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Abstract
In this paper,the (Hg,Lq) and (Han’%, K3&P) type bounded-
1

ness for the multilinear commutator associated with the Litt-
lewood-Paley operator are obtained.
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1 Introduction and definition

Let T be the Calder6n-Zygmund operator and b € BMO(R™). Then we can
define the commutator [b, T| generated by b and T as follows,

b, T]f(x) = b(x)T f(z) = T(bf) ().

In [2] Coifman, Rochberg and Weiss prove the boundedness of the commutator
[b, ) on LP(R™) (1 < p < o0). However, it is well known that the [b, T is not
bounded, in general, from HP(R") to LP(R"). But if a suitable atomic space
HI(R") or HK;‘;’(R”) substituted for H?(R™), then [b,T] maps continuously
H{ (R™) into LP(R") and H K;g’(R”) into Kj;’p. Moreover, it was observed
that Hy(R") C HP(R"), K;g’(R”) C HK;"p(R”). In recent years, the theory
of Herz type Hardy spaces have been developed.In this paper, we will establish
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the continuity of the multilinear commutators related to the Littlewood-Paley
operators and BMO(R") functions on certain Hardy and Herz-Hardy spaces.
At first, let us introduce some definitions (see [1][3-9][11][12]). Suppose a
positive integer m and 1 < j < m, we denote by C7" the family of all finite sub—
sets 0 = {o(1),---,0(j)} of {1,---,m} of j different elements. For o € CT", se

o¢ = {1,-,m}\o. Forb= (by, -, by) and o = {o(1),--,0(j)} € CI, set b, =
(bo(1ys =~ 2 ba(j)), be = bo(1) - - bo(s) and ||bs || Brro = ||bo)||BMO -+ ||bo() || BMO-

Definition 1. Let b; (i = 1,--- ,m) be a locally integrable function and 0 <
p < 1. A bounded measurable function a on R" is said a (p, E) atom, if

(1) supp a C B = B(zo,7)

( ) HaHLm < \B!_”p

) Jpaly)dy = [, aly ) Lieo i(y)dy =0 for any o € C* ;1 < j <m .
We say that a temperate distribution f belongs to H § (R™),if in the Schwartz
distribution sense, it can be written as

r) =3 Aay(a)

where as are (p, b) atoms, A € C'and 3 77, |Aj[P < co. Moreover, ||f||Hbg(Rn) ~

(325 ) e,

Definition 2. Let 0 < p,g < 00, a« € R. For k € Z, set B, = {zx € R" : |z| <
2%} and Cy = By \ Br_1. Denote by i the characteristic function of C and
Xo the characteristic function of By.

(1) The homogeneous Herz space is defined by

Kgr(R") = {f € LR\ {0}) : [/l < o0}
where

0o 1/p
1l gor = [Z 2'““prkain :

k=—o00

(2) The nonhomogeneous Herz space is defined by
Kg7(R") = {f € Lipe(R") : ||fllxgw < o0},

where

o 1/p
1 cgr = [Z 25| X0 + foOH’iq] :
k=1
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Definition 3. Let a € R, 1 < g < 00, a > n(l—%), b; € BMO(R"), 1 <i<
m. A function a(z) is called a central (o, ¢, b) -atom (or a central (v, ¢, b)-atom
of restrict type ), if

(1) supp a € B = B(zg,r)(or for some r > 1),

(2) ||a||Lq < |B|*a/"

(3) [ya(z)z’dr = [ya(x)x” [],, bi(z)de = 0 for any o € C* |1 < j <
m.

We say that a temperate distribution f belongs to HKO‘ p(R”)(or HK“ p(R”)),
if it can be written as f = ij—oo Ajaj (or f=3"20 N a]) in the S’(R") sense,

where a; is a central (o, ¢, b)-atom(or a central (o, ¢, b)-atom of restrict type )
supported on B(0,27) and Y 7 |Aj[P < oo(or Y72 |A[P < 00). Moreover,

fllisces Cor 1 fllmrcez) = inf(Y N1,
J

where the infimum are taken over all the decompositions of f as above.

Definition 4. Fix § > 0 and let ) be a function which satisfies the following
properties:

(1) fR" x)dx =0,

(2) [¢(x)] <C(1+ICL’|) (n+1=0),

3) [v(z+y) —v(x)| < Clyl(1 + |[)~0 279 when 2[y| < |].
The Littlewood-Paley multilinear commutator is defined by

1/2
- AN R dydt
w) = [//Riﬂ (t+|x—y|) |Ftb(f)($’y>’2tn+1] ’

Fe = | [H(bj@:) - bj<z>>] Uily - 2)f ()i

Jj=1

where

When m =1, set

b= [ [ (i) o]

Fy(f)(@,y) = / (b(z) = b(2))u(y — 2) f(2)dz

n

where
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and ¥, (z) = t7"(z/t) for t > 0. Set Fy(f)(x) = f * ¥y(x), we also define

that 1o
dydt
malf [/Ln+1 <t+ |z — yl) ‘Ft(f)(y)‘ztnﬂl ’

which is the Littlewood-Paley function (see [14]).

2 Main results
We begin with two preliminaries lemmas.

Lemma 1. Let 1 <r < 00, b; € BMO for j =1,--- ,kand k € N. Then, we

have
al,] H|b Joldy < CHIIb lsso

and

1/r &
1;(y |d> < C'| | 1165l smo-
<|Q|/H Q Y ]1_[1 BMO

Lemma 2. Let 0 < §d <n, 1 < s <n/éand 1/r = 1/s —d/n. Then gz,é is
bounded from L*(R"™) to L"(R").

Theorem 1. Let i > 3+4/n—26/n, n/(n+1-0) < ¢ <1,1/g=1/p—6/n,b; €
BMO, 1 <i<m, b= (b1, -+ ,by). Then the multilinear commutator gm is
bounded from Hf(R”) to LI(R™).

Proof. It suffices to show that there exist a constant C' > 0, such that for
every (p,b) atom a,

1gp.s(a)llze < C.

Let a be a (p, E) atom supported on a ball B = B(xg,2r). When m = 1 see
6], and now we assume m > 1. Write

/ 9] 5(a) ()] 9dx = / 19F 5(a)(@)|td+ / 10F (@) (@) [tdz = T+11.
" |z—z0|<2r |x—zo|>2r

For I, taking r,s > 1 with ¢ < s < n/J and 1/r = 1/s — §/n, by Holder’s
inequality and the (L® L")-boundedness of gz’é, we get

1 < Cllgh (@14 1B(xo, 2r)|'~2" < Cllal|4.| B9/ < C|B|-o/r+a/s+1=0m < ¢
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For II, without loss of generality, we may assume ¢ < 1. Set A =

()\1, R ,)\m) Wlth )\z = (bi)B7 1 S Z S m, Where (bz)B = m fB(Z’O,27’) bl(l')d.fﬂ,
by Holder’s inequality and the vanishing moment of a, we get
1= / 10F 5(a)(@)l"dz
Z 9k +1B\2k B u5
- q
< oyps ([ i)
; 2k+1B\2F B o
00 ¢ (o
< ozt [/ (—)
pt ok+1B\2k B rrtt \E+ |z — ]
1/2 q

(/wt )~y |H|b lla(z)ld )ffff | |

noting that z € B,y € 2" B\2*B, then

[ l)

[ Wty = 2) = v ] ) - bj<z>||a<z>|dz) e

1/2

t i
<clff (—)
rrtt \t+ [z =y
) 1/2
t dydt
o T B
/ ja(z ‘H‘ (1+|y|/t)n+252 1
np 1-n 1/2
- o // ( ¢ ) Hndydi
e \ir e —al) TP

( /] Hrb SIEIE >\dz> ,
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set B’ = B'(z,t), we have

tn/ t e dy

e \EHlz =yl )  (t+[y|)2nt20)
< ¢ (/ ( t )W dy

- B \t+ |z —yl (t + [y])2nF2=0)

e o)
~ Jorpror-1p t+ |z —yl (t + [y[)2+2-9)

0o 1
-n n —knpo2k(n+2-9) (ok\n
< ct (t + 3 2knng (2*) > GREECE

k=1

= 1
k(—npu+3n+4—26)
< C <1 + 22 ) (t + [z])2n+2-9)

k=1
1

< C
= (t + |z|)2(+2-0)

it is easy to calculate that

> tdt )
_ —2(n+1-96)
/0 (t+ |x|)2(n+2—5) = Clz| .

So
I < Ci|2’“+13|1—q
X x|~ (19 mb-:v—b-z zlla(2)|dz dxq
[/M\MH (/H\u @ lzlla(2) ) ]
< €Y 3 ([ 166 - Nrlislotalias )

i=0 oeC
[o.¢]

> Z |2k+1B|1—q |:/
k=1 2

< Clilfo Yo ko270 e 1)
k=1

< C|bl|Ba0-

q
2] ~1-0) (3(ar) — A)a|dx]

k+1 B\QkB

This completes the proof of Theorem 1.

91
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Theorem 2. Let 0 <0 <n, 0 <p<oo, 1 <q,q <oo,l/q1—1/q =9d/n,
n(l—1/q) < a <n(l-1/q) +1and b € BMO(R"),1 <i<m, b=
(b1, ,bm). Then g’ 5 is bounded from HKQP(R”) to KO‘p(R”)

Proof. Let f € HK‘”’(R") and f(xz) = Y02 Xa;(z) be the atomic

j=—00
decomposition for f as 111 Deﬁmtlon 3, we write

1955 ()(@)] gy

0 oo B 11/p
< 01X 2057 NIk s(ag)xil e )
Lk=—00 j=—o0 i

[ oo k-3 1 1/p
< oY 23T NGk s(an)xalle )
_k::foo jzfoo ]

1/p
+C Z Qkap Z Y, |||9u6 a])XkHng)]
k=—o0 ] -2

= I+1I.

For I1, by the (L%, L%)-boundedness of gz?é and the Holder’s inequality, we
have

IA

[ o 0 pq1/p
1 Ly 2 > |>\j!|\gz,a(aj)||m2> ]

Lk=—o0 j=k—2

M oo 0 pq1/p
|)\j!|\aj||m) ]
Lk=—o0 Jj=k—2

r p71/p
A4 - 2ja> ]
Lk=—o0 Jj=k—2

1/p
D e oo A YA Jap] , 0<p<1

IA
Q

(]
=
<

A
a

1M
5.
3

NE

< o [SR L NPT 20iee)
x(3522 2o 2] 1 < p <o
0 1/p
< (3 )
Jj=—00

< Clifllages.-
q1,b

For I, when m=1, let Cy = By\Br_1, xr = Xc,, U5 = |Bj|™ fBj bi(z)d,
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1<i<m, = (b}, -+, 07). Similar to the proof of II in Theorem 1, we have
b1
9pes(a;) (@)
np
<o/ ) Ger=n)
Rt \1+ 7~y
) 1/2
t dydt
% tfn+5 ) b —b |Z|/ d
( )~ bl ) 5
20 tdt 1/2
< C b —b (z)|d
= (/0 (t+ |x|)2(n+2—6)> /Bj| 1(2) 1(2)|[2]la;(2)]d=
< Clal ™0 [ eyl ) - ()]
B
< O|x|—(n+1—5) (/B z]|a;(2)]|b1(x) — b}|dz—|—/B |1z|]a;(2)]|b1(2) — bjl-|dz)
< C|$‘—(n+1—6) (|bl(:)3) _ b;‘Qj(l'f‘n(l_l/%)_O‘) + 2j(1+"(1_1/q1)_“)\|51HBM0) .
Then
119" 5 (@) Xkl |1,
1/g2
< ' 2i(1+n(1=1/q1)=a) (/ ]x\_‘”("“_‘s)]bl(:c) _ bjl-‘qu[L’)
By,
1/g2
([ a0 il
By,
< C‘|bll|BM02j(1+n(1—1/q1)—a) . 2_k(1+n(1_1/Q1))7
thus

- b3 pq1/p
I = C [Z 2ho ( > |/\j|||9,llf5(aj)Xk||LQ2> ]

— =
o k-3 pq1/p
< C||billmo [ Z ohap ( Z |)\j|2j(1+”(1—1/‘11)—a)—k(1+n(1—1/q1))) ]
k‘:—OO j:—oo
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S P S 2]y <<y
< O||bu|smo Zj:—oo I\,|P (Zk:j+3 20— k)(1+n(1—1/q1)—a)p/2>

| AN A
y (Ziij+3 9(i—k)(1+n(1-1/q1)—a)p /2) ] , I<p<oo

oo 1/p
< Cliballsmo | D |Aj|p>

j=—o00

< Clfllager.
q1,b

When m > 1, similar to the proof of g, 5(a])(ac), we have

Fsla)(@) < Claf 410 / 2llas(2) |Hrb 2)ldz
< O3 3 ()~ ) / #llas ()6 = 9
i=0 cecC"
< C|x’ (n+1-96) Z Z ’ —b’ ’21 g—ja , gin(1=1/q1) Hb HBMO
i= anC’m
< Olz|” (n+1-6) | 9j(14+n(1-1/q1)~ Z Z (b —b’ |||l;,, BMO-
i=0 ocC"
So
[1gh 5 (a;) x| Loz
< Czj(l'i'"(l—l/m)—a)Hggc
g2 1/q2
s | [ el DS S () - Bl | d
By =0 oceC"
< C«Hgac"BMOQJ'(lJrn(l*l/m)*a) . Q*k(n+175)+kn/q2HZ;'OHBMO
< C||b||BM 9i(14n(1-1/q1)—a)=k(1+n(1-1/q1))
then

o0 k=3 py1/p
3 gher ( 5 |Aj|||gz,5<aj>xk||m) ]

k=—o0 Jj=—00
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[ oo k-3 pq1/p
< Ojbllsmo Z 2kep ( Z |)\j|23'(1+"(11/41)a)k(1+n(11/q1))> ]

k=—o0
p

j=—o00

- 1/p
S e NP g 20D g < p <

< C|lbllemo ] [2oimmoe Al (Ziim Q(jfk)(lw(lil/ql)ia)pﬂ)
M 1/p

X (Z:o:j+3 2(j—’f)(1+n(1_1/‘”)_a)p//Q)p/p] , 1<p<oo
\

[e'e) 1/13
< Clibllsao | Y \)\j!p>

j=—o00

< Clflluger.
q1,b

Remark. Theorem 2 also hold for nonhomogeneous Herz-type spaces, we omit
the details.

3 Open Problem

In this paper, the continuity of the multilinear commutators related to the
Littlewood-Paley operators and BMO functions on certain Hardy and Herz-
Hardy spaces are obtained.

The open problem is to study the boundedness of the multilinear opera-
tors generated by the Littlewood-Paley operators and others locally integrable
functions on others spaces.
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