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Abstract

In this paper, we firstly establish a new generalization of the clas-
sical Hermite-Hadamard inequality for a real-valued convex func-
tion. Then the convexity of the matriz function g(A) = f(det A) is
proved under certain conditions on the function f and the matrix
A. Based on these, finally we derive a new Hermite-Hadamard type
inequality for the function g (t) = f(det A (t)).
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1 Introduction and Main Results

Inequalities with well symmetry are important and interesting in Analysis and
PDE, and among the inequality theory, the inequalities relating to convexity
of functions are extremely valuable. Moreover in the research of the convexity
of functions, a well-known example is the famous Hermite-Hadamard inequal-
ity. It was firstly published in [1], which gives us an estimate of the mean value
of a convex function.

In this paper we consider the function g (¢) = f (det A (t)), and present a
new generalization of the classical Hermite-Hadamard inequality. Firstly we
recall some basic facts.

Throughout this note, we denote by I the closed interval [a, b]. A real-
valued function f is said to be convex on I if

flpz+ 1 —py) <pf(x)+0—p)fy),

and concave on [ if

flpe+ 1 —py) >pf(z)+0—p)fy)
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forall z,y € I and 0 < p < 1.

A matrix A € M, is said to be positive definite if Re (acTAx) > 0, and is
said to be non-negative definite if Re (xTAx) > 0 for all nonzero x € C". The
convex set of positive definite matrices is denoted by M.}, and the convex set of
non-negative definite matrices is denoted by SM,,. Together with the definition
of real-valued convex functions, we have the definition of convexity of matrix
functions as follows:

Definition 1.1. A real valued function f defined on M or SM,, is said to
be conver if

fpA+ 1 —p)B) < pf(A)+ 1 —p) f(B),

and s said to be concave if

fpA+ (1 —p)B) = pf (A)+ (1 —p) f(B)
for all0 < p<1andall A,B € M} or SM,, A+ B.

Recall that it has been proved by Horn and Johnson in [2] that the func-
tion g (A) = log (det A) is a strictly concave function on the convex set of pos-
itive definite Hermitian matrices M", and by the following famous Minkowski

inequality, we obtain that the function g (A) = (det A)% is also concave on the
set of positive definite Hermitian matrices.

Theorem 1.2 (Minkowski Inequality). If A, B € M, (R), then
(det (A + B))™ > (det A)" + (det B)™ . (1)

But in general, the function g (4) = (det A)™ is not concave for m # <, not
to mention a general function g (A) = f (det A). In this paper, we will derive
the convexity of the matrix function g (A) = f (det A) under certain conditions
on the function f and the matrix A as follows:

Theorem 1.3. Let A be a positive definite matriz with the eigenvalues \; (A), and
B be a symmetric matriz with the eigenvalues \; (B), wherei =1,--- n. Then
for arbitrary monotonic increasing and convex function f (z), the inequality

f(det (pA+ (1 —p) B)) < pf (det A) + (1 — p) f (det B) (2)

holds true for all 0 < p <1 if one of the following conditions is satisfied:
(i) \i (B) > max Xi(A) foralli=1,--- n;

(i) A (B) < 1;?% N (A) foralli=1,--- n.
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Theorem 1.4. Let A, B be two non-negative definite matrices such that AB =
BA, and X\, (A), \i(B), where i = 1,---,n, be the eigenvalues of A and
B. Then for arbitrary monotonic increasing and convez function f(x), the
1nequality

f(det (A + (1 —p) B)) < puf (det A) + (1 — p) f (det B)
holds true for all 0 < o <1 if one of the following conditions is satisfied:
(i) i (B) > N (A) foralli=1,--- n;
(i) i (B) <N (A) foralli=1,--- n.
On the other hand, recall that the classical Hermite-Hadamard inequality
for a real-valued convex function is that:

Theorem 1.5 (Hermite-Hadamard Inequality). If f : I — R is a
convex function, then

f(a;b)gbia/jmmxsw. 3)

An account on the history of this inequality can be found in [3]. Surveys
on various generalizations and developments can be found in [4] and [5].

In this paper we obtain a new generalization of the Hermite-Hadamard
inequality, and prove that for arbitrary non-negative real-valued integrable
function ® : I — R, there exist real numbers [, L such that:

f<bia[f¢@ﬁm>Slsgézlffmwmdnggfo@ﬁﬂ;f°¢@)
(4)

In fact, we prove the following theorem:

Theorem 1.6. Let f : R — R be a convexr function, and ® : I — R be
a nmon-negative real-valued integrable function such that f o ® (x) is also con-
vex. Then for arbitrary n € N, uy = 0, pu,, .1 = 1 and arbitrary 0 < p; <--- <
W, <1, we have

(55 [e@) <t < i [ reewa

fod(a)+ fod(b)
2 Y

SL(MD mun)S

where

n 1— 1 )a+ 1b
Dpgs e s py) = kZ—:o (Nk+1 - Nk:) f (% j}(lfuil;a++)ltkbuk+ P () dm)

Mk+1*ﬂk)(b*a)

and

S Fo((1—pup)atpub)+fo((1—pipsr Jatpigsrb
L(Mla"‘;ﬂn):];)(uk+l—uk) il ol 2(( ,“k+1) :U*k+1).
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Corollary 1.7. Let f : R — R be a convex function, and ® : I — R be
a non-negative real-valued integrable function such that f o ® (x) is also con-
vex, then for arbitrary n € N, ug = 0, .1 = 1 and arbitrary 0 < p; < --- <
Wy, <1, we have

1 b
b—a ), 0<puy < Zpiy <1 b -

)+ fod
< sup L(Hl?a:un)g 92 ()’
0<p; < <p, <1

where L (py, -+, i,) and L (py, -+, p,) are defined in Theorem 1.6.

Then by using Theorem 1.3, 1.4 and 1.6, we derive our main result which is a
new Hermite-Hadamard type inequality for the function g (t) = f (det A (t)) as
follows:

Theorem 1.8. Let A(t) : I — M, be a family of positive definite real-
valued matrices with the eigenvalues \; (A(t)), where i = 1,--- n, for corre-
sponding t € I. Suppose that for any t; #ta € I and 0 < p < 1, we have

Alpty + (1= p)ta) < pA () + (1 = p) A(la),

then form € N, py = 0,,.1 = 1 and arbitrary 0 < py < --- < p, <1, the
inequality

f(ﬁ/abdetfl(t)@ <lalpn i) < 57— / f (det A (1)) dt

f(det A(a)) + f(det A (b))
2

SLA(/“LD‘” 7:un)§

holds true for arbitrary convex function f : R — R if one of the following
conditions is satisfied:

(i) max Xi(A(t)) <N (Alte)) foralli=1,--- nandt; <ty €1;

(ii) 1}3111 Xi(A(t1) = XN (A(ty)) foralli=1,--- ,nandt; <ty €1,

where

n

1 1)a+ 1b
La(pas o s tt) = 30 (B — i) f (ﬁ f(g ,f:;;)u y T det A (t )dt),

k=0 M1 —Hg

n f(det A((1—pg)a+pgb))+f(det A((1— a+ b
La(py, - spn) = kz_o (Mk+1 - Mk) . (2 (s Jotts ))
Theorem 1.9. Let B(t) : I — SM, be a family of non-negative definite
real-valued matrices with the eigenvalues \; (B(t)), where i = 1,--- n, for
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corresponding t € I. Suppose that for any ty # to € [ and 0 < p < 1, we
have B (t1) B (t3) = B (t2) B (t1) and

B (pty + (1= p)ts) < pB (t) + (1 = p) B (L),

then forn € N, pg = 0, p,,.1 = 1 and arbitrary 0 < py < --- <, <1, the
1mequality

f(ﬁ/abdetB(t)dt)ng(ul,---,,un < /f (det B (1)) dt

f (det B (a)) + f (det B (b))
2

holds true for arbitrary convex function f : R — R if one of the following
conditions is satisfied:

(1) )\z (B (tl)) S )\z (B (t2)> fOT’ all 1 = 1, M and tl < tg c I,’

(i) N (B (t1)) = N (B (t2)) foralli=1,--- ,n and t; <ty € I,

where

n 1 m a+py1b
g (b s ) = Z (Hpr — 1) f (m f(l ukl;;lrukb " det B (t )dt),

n f(det B((1—puy)a+ub))+f(det B((1— a+ b
Z(,uk+1_ k) Ky K (2 (( Mk+1) M1 ))

SLB(MIJ"' 7/J“n)§

LB (/LD'" mun) =
k=0

Remark 1. It is obvious that there exist many matrix families satisfying
the conditions in Theorem 1.8 and 1.9 such that det A (¢) and f (det A (t)) are
both integrable on the interval L.

Moreover by using Theorem 1.8 and 1.9, we can prove that there exist real
numbers l4, L4 and (g, Ly such that:

Corollary 1.10. Let A(t) : I — M, be a family of positive definite real-
valued matrices with the eigenvalues \; (A(t)), where i = 1,--- n, for corre-
sponding t € I. Suppose that for any t; <ty € I and 0 < p <1, we have

Apty + (1 — p)tz) < pA(t) + (1 —p) A(ta),
<<, <1, the

then forn € N, py = 0,,.; = 1 and arbitrary 0 < 1y
inequality

1 b
f<b—a/ detA(t)dt> < sup lA(:ula"' a#n)

0<py < <pp, <1

%@/bf(dem(t))dt

S sup LA (Mla e nun)
0<p;<-<pp<1

< f(det A(a)) + f (det A (b))
- 2

IN
SH
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holds true for arbitrary convex function f : R — R if one of the following
conditions is satisfied:

(i) max \; (A(t1)) < XN (A(t2)) foralli=1,--- ,nandty <ty € I;

(ii) 1}?}3 N (A1) >N (A(t) foralli=1,-- ,nandt, <ty € I,

where Ly (jiy, -+ - M) and Ly (pq, -+ 1) are defined in Theorem 1.8.
Corollary 1.11. Let B(t) : I — SM,, be a family of non-negative definite
real-valued matrices with the eigenvalues \; (B(t)), where i = 1,--- n, for

corresponding t € I. Suppose that for any ty # to € [ and 0 < p < 1, we
have B (t1> B (tg) =B (tg) B (tl) and

B(uty + (L= p)ts) < pB(t) + (1 = p) B(ta),

then forn € N, pg = 0, p,,.; = 1 and arbitrary 0 < py < --- < p, < 1, the
1nequality

b
f (bia/ detB(t)dt) < sup Ig (foy, -+ 5 )

a 0<puy < <pp <1

gﬁ/abf(detB(t))dt

< sup LB (Ml? e 7/’Ln)
0<py <--<p, <1

< f(det B(a)) + f (det B (b))
- 2

holds true for arbitrary convex function f : R — R if one of the following
conditions is satisfied:

() i (B(t1)) < X\ (B(tp)) foralli=1,--- nandt, <ty €1;

(i) N (B (t1)) > N (B(tg)) foralli=1,--- nandt; <ty €1,

where lg (fy, -+, it,) and Lg (py,- -+, i,) are defined in Theorem 1.9.

The paper is organized as follows. In section 2, we firstly derive a useful
lemma, by which we prove Theorem 1.3 and 1.4. In section 3, we prove The-
orem 1.6 by using the famous Jensen’s Inequality and directly calculating. In
section 4, based on Theorem 1.3, 1.4 and 1.6, we present the proof of our
main results. In section 5, we give two interesting open problems related to
our paper.

2 Lemmas and Proof of Theorem 1.3 and 1.4

In order to prove Theorem 1.3 and 1.4, we shall need the following lemma:
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Lemma 2.1. If 0 < «,8 < 1 satisfying o« + 5 = 1, and p; > v; for
arbitrary 1 < i <n or p, < v; for arbitrary 1 <i < n, then

H(Mﬂ"”/zﬂ) SO‘HM"’ﬁH”x‘- (5)
i=1 i=1 i=1

Proof. The approach we use is mathematical induction. Firstly we consider n =
2,since 0 < o, <1 and a+ B =1, we have

(o +v18) (poar + v23)

= (1 —v1) et v1) (= (2 — v2) ) (6)
= pg (y —vi)a —vi (g —v2) B = (py — v1) (g — v2) aff + pory
= py o0 + v1vaff — (g — v1) (g — v2) af8.

It follows from the hypotheses that
(o +v1B) (o + v9f) < pypigr + V1123,

Assume that (5) is true for n = k, we prove that it is also true for n =
k + 1. Since (5) holds for n = k, we have

k+1

k
H (e +v3f3) = (Mk+104 + Vk+1ﬁ H s+ vB)
i=1

=1
k k
S (/,Lk+10é + I/k+15) (Oé H/"LZ + 5 H Vi)
=1 i=1

As the proof of n = 2 we obtain that

(Nk+104 + Vk+15) (04 ﬁ wi + B ﬁ Vi)
- k K (7)
= (fwkﬂ [T 1 + Breia H Vz) —af (Mk+1 - Vk+1) <1:[1 i — 11 Vz‘)

i1 i=1

Since the second term in (7) is non-positive for u, > v; or for p, < v;, it follows
that

k+1 k+1 k+1
I (e +vip) < aHuﬂrﬁHm
=1 =1
and consequently that inequality (5) holds for n = k + 1. O

With the help of Lemma 2.1, we now turn to prove Theorem 1.3 and 1.4.



132 Xiang Gao

Proof of Theorem 1.3. Since f (z) is a convex function, we have

fluz+ Q1 —p)y) < pf(x)+ (1 —p) fy)
for arbitrary z,y € R and 0 < p < 1. Putting x = det A and y = det B it
follows that
f(udet A4+ (1 —p)det B) < puf (det A) + (1 — p) f (det B) . (8)

On the other hand, it is known from [2] that for the positive definite matrix
A and symmetric matrix B there exists a nonsingular matrix C' such that A =

CTC and B = CTAC, where A = diag {\,- -+ , A\, }. The inequality
det (uA+ (1 —p)B) < pdet A+ (1 — p)det B
is then equivalent to
det (ul + (1 —p)A) < p+ (1 — p)det A,
where [ is the identity matrix. That is

n n

[Tr+xa=—pm) <p+a-w]]r

i=1 i=1
It follows from Ostrowski Theorem (see [2]) that for each 1 < i < n, there
exists #; > 0 such that

min \; (A) < 6; < max \; (4)

1<i<n 1<i<n
and
i (B) =0\
Thus we conclude that
max \; (A) = "7 min \; (A)
1<i<n 1<i<n

Therefore, if the condition (i) satisfies, we have \; > 1 for arbitrary 1 <
n, and if the condition (ii) is satisfied, we have \; < 1 for arbitrary 1 <
n. Then it follows from Lemma 2.1 that

n n

[Tm+ra=—p) <p+-m]]H™

=1 =1

IAIN

which is equivalent to
det (uA+ (1 —p) B) < pdet A+ (1 — ) det B.

Furthermore, since f () is a monotonic increasing function, together with (8) we
have

f(det (pA+ (1= p) B)) < pf (det A) + (1 — p) f (det B) .
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Proof of Theorem 1.4. As the proof of Theorem 1.3, we only need to prove
det (uA+ (1 —p)B) < pdet A+ (1 —p)det B (10)

is also satisfied under the hypotheses of Theorem 1.4. Indeed, since AB =
BA, it is known from [2] that there exists a orthogonal matrix C such that A =
CTA4C, B = CTARC, where Ay = diag{\i (A), -, A (A)} and Ap =
diag{ A1 (B),--+, A, (B)}. Thus (10) is equivalent to

det (uAa + (1 — p) Ap) < pdet Ay + (1 — p) det Ap,

that is

n n n

[T () + (= A (B) < [N () + 1= [ M (B).

i=1 =1 =1

Therefore, if the condition (i) satisfies, we have \; (4) < \;(B) for arbi-
trary 1 <14 < n, and if the condition (ii) is satisfied, we have \; (A) > \; (B) for
arbitrary 1 < ¢ < n. Then it follows from Lemma 2.1 that

n n n

TTN () + @ =X (B) < u]TA(A)+ Q= [[r(B),

i=1 i=1 i=1
which is equivalent to

det (uA+ (1 —p) B) < pdet A+ (1 — ) det B.

3 Proof of Theorem 1.6

In order to prove Theorem 1.6, we also need some lemmas as follows:

Lemma 3.1. If f: R — R and ® : [ — R be integrable functions, then we
have

1 b 1
b_a/a foq)(x)dx_/o fo®(pa+ (1—p)b)du

:/0 fo®(ub+ (1 —p)a)dpu.

Proof. We could use the change of variables x = pa + (1 —p)b and =z =
b+ (1 — p) a to complete the proof. d
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Lemma 3.2. Let f : R — R be a convex function, and ® : I — R be a non-
negative real-valued integrable function such that f o ® (z) is also convez, then
we have

f( ! /j@(:p)da:)g L /abfoq>(g;)dx§foq’(aHfoq)(b). (11)

b—a b—a 2

Proof. Observing that the first inequality is actually the famous Jensen’s in-
equality (see [6]), thus we only need to prove the second one. Since f o ® () is
a convex function, we have for arbitrary u € [0, 1]

fo®(ua+ (1—pu)b)+ fod((1—pu)a+ pb) foq)(a)—l—fofb(b)'

< 12
2 - 2 (12)
Integrating (12) over [0, 1] and using Lemma 3.1 we have
1[0 ® ® (b
L [ reor < L2 1000)
U

Remark 2. If f : R — R is a concave function, and ® : I — R is a
non-negative real-valued integrable function such that f o ® (z) is also con-
cave, then as the proof of Lemma 3.2 we have

L2180 L sz s (7 [emw).

2
With the help of Lemma 3.1 and 3.2, we now turn to prove Theorem 1.6.

Proof of Theorem 1.6. It follows from the hypothesis that f (z) and f o ® (z) are
both convex functions, therefore by applying Lemma 3.2 we have

f( : /ab@(ac)d%)S : /abfo<1><x>da:sf°q’(“>+foq)<b>. (13)

b—a b—a 2
By assumption A\g = 0, so
[a, (1 = A)a+ Mb] =[(1 = Xo)a+ Xob, (1 — A1) a+ Ab].
Then applying (13) to
(1= Ak)a+ Ab, (1 — Agy1) @+ Negad],

for k=0,1,--- ,n we have
1 (1=Ag+1)a+Ag4+10
f (m Jaasming @ (2) dflf)
1 (1=Agt1)at+Ap41b
< oootea Jooaeiae o ®(z)dx (14)

SoR((1-Ap)at+Arb)+fo®((1-Api1)at+Ak+1b)
5 )

IN
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Multiplying each term in (14) by corresponding (Ax+1 — Ax), and adding the
resulting inequalities, we get

n

(I—=Xgt1)a+Ak41b
> (Mo — ) f (W \/‘(1—)\:)Zi->\kb O (2) dg;)

k=0

(1= A’c)zljij?’““b fo®(x)dx

| N

7

()\k+1 . )\k) fo<I>((1—>\k)a+/\k.b)+f;<1>((l—/\k+1)a+/\k+1b),

NE

<

B
Il
o

that is
Ouea < i [ Fee@ar<Low ),

where [ (Aq, -+, A,) and L (Ag,---,\,) are defined in Theorem 1.6.
To prove the remaining two inequalities:

f(bia/abtb(x)dm) <10 )

SL()\M 7)\71)

< JoR@rfon)

we use the fact f : R — R, fo ®(z) are both convex functions and observe
that Z ()‘k—l—l — )\k) =1
k=0

f <b aff(ID(I) dx)

- (1=Agg1)a+Aps1b
-/ (ZO (e = M) ()‘k+1—>\k) (b—a) f(l /\I:HC—H’)\kb () dfl?)

k
(1=Ak+1)a+Ag11b
<> (M=) f ((Ak+1 ik) b—a) f(1 /\:erzlJr)\kb O (2) dx)

< kzﬁzo ()\k+1 Y ) Fo®((1—Ag)a+Apb)+ fo®((1—Ap11)a+Ak11b)

< %g:o(((l =) = (1= Aeg1)) (1= M) + (1 = Agya)) fo @ (a))
+3 é (M1 = M) (Aes1 + Ag) fo @ (D)

45 (-2 = (= ) £ o B (0)+ (3, =) Fo @ 1)
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Remark 3. In fact the key point of our proof is Lemma 3.2, thus by the
following inequality in Remark 2:

fo@(a)—zkfo@(b) < bia/abfoq)(m)dl«gf(ﬁ/j@(m)dw),

we have

Theorem 3.3. Let f : R — R be a concave function, and ® : I — R be
a non-negative real-valued integrable function such that f o ® (x) is also con-
cave. Then for arbitraryn € N, g = 0, 1t,,,.; = 1 and arbitrary 0 < py; <--- <
W, <1, we have

P P (b 1t
fo®(a)+ fo ()Sl(up“'aﬂn)ﬁ /foq)(x)dx
2 b—a a
1 b
<Lne ) <1 (1, [ e@a),
where
n Fo®((1—py,)a+pyb)+ fod((1— a+ b
L (phg, - ,un)zg(um—ﬂk) e (s Jotinnt)
L ott) = 32 (o = ) f (e A0 g (0) 4
b e fr k+1 k (uk+1—uk)(b—a) (1—py)atpb )

Corollary 3.4. Let f : R — R be a concave function, and ® : I — R be
a non-negative real-valued integrable function such that f o ® (x) is also con-
cave, then for arbitrary n € N, py =0, 1,1 = 1 and arbitrary 0 < py <--- <
W, <1, we have

o®(a)+ fod (b 1
f () f ()S sSup l(#l?a:un)g
2 0<pty <Zpa <1 b—a

b
< sup L(Mlﬁ>ﬂn)§f(bia/q)(x>dx>7

0<py <--<p, <1

/abfo(b(x)dm

where L (py, -+, i,) and L (py, -+, p,) are defined in Theorem 3.3.

4 Proof of the Main Results

In this section, with the help of Theorem 1.3, 1.4 and 1.6, we prove our main
results. We only prove Theorem 1.8, and the proof of Theorem 1.9 is similar.
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Proof of Theorem 1.8. If one of the following conditions is satisfied:
(1) max Ni(A(t1) <N (A(tg)) foralli=1,--- ,nand t; <ty € I;

1<z

(i) 113}3 A (A(H) > N (At) foralli=1,--- nand t; <ty € I,

thenib)if Theorem 1.3 we have for arbitrary monotonic increasing and convex
function f (x), the inequality

[ (det (nA(t) + (1 — p) A(t2))) < puf (det A(t1)) + (1 — p) f (det A(t2)) (15)

holds for any t; <ty € I and 0 < p < 1. Moreover since for any t; # ty €
I and 0 < p <1 we have

Aptr + (1= p)ta) < pA(t) + (1 —p) A(ta).
Since A (t) : I — M, be a family of positive definite real-valued matrices, it
follows that A (utq + (1 — p)t2) and pA (t1) + (1 — p) A (ty) are both positive

definite real-valued matrices. By [2] we have that there exists a orthogonal
matrix C such that

Apty + (1 —p)ty) = CTAA(ut1+(1—u)t2)C

and
IUA (tl) + (1 - M) A (tZ) = CTA,uA(tl)Jr(lfu)A(tz)Ca

where
At 11—ty = diag {1 (A (s + (1 —p)t2)), - A (A(pts + (1 — p) t2)) }
and
Apa)+a-wAc)
= diag {M (nA (t1) + (1 = p) A(t2)) -+, A (A () + (1 — ) A(t2)) }-
Then it follows from
Apty + (1= p) t2) < pA(t) + (1 — p) A(t2)

that
CTAAutr +1-m2)C < CTApay)+(1-uyae) Cs

which is equivalent to

i (A(pty + (1= p)ta)) < N (A (t1) + (1 — ) A(ta))
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for any 1 <8 < n. Thus

det A (uty + (1 — p) ty) = HA (A (puty + (1 = p)ta))

Since f (z) is monotonic increasing, it follows that
f(det A(uts + (1 —p)t2)) < f (det (pA (t) + (1 — p) A(f2))) .-
Then by using (15) we have
f(det A(uts + (1 — p)t2)) < pf (det A(t1)) + (1 — ) f (det A(t2))

forany t; # ty € I and 0 < p < 1, which implies that the function f (det A (¢)) is
a convex function of ¢. Then by using Theorem 1.6 we have

f(b = /bdetA(t)dt) <la(py,- - ,un)éﬁ/abf(detfl(t))dt

' £ (det A (a)) + f (det A (b))

SLA(MI?"'?Mn)S 9 ;

where 14 (pq, -+, ) and La (pq,- -, i,,) are defined in Theorem 1.8. O

Example 4.1. Let ag = a1 = 0,a1,---a, > 0 and suppose that there is
k

2 ag
at least one a; such that a; # 0. For p, = 5*— from Theorem 1.8 we get

a;

n kzoak Ck+1
l - = det A (t
A (Mla 7:“11) i o kZ:OakJrlf Ap41 (b — a) /Ck ’ ( )

and

1 - odet A(cy) + fodet A(c
LA(,Uly"'a,Un>: _ Zak+1f (k) Qf (kJrl)’

Z ag k=0
k=0

where ¢, = (1 — p;,) a + pu.b.
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5 Open Problem

In this section, we present two interesting open problems related to our pa-
per, one open problem is:

Problem 5.1. Is the inequality

b
f(ﬁ/ detA(t)dt)SlA(ul,m,un < /f (det A (1)) dt

f(det A(a)) + f(det A (b))

SLA(/“le"'vlun)S 2

holds true for some more general matrix families, such as the matriz families
without the hypothesis

A(ptr + (1= p)te) < pA(h) + (1 —p) Al),
where Lo (poy, -+ s pb,) and Ly (pq, -+, 1,,) are defined in Theorem 1.87

Another open problem is related to Hermite-Hadamard type inequality for
the matrices:

Problem 5.2. Is the inequality

! 1
f(VOl (Q)/detAva) VOZ /f detA dVQ m 8Qf(detA)dV8Q

holds true for the subset Q of the convex set of positive definite matrices M, or
non-negative definite matrices SM,, where dVq and dVyq respectively denote
the volume elements of Q) and its boundary 027
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