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Abstract

In this short note, we establish a geometric inequality con-
jectured by Liu [2] and obtain some new weighted Erdés—Mordell
type inequalities. At the end, an open problem is posed.
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1 Introduction and Main Results

Throughout this paper we consider a triangle ABC' with an interior point P.

Denote by R;, Ry, R3 the distances from P to the vertices A, B, C, and by

r1, o, T3 the distances from P to the sides BC, C A, AB, respectively. Let wq,

wq, w3 be the lengths of the bisectors of angles BPC, CPA, APB, and R,,

Ry, R. the radii of the circles PBC, PC A, PAB, respectively (see Figure 1).
In 2005, Jian Liu [2] posed the following conjecture.

Conjecture 1.1. Ifx,y,z € R, then

.1'2\/ R2 + R3+y2 Rg + R1+22\/ R1 + R2 Z 2(yz\/ﬁ+zx\/ﬁ+xy\/r_3) (1)

In this short note, we give two proofs of the conjecture. The first is by
establishing Theorem 1.2 and the second is by making a direct connection to
the well-known weighted Erdds-Mordell type inequality (16).
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Figure 1:

Theorem 1.2. Ifz,y,z € R, u,v,w >0, and o, 3,7 € (0, 5) with o+ 3+
v =m, then

22V + w ~|—y2\/w +u+ 22V u+v

2
>2 (yzv/vwy/cosa + zxv/wuy/cos § + xyv/uv,/cos ). @)

2 Preliminary Results

In order to prove our main results, we need the following two lemmas.

Lemma 2.1. (see [3]) Let p;, ¢; (i = 1,2,3) be real numbers. Then the
following inequality

P12+ poy® 4 p3 > quyz + quar + gszy. (3)
holds for all real numbers x,y, z if and only if
pi>0 (i=1,2,3), 4pops>q;, Apspr >3, Apips > g3,

and
Ap1paps > Piqs + Pads + P35 + 1G23-
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Lemma 2.2. If a+ 3+~ =, then
cos® a + cos® 3+ cos® y + 2 cos a cos B cosy = 1. (4)
Proof. For a + 3 4+~ = m, we have

cos® a + cos? B+ cos? v + 2 cos acos 3 cosy

3 1
=+ 5(60820& + cos 23 + cos 27y) + 2 cos avcos [3 cos 7y

2

3 1

=3 + §[cos 2(6 4 ) + cos 23 + cos 2] + 2 cos a cos 3 cos y
3

1
:§—|—§[2COSZ (B+7)—14+2cos(B+7)cos(8—)] +2cosacos 3 cosy

=1+ cos (5 + y)[cos (B + ) + cos (B — )] + 2 cos a cos F cosy
=1+ 2cos (B + ) cos 3 cosy + 2 cos a cos (3 cos 7y

=1—2cosacosFcosy+ 2cosacosFcosy =1,

completing the proof. O

3 The Proof of Theorem 1.2

Proof. 1t is obvious that
Vo +w >0,
Vw+u >0, (5)
Vu+v > 0.

For o, 3,7 € (0, %), we also have

4/ (w+ u)(u +v) > 4y/vw > 4y/vw cos a,
4/ (u+v)(v+ w) > 4y/wu > 4/wucos 3, (6)
4/ (v + w)(w + u) > 4y/uv > 4y/uv cos .

By the Cauchy-Schwarz inequality and Lemma 2.2, we get

[V (v + w)vw cos a + / (w + w)wucos f + v/ (u + v)uv cosy

]2

+ 2y/uvw cos a cos 3 cosy
< (v 4+ w)vw + (w + w)wu + (u + vV)uv + 2uvw)|
[cos® a + cos® B + cos® y + 2 cos a cos B cos 7]

= (u+v)(v+w)(w+u).

Hence

4y/ (v + w)(w + u)(u +v) > 44/ (v + w)vw cos a + 4y/(w + w)wu cos B
+4+/(u + v)uw cos ¥ + 81/ uvw cos a cos 3 cos 7y
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By Lemma 2.1 and (5)—(7), we conclude that inequality (2) holds.
The proof of Theorem 1.2 is completed. O]

4 Applications of Theorem 1.2

Let a = %ZBPC’, b= %ZC’PA, and v = %AAPB. Substituting (Ry, Rs, R3)
for (u,v,w) in Theorem 1.2 and using the known inequalities

ry <wy; < v/ RoRzcosa, ro < wy < v/ R3Rycosf, andry < ws < +/Ri Ry cos,

we obtain the following two corollaries.
Corollary 4.1. If z,y,z € R, then
22\/Ry + Ry + y*/Rs + Ri + 2>\/R1 + Ry
>2 (yz/wi + zz/wy + zy\/ws).
Corollary 4.2. If z,y,z € R, then

2’/ Ry + Ry+y*\/ Ry + Ri+2°\/ Ry + Ry > 2(yz/r1+22/ra+2y/73). (9)

Taking r =y =z = 1in (8) and (9), we get

(8)

Corollary 4.3.

V/Ra + Rs + \/Rs + Ry + /Ry + Ry > 2(\/w1 + /W3 + /W3) (10)

and

Corollary 4.4.
V/Ro+ Ry ++/Rs + Ry + /Ry + Ry > 2(\/ri + /2 +/73).  (11)
In [2, 5], it is shown that

$2\/ Ry + R +y2 Rs+ Ry +Z2\/R1 + Ry
2\/§(yz\/r2 + 73+ zx\/r3 + 11 + Y11+ 72)

for z,y,z € R. With inequality (12), the transformations in triangle [4, pp.
293-295] and the formulas R, = RQTS, etc., we obtain that

(12)

2r

Corollary 4.5. If x,y,z € R, then

2*\/Ry+ R. + v*\/R. + R, + 2*\/Ro + Ry
>yzy\/ Ry + R3 + 22/ R3 + Ry + xy/ Ry + Rs.
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Putting (13) and (8) together we have
Corollary 4.6. If z,y,z > 0, then

22/ Ry + R, + y*\/R. + Ry + 2>/ R, + R,
>2(x\/yz/w1 + Y22/ W + 2/TY\/W3) (14)
NN R NN AN o)

This falls short of proving another conjecture of Liu [2]:

Conjecture 4.7. If x,y,z € R, then

22/ Ry + Re+y*\/ Re + Ro+2°\/ Ry + Ry > 2(yz\/T1+2zx\/rotxy,/T3). (15)

5 Alternative Proofs and Relations to Other
Inequalities

It is well known (see [4, p. 318]) that if z,y, 2z € R, then
2Ry 4+ y* Ry + 2R3 > 2(yzry + zary + xyrs). (16)

Hence by Lemma 2.1,

RiRyRy > Riri + Rory + Ryr + 2ri7o73, (17)
or equivalently
T% 7"% T’% T172T3

2 <1.
RyRs i Rs Ry i R Ry * RiRyRs —

Therefore by the Cauchy-Schwarz inequality,
[riv/ Ry + R +19v/Rs + Ry + 137/ Ry + Ry + 2y/r17573)°
< [(Ry + R3)RyR3 + (R3 + R1)R3Ry + (Ry + Ra) R1 Ry + 2R Ry R3]

. r? N 3 N 2 Lo r1TaT3
RoRs RsR; RiRs RiRyR;
< (Rl + Rg)(RQ —+ R3)(R3 + Rl)

We obtain (9) again by applying Lemma 2.1 and observing that
R2R3 Z T%, R3R1 Z ’f’% s and R1R2 Z 7“32’.
Similarly, (8) can be obtained from the well-known inequality (see [4, p. 318])

2Ry + yQRg + 22R3 > 2(yzwy + zxwy + xyws). (18)
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6 Open Problem

At the end, we pose an open problem.
Problem 6.1. Ifz,y,z € R, then
22\/Ry + Rs + y*\/Rs + Ry + 2*/R, + R,
>V/2(yzy/wy + ws + z3/ws + wy + zy\/w; + ws).
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