fifth entry will be
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(8y —Cx)(8y, —Cpp — 45 +Cy5) — (A —Cypp)(y; —Cpy =5 +Cyg) + (A —Cp3)(Qy; —Cyy — 8y, +Cyp)

We use the relations
Ayp =a, tay —a,
Cp =Cpp +Cy —Cyy
Ay =83 tay —ay,
Co3 =Ci3 +Cy —Cyy
to obtain for the fifth entry
= (a21 - C21)[(312 - Clz) - (a13 —Cy3 )] - (a12 T8y —8) —Cp —Cy + Cn)[(au - C11) - (a13 —Cy3 )]
+ (853 +8y —8;, —Cy —Cy +Cyy)[(@y; —Cy) = (8, —Cp,)]
= (321 - C21)(‘5112 - Clz) - (321 - C21)("3113 - C13) - (321 - C21)("3111 - Cn) + (a21 - C21)("5113 - C13)
— (@5, —C1p) @y —Cy) + (81, —Cpp ) (81 —Cy) + (811 —C1y)” +(8yy —Cyy ) By —C5) +(ays —Ci3) (@11 —Cy)
~ (a5 = C13) (@1, —C1p) + (@5 =51 )@y —Ciy) = (1 —C1) @y, —Cip) — (B —Cyy)* + (), —Cy, )@y, —C1y) =0
We continue checking the entries until we reach the last entry, which is
(anl - Cnl)(a12 —Cp @+ C13) - (anz - an)(an —Cyp—ait C13) + (an3 —Cns )(an —Cp—ap+ Clz)
Using the relations
ap, =8, ta, —ay
Chz =Cpp +Cyy —Cyy
Ap3 =83 Ty —ay
Chg =Cp3 +Cpy —Cyy
we get
= (anl - Cnl) [(alz - clz) - (a13 - C13)]_ (a12 Ty —8 —Cp —Cy + Cu)[(au - Cn) - (a13 - ClS)]
+ (a13 +8y —8; —C3 —Cyy + cn)[(au - Cu) - (alz —Cp )]
= (anl - Cn1)(a12 - Clz) - (anl - Cnl)(a13 - CIS) - (anl - Cnl)(all - Cn) + (anl - Cnl)(a13 - C13)
— (83, —C3p )@y —Cy) +(8y, — €1y )@y —Cyg) + (B —C1y)” + (B4 — €1y )@y —C5) + By —C13) @y —Cyy)

- (a13 _C13)(a12 _Clz) + (anl _Cn1)(au _Cn) - (anl _Cnl)(alz _Clz) - (au _Cn)z + (alz _Clz)(an _cn) =0

Hence, the second vector belongs to the nullspace of the (4nx4n)-matrix.
Similarly, we can check that all the other vectors are included in the nullspace of

the (4nx4n)-matrix. We check the last vector (the ( 2n — 3 )-th vector) belongs to
the nullspace of the (4nx4n)-matrix. The first entry by matrix multiplication is

(ay —Cyy)(by, —dyy —by, +dy )+ (b, —dyy )@, —Cy —ay, +C) -

(alz - Clz)(bu - d11 - bln + dln) - (bln - dln)(all —Cy—ap+t C12) =

(b11 - d11 - bln + dln)[(all - Cll) - (3-12 —Cp )]_{(au —Cy—ap+ ClZ)[(bll - dn) - (bln - dln )]}= 0

As before we deuce also that the second, third and fourth entries are zero. The
fifth entry is
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(8 —Cp)(byy —dyy =Dy, +dy) +(by —dy) (@ —Cy — a3, +Cp) -
(8 —Cy) 0y —dyy = by, +dy) = (0, —dy ) (@ =€y — 8y, +Cp) =
(bn - du - bln + dln)[(a‘21 - 021) - (azz - sz)]_{(au —Cp—apt 012)[(b21 - d21) - (b2n - d2n)]}
= (b11 - d11 - bln + dln)[(a'21 - Cz1) - (alz tay —8; —Cp —Cy Cu)]
We use the relations
Ay =8, tay —ay
b,y = by, 0, —byy
Cypp =Cpp +Cy —Cyy
dy, =d;, +d, —dy,
Therefore, this entry is

(bn - du - bln + dln)[(a21 21) (a12 T8, —8,;—C,—Cy+ C11)]
_{(an —Cy—a,+ Clz)[(bm - 21) - (bln + bzl - b11 T YT d .t d 1)]}
= (bu - d11 - bln + dln)[_(alz —8;—C,+ C11)] _{(an —Cy- 2)[ ( d + dn)]}: 0

When we reach the (2n - 3)-th entry, we find that it is

( n nl)(bll bln +d1n)+(bn1 _dn1)(3-11 —Cpy—ayp +Clz)_
(@, - Cnn)(bll —dyy = by, +dy) =By, —d)(@y —Cy — 8y, +Cpp) =
(bll - dll - bln + dln)[(anl - Cnl) - (ann - Cnn)] _{(all —Cy—a,t Clz)[(bnl - dnl) - (bnn - dnn)]}
We use the relations
a, =y, +a, —a;
bnn = bln + bnl - bll
Con =Cy #Cy —Cyy
dnn = dln + dnl _dll
to prove that this entry is
(bll - dll - b1n + dln)[(a'nl - nl) - (a12 +a, — a11 —C,—C,+ Cn)]
_{(an -C,—a,+ Clz)[(bnl nl) (b + b dln - d s dn)]}
= (bu - d11 - bln + d1n)[_(a12 —a,—-C,+ Cu)] _{(au S The 2)[ ( d + du)]}z 0

We prove now that the vectors are linearly independent. Let
kl! k2 k) k3l 1k2n,4 ) k2n73 e R SUCh that
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b,-d,-b,+d, a, +C,-Cp, — 8y, b,-d,-b, +d, 0
-(a,+c,—c,—a,) 0 -(a,+c,—c,—a,) 0
-(b,-d,-b,+d},) —-(a, +c,-C,—a;) —(b,-d,-b, +d,) 0
(a, +c,—c, —a,) 0 a,+c,—C,—a, 0
-(b,-d,-b,+d},) —-(a,—cC, +C,—ay,) —(b,-d,-b, +d,) 0
a,+cC,—C,—a, 0 0 0
(b, -d,-b,+d,,) a, —C, +C,—a, b, -d,-b, +d,, 0
-(a,+c,—-c,—a,) 0 0 0
k,| O +k,|a,+c,—c¢c,—a, +o+ K, Ll =0
0 0 0 0
0 -(a,+c,—-c, —a,) 0 0
0 0 0 0
: : 0 :
0 0 0 0
0 0 a, +c,—C,—a, 0
0 0 0 0
0 0 -(a, +c,—c,—a,) 0

This leads us to

kl(bll - d11 - b1z + d12) + kz(a'u +C3-Cpp - a13) + ka(bn - d11 - b13 + d13) tot an—A(alz Gy -Cpp — a'm) + an—S(bll - d11 - bln + dln)
- kl(a'll +Cp —Cy — au) - ks(au +Cp —Cy — au) - k2n,3(811 +Cp —Cy — au)

- kl(bll - du h b12 + dlz) - kz(a12 +Ci3-Cpp — 313) - k3(b11 - dn - b13 + dla) T an—A(aiz +Cp Cpp — ain) - k2n—3(b11 - dn - b14 + dln)
k1(a11 +Cp = Cy— alz) + ks(au +Cp —Cy aiz) + an—H(a‘ll +Cp —Cy — a'lz)

- kl(bll - d11 - b1z + d12) - kz(a11 =Gy + G5 — 613) - ka(bn - d11 - b13 + d13) T k2n74(am =Gy +6p = ain) - an—3(b11 - d11 - bln + dln)
k1(a11 +Cp —Cy — aiz)

k1(b11 - du - b1z + d12) + kz(an —Cy +C3— a'13) + ks(bn - d11 - b13 + d13) ot k2n—4(a‘11 —Cy + Gy — a‘ln) + kznfs(bn - d11 - bln + dln)
- kl(a‘ll +Cp —Cy — a12)

kz(a11 +Cp =0y~ a’lz)

k3(a'11 +Cp —Cy - aiz)

- kz(au +Cp Gy~ aiz)

- ks(an +Cp —Cy — a'lz)

k2n—4(a'11 +Cp—Cy — aiz)
Kap-a(ay + €y —Cy — ayp)
- k2n—4(a11 0, —Cy — aiz)

- k2n—3(a11 +Cp —Cy — a'lz)

From the (4n—2)-th row of this vector we obtain the equation

k2n—3 (all +Cp —Cyy — a12) =0
According to our assumptions we must have k,, , =0. Similarly, we obtain
K,, , =0 from the (4n—3)-th row. We continue checking all the rows up to the
tenth row, which looks like this

kS(all +Cp, —Cpy _alz) =0

Hence, we conclude that k, =0. From the ninth (res. eighth) row we obtain
k, =0 (res. k, =0). Since all k;,k,,K,,....k, ,,K, . are zero, we are done. [

O O O O O O O O O o o o
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We prove now a similar result to the previous theorem, where we replace the
4 x4 square with a 6x6 one.
Theorem 2.4: Let Bij be 6x6 panmagic squares with magic constant 3s such
that
B, =B,; + By — By forall i,j=123,...n.
Moreover, we assume that (a, —a,)(h, —h,)—(b, —b,)(9, —9,) # 0. Then the
following square

Bll BlZ BlS e Bln
BZl BZZ 23" = 2n
B31 B32 33" =3n

_Bnl B,, BB |
is a magic square with magic constant 3ns . Further, it has a (3n—5)-dimensional
subspace of its nullspace. This space is generated by the vectors:

_[(b1 _bZ)(il - iz) - (C1 _Cz)(h1 - hz)]
[(61 - az)(il - iz) - (C1 - Cz)(g1 - gz)]
_[(a:l. - az)(hl - hz) - (b1 - bz)(gl - gz)]
[(bl - bz)(il - iz) - (Cl - CZ)(hl - hz)]
_[(ai_az)(il_iz)_(cl_CZ)(gl_ gz)]
[(31 _az)(h1 - hz) - (b1 _bz)(gl - gz)]
[, —b,) (i, —i,) - (¢, —¢,)(h, —h,)]
_[(ai_az)(i1_iz)_(cl_cz)(gl_ gz)]
(a:l _aZ)(hl - hz) - (b1 _bz)(g1 - gz)
—[(,—b,) (i, —i,) - (¢, —c,)(h, —h,)]
[(ai _az)(il - iz) - (C1 _CZ)(gl - gz)]
—[(a,—a,)(h, —h,) - (b, —b,)(9, - 9,)]
[0]

[0]

nn

[0]
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(az _as)(hl _hz)_(bl _bz)(gz _gz)
a1(gz _gs)_az(g1 _93)+as(g1 _gz)
0

7[(62 7a3)(h1 7h2)*(b1 7b2)(gz 793)]
7[31(92 793)7a2(g1 7gs)+a3(g1 792)]
0

_(al _as)(hl _hz)_(b1 _bZ)(gl _93)
_al(gz _ga)+az(91 _93)_a3(g1 _gz)
0

(al —33)(h1 _h2)+(b1 _bz)(g1 _gg)
a1(gz _g3)_az(g1 _93)+as(g1 _gz)
0

(0]

(al_az)(hi_hz)_(bi_bz)(g1_gz)

0

0

7[(a1 7a2)(h1 7hz)*(b1 7b2)(91 792)]
0

0

[0

[0

(az 7an)(hl - hz) - (b1 7b2)(92 - gn)
a'l(gz - gn) 7a2(g1 - gn) + an(gl - gz)

0

7[(32 - an)(hl - hz) - (b1 7b2)(92 - gn)]
*[31(92 - gn) - az(gl - gn) + an(gl - 92)]
0

- (a‘l - an)(h1 - hz) - (b1 - bz)(g1 - gn)
—28,(9, — 9,) +3,(9; — 9,) —2,(9; - 92)
0

(8, —a,)(h, —hy) + (b, —b;)(9; - 9,)

| 8(9> = 9n) —@,(91 — 9n) + 2,(0, — 9>)

0

[0]

[0]
(a1 - az)(h1 - hz) - (b1 - bz)(gl - gz)

0

0

- [(a1 - az)(h1 - hz) - (b1 - bz)(gl - gz)]
0

0

Proof: It is easy to prove that

R®" having the following stru
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_[b1(h2 _hs)_bz(h1 _h3)+b3(h1 _hz)]
(a1 _az)(hz _hs)_(bz _bs)(g1 _gz)

0

[bl(hZ 7h3)7b2(h1 7h3)+b3(h1 7h2)]
7[(31 7az)(h2 7h3)7(bz 7b3)(gl 792)]
0

bl(hz _hz)_bz(h1 _h3)+b3(h1 _hz)
_[(a1 _az)(hl _h3)_(b1 _b3)(gl _gz)]
0

_[b1(h2 _hs)_bz(h1 _h3)+b3(h1 _hz)]

| [(a1 _az)(h1 _hs)_(b1 _b3)(gl _gz)]

0

[0

0

(al _az)(h1 _hz)_(bl _bz)(g1 _gz)

0

0

_[(a1 _az)(hl _hz)_(bl _bz)(91 _gz)]
0

[0]

(0]

‘|0

*[(b1 7b2)(i1 7i3)*(C1 7C3)(h1 7h2)]
(a1 7a2)(i1 7i3)7(C1 763)(91 *gz)
7[(a1 7a2)(h1 7h2)7(b1 7b2)<gl 792)]
[(b1 7bz)(i1 7i3)7(cl 703)(h1 7h2)]
7[(a1 732)01 7i3)7(C1 7C3)(g1 792)]
[(al _az)(h1 _hz)_(b1 _bz)(gl _gz)]
(b1 7b2)(i1 *is)*(c1 703)(h1 7hz)
_[(a1 _az)(i1 _ia)_(c1 _Ca)(g1 _gz)]
0

_[(b1 _bz)(i1 _iB)_(Cl _C3)(h1 _hz)]
[(al 7a2)(i1 7i3)*(01 7C3)(g1 792)]

[0]

0

0

[(a1 _az)(h1 _hz)_(b1 _bz)(g1 - gz)]
0

0

7[(31 7a2)(h1 7h2)7(b1 7b2)(gl 792)]
[0

[0]

| [@ —2;)(h = h,) = (b, = b,)(9, - 9,)]

sesey
—[by(h, —h,) =b,(h, —h,) +D, (h, —h,)]
(a'l - az)(hz - hn) - (bz - bn)(gl - gz)

0

[0 (h, —hy) =B, (hy = h,) + b, (h, — )]
7[(31 - az)(hz - hn) - (bz - bn)(gl - 92)]
0

by(h, —h;) —b,(h —h,) +1, (b, —h,)
_[(a'l - az)(h1 - hn) - (b1 - bn)(gl - gz)]
0

—[ob.(h, —h,) =0, (h, —hy) + b, (h, —h,)]

0
[0

[0
0

(a1 - az)(h1 - hz) - (b1 - bz)(g1 - gz)

0

0

—[(a, —a,)(h, —hy) — (b, —b,)(9; — 9,)]
0

= [, =b,) (i, —i,) - (¢, — ¢, )(h, —h,)]
(a'l - az)(i1 - in) - (C1 - Cn)(gl - gz)
_[(a'l - az)(h1 - hz) - (bl - bz)(gl - gz)]
[, =b,) (i, —iy) = (¢, —¢,)(hy — h,)]
—[(@ —2,)0 —i,) - (¢, = ¢,)(9: — 9,)]
[@ —2,)(h —h,) = (b, —b,)(9, - 9,)]
(bl - bz)(i1 - in) - (C1 - Cn)(h1 - hz)
_[(a1 - az)(il - in) - (C1 - cn)(gl - gz)]
0

[0, ~0,)G, ~ i)~ (€, —c,) (0, ~ )]

' [(a'l - az)(i1 - in) - (C1 - cn)(gl - gz)]

0
[0]

(0]
0
0
[@ —2,)(h —h,) = (b, - b,)(9, - 9,)]
0
0

—[@ —2a,)(h —h,) = (b -b,)(9, - 9,)]

it is a magic square. We look now for vectors in

cture
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21 V30V 2 3171 Vzn 21 Vapgo 3n’_V3n72’_V3n—1’_V3n)
where  V,,V,,V3,V,, Vs, Vs, Vy, Vg, Vg ey Vo, 5, Vs, 1,Ve, are scalars, which can be
determined by solving

!
(Vl,V V,,—V, =V, =V V. V. \Y/

Bll Blz Bls Bln \'A 0
le Bzz st"' an v, 0
le Bsz 833"' B3n vV, | = 0
Bnl an Bn3"' Bnn V3n 0

Using the structure of the vector we can eliminate the terms including s.
Moreover, the resulting linear system has repeated equations. In fact, the number
of equations, which we have to solve, is 3n. They are

(all _d11)V1 + (bll _eu)vz + (Cn _fn)vs + (a12 _d12)v4 +(b12 _612)\/5 +(012 _flz)‘/e + (a13 _d13)v7 +

(B =€ Vg +C —f Vg +ot @y =i W anp + By =€, Wy + €1 —F13 V5, =0

(gn - jll)vl +(h11 _kn)vz +(i11 _|11)V3 + (912 - le)v4 +(h12 _klz)‘/s + (ilz _|12)V6 +(913 - j13)v7 +

(g =KV + (i =LV +e 4 (910 = Jin N an o + (N =Ky W gy + (15, =13, V5, =0

(mll - pll)vl + (nll _qu)vz +(011 - rll)v3 + (m12 - plZ)V4 + (an _qlz)‘/s +(012 - r12)‘/6 +(m13 - pls)‘/7 +

(N3 =0y Vg + O3 =1 Vg .o (Myy = Py Vg + (N =iy W gy + 05 =1, Vg, =0

(a21 _d21)‘/1 + (b21 _621)\/2 +(C21 _le)vs + (azz _dzz)v4 + (bzz _ezz)‘/s +(sz —f 22)\/6 + (a23 —d23)\/7 +

(bzs _ezs)‘/s + (Czs ~f 23)‘/9 Tt (aZn _dZn)‘ISn—Z + (bzn € )‘I3n—1 + (CZn _on)VSn =0

(9,,— L)V, + (hy, =K )V, + (1, — LV, + (95, — Jo,)V, + (hy, =Ko, )V + (i, — L)V + (9, — Jos)V, +
(h,, =k, )V, + (i — LV +...+(9,, — 1o )V, + (=K IV, + (0, — 1, )V, =0

(my, — p, )V, + (N, —Q, )V, + (0,, — L)V, + (M, — P,,)V, +(N,, —Q,,)V, + (0, — L)V, + (M, — PV, +
(N, — 0,5V, +(0,, — L)V, +...+ (M, — P, )V, , + (N, — 0y Vs, +(0,, — 1, )V, =0

(a,,—d,)v,+ (b, —e,)v,+(c, - f,)v,+(a, —d,)v, + (b, —e,)v. +(c, — T, )V, +(a, —d,)Vv, +
(b, —e,)v,+(c,,— f v, +...+ (&, —d, v, , + (b, —e, v, ,+(c,—f, v, =0

(94, — Jo )V, + (hy, =k v, + (i, — L)V, +(9s, — Jo)V, + (0, =K, )V, + (i, = 1)V, + (945 — Jo)V, +
(h, =k v, + (i, — L)V + ...+ (95, — Jo Ve, o + (0, =K )V, + (1, =1, )v, =0

(m,, — p,)v, + (N, — )V, + (0, — I, )V, + (M, — P,)V, + (N, — 0, )V, + (0, — I, )V, + (M, — PV, +
(N, = Qg )V, + (0y — L)V, + .o+ (M, — P, )V, , + (N, — O )V, + (0, — 1, )V, =0
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(a,—-d v, +b,-e ), +(c,-f v, +(a,-d,)v,+({,—-€,)Vv,+(,—f,)v,+(@,—-d v, +
(b, —e Vs +(Cs = F )V, +...+(a,, —d, )V, , +(b,, —€, )V, +(C,, — f, )V, =0
(9, = J v, +(h, =k v, +(, =1 v, +(9,, = J )V, +(h, =K v, + (i, =1,V +(9,, — 0.5V, +
(h, =K Vg + (i =1 Vo +.c4 (90 = Jon Voo + (0 =KV, + (0, =)V, =0
(m,-p, v, +(n,—q,)v,+(0, —r v, +(m,—p,)v, +(n,—q,)V; +(0, =, )V, +(M, —p,)Vv, +
(N = 0,5 )V +(0,, =T Vg .o (M, = P Ve, (N, =G0 Vayy +(0,, =1, V5, =0
We know that the following relation holds for panmagic squares
a +g;+my =dy+ j; +p; = (g —dy)+ (g — Jy) =—(M; = p;) e (D
by +h;+n; =¢; +k; +a; = (b —e)+(hy—e)=—-(n; —qy) e (2)
¢+l +o,=f +1; +1, = (¢ — ) +(; 1) =—(0; - 1;) eeeens (3)
Hence, we can reduce the previous system to the following system consisting of
2n equations
(an _dn)v1 + (b11 _eu)vz +(C11 _fn)v3 + (a12 _dlz)v4 +(b12 _elz)vs +(Clz _flz)ve + (a13 —d13)\/7 +
(03—, Vg + (Ca =T Vg +oot (a, =iy W gy + (B =€, V551 + (€1 = T3y V5, =0
(gu - jll)vl + (hll _kll)vz +(i11 _|11)V3 + (912 - le)v4 +(h12 _klz)vs + (i12 _IlZ)VG + (913 - j13)v7 +
(h13 _k13)v8 +(i13 _|13)v9 +---+(91n - jln)v3n—2 +(h1n _kln)VSn—l +(i1n _Iln)v3n =0
(a21 _d21)\/1 + (b21 _e21)vz +(C21 —f 21)\/3 + (azz _dzz)v4 + (bzz _ezz)vs +(sz _fzz)ve +(a23 —d23)\/7 +
(bzs —623)\/8 + (Czs _fzs)vg +"'+(a2n _dZn)VBn—Z +(b2n _eZn)VSn—l + (CZn _on)Vsn =0
(921_ j21)\/1+(h21 _k21)V2 +(i21 - |21)V3 +(gzz - jzz)V4 +(h22 _kzz)Vs +(izz - Izz)Ve +(gzs - jzs)V7 +
(hza _kzs)vs +(i23_|23)vg +---+(92n - jZn)VSn—Z +(th _an)\ISn—l+(i2n _IZn)VSn =0
(a31 _dal)vl + (b31 _631)‘/2 +(031 _f31)v3 + (a32 _dsz)‘/zt + (bsz —632)\/5 +(032 _fsz)ve + (aes _d33)‘/7 +
(b33 —633)\18 +(C33 —f33)\/9 +"'+(a3n _dSn)\/Sn—Z +(b3n _eSn)VSH—l +(C3n _f3n)v3n =0
(931 - j31)V1 +(h31 _k31)V2 +(i31 _I3l)v3 +(932 - j32)"4 +(h32 —k32)\l5 +(i32 _|32)Ve +(g33 - j33)\/7 +
(h33 _kaa)vs +(i33 —|33)V9 +---+(g3n - j3n)v3n—2 +(h3n _kSn)VSn—l +(isn _I3n)‘/3n =0

(an1_dn1)‘/1+(bn1 _enl)VZ +(Cnl_fnl)v3 +(a’n2 _dnz)‘/4 +(bn2 _enz)vs +(an _fnz)vs +(an3 _dnB)V7 +
(B3 =€nsVg +Coa —f ooV gt @y =y Vayp + O =€ N gy + €y —F 1 V3, =0
(gnl_jnl)‘/1+(hnl_kn1)\/2+(in1_|n1)v3+(gn2_jn2)v4+(hn2_knz)\ls+(in2_|n2)‘/6+(gn3_jn3)v7+
(s =KaaVg (=l Vot (G = Jo Vano + (N =Koy Wy g + (i, =150 V5, =0

In order to simplify the calculations we use the following notations
a=a,— dll'bl :bll —€,,C =Cy — f11""’an =a, — dln’bn :bln —€,,C, =C, — fln

0,.=0,— j11'h1 = h11 _kll’il = i11 _Ill""’gn =0, — jln’hn = hln _kln'in = iln _Iln
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Using the computer we deduce from the last system that

V., = — (by—by)(i1—i5)—(c—C5)(h —hy) _ —(ay—ag)(hy—h,)+(b, —b,)(9,-93)
1 (8 —ay)(hy —hy)—(b; by )(9;-9,) ~ 6 (ay—a)(hy—hy)—(b-by)(9:-92) ~ 7
by (hy—hg)—b, (hy—h3)+b5 (hy —h,) _(by—by)(i—i3)—(c1—C3)(hy—h3) .
(ay—a,)(hy—h,)—(b;—b,)(9,-9,) = 8 (& —a,)(hy—hy)—(b;-b,)(9;-9,) ~ 9
_ —(az—a, )(hy—hy)+(by b, )(9,-9,) by (hy—h; )b, (hy—h;, )+b, (hy—hy)
(a4—a, )(h;—h,)—(b;—b,)(9,-95,) 3n-2 (g —a)(hy—hy)—(b;—b,)(9,-9,) = 3n-1
_ (b —by) (i iy )—(c1 ¢, )(hy —hy)
(3 —ay)(hy—hy)—(b,—b, )(9,—9,) ~ 3n
V. = (al_az)(il_iz)—(Cl_cz)(gl—gz)V + 3(9,-93)—a(9:-93)+a3(9:-95)
2 (ay—a,)(hy—hy)—(b;—b,)(9,-9,) ~ 6 (a;—a,)(h;—h;y)—(b;—0,)(9:-9>) 7
(ay—a;)(h,—h3)—(b,—b3)(9,-9,) (ag—ay)(i;—i3)—(c;—3)(9:-97) V. +
(ay—a,)(hy—hy)—(b;—b,)(9:-9,) = 8 (& —ay)(hy—hy)—(b;—b,)(9,-9,) " 9~ **°

+ 3(9,-9,)—3,(91-9,)+a, (gl_gz)v (&y—ay)(h,—h, )—(b,—b, )(9,-95)
(a,—a,)(h;—h,)—(b;—b,)(9:-95,) 3n-2 (3 —az)(hy—hy)—(b;—b;,)(9,-9,) ~ 3n-1

(838, )(i; iy )—(c;—, )(91—9>) __ (ay—ay)(h—h, )—(b;—by, )(9:-9>)
(ag—a,)(hy=hy)—(b;—b,)(9;-g,) = 3n (8 —az)(hy—hy)—(b,—b;,)(9,-9,) = 3n-1

. (ag—ay)(i; iy )—(c;—Cy )(9:-95)
(ay—a,)(hy=h;y)—(b;—b,)(9;-9;,) ~ 3n

V,=-V, -V, =V, —...—V

_|_

3 6 9 12 3n
V. = (by—b )iz —i2)—(c1—c2)(m —hp) __ (ag—-ag)(h —h2)+(by —b2)(91-93) by (h2 —hg)—bp (h1 —h3)+b3 (hy —h2)
4 7 (m-ag)(m-h2)-(b1-b2)(g1-g2) "6  (ar-az)(h—h2)-(b1-b2)(g1-92) "7 (ag-az)(hp -h2)-(b1-b2)(91-92) "8
+ (b —b2)(i1 —i3)—(c1 -c3)( —h2) V. — _(al—an)(hl—hz)+(b1—b2)(91—9n)V
(ag-ap)(m-h)-(b1-b2)(g1-92) "9 "  (ap-ap)(h—h2)-(b1-b2)(g1-g2) "3n-2
by (h2 —hn)—b2 (hy —hn )+bn (h1 —h2) (b —b2 )(i1 —in)—(cr —cn)(h —h)

(ag-az)(hy—h2)-(b1-b2)(g1-92) "3n-1 ° (ag-ap)(hp—h2)-(by-b2)(g1-92) "3n
Vo= — (ag—ap)(i1—i2)—(ca—¢c2)(91-92) V. — a1(92-93)-a2(91-93)+a3(91-92) V. — (ag—ap)( —h3)—(b1—b3)(91-92) Vv
5 (ag-az)(h—-h2)-(b1-b2)(91-92) "6 (ag—-az)(h —-h2)-(bp-b2)(g1-92) "7 (ag-az)(h-h2)-(b1-b2)(91-92) "8
_ (m-ap)(ip-iz)—(c1-c3)(91-92) __ 2(92-9n)-a2(91-9n)+an(91-92)
(ag-ap)(hp-h2)-(b1-b2)(91-92) "9 *°° (ag—ap)(hy—h2)-(by-b2)(91-92) "3n-2
__ (a1-ap)(h—hn)—(b1—bn)(91-92) __(a1—ap)(i1—in)—(c1—Ccn)(91-92)
(a1-az)(hp—h2)—(b1-b2)(g1-92) "3n-1  (ag-ap)(h—h2)—(b1-b2)(91-g2) "3n

If we set v, =(a,—a,)(h, —h,)—(b —b,)(9,—9,) and V,,Vg,Vg,..., Vs, 5,Va, 1, Vay,
to zero, then we obtain the first vector. If  we set
v, = (al _az)(hl - hz) _(bl _bZ)(gl - gz) and Vevvs’vg""7V3n—2’ v3n—1’V3n to zero,
then we obtain the second vector. We continue in this manner until we set

V,, =(@, —a,)(h, —h,)—(b, —b,)(9, - 9,)
and Vg,V;,Vg, Vg, Va5, V3., tO Zero, in order to obtain the last vector. It is clear
from the way of their generation that the vectors are linearly independent. It is
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also easy to multiply the square with each vector to verify that the result is the
zero. [

For example, we consider the following compound square of nine squares

We note that the proposition ensures us that the following vectors form a basis of
a subspace of the nullspace of the square:

(—33,—141 —123 33, 141, 123 33, 141, 123 -33,-141,-1230,0,0,0,0, O)I ,
(—38,—837, 0,38,837,0,—-85, 837,0,85, —837,0,123 0, 0,-123 0, O)’ ,
(100, 513 0, —100,-513 0,-100,-636, 0, 100, 636, O, 0, 123 0,0,—123 0), ,

(141, 759, ~123 —141, —759, 123, 141, 0,0, 141, 0, 0, 0, 0, 123, 0, 0, 123) .
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