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Abstract 

 

     In this paper we introduce certain class of analytic and 

multivalent prestarlike functions with negative coefficients defined 

by a certain linear operator. Coefficient inequalities and distortion 

theorems in terms of the fractional integral operators involving H-

function are obtained. Some convolution properties and radius of 

convexity for this class are also included. 
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1    Introduction 
 

          Let pA  denote the class of functions of the form 
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which are analytic and p-valent in the unit disk }1:{  zzU . And let pT denote 

the subclass of pA  consisting of analytic and p-valent functions which can be 

expressed in the form 
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A function ( ) pf z A is said to be p-valent  starlike of order , if and only if 
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for some )0( p . We  denoted the class of all p-valent starlike functions of 

order   by ( ).pS  Further a function )(zf  from pA is said to be convex of 

order  if and only if  
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for some )0( p . We denote the class of all p-valent convex functions of 

order  by ( )pC  . The classes ( )pS  and ( )pC   were first introduced by Patil 

and Thakare [11]. 

The function 

               2( )( ) (1 ) 0 ;p pS z z z p p

                                         (1.5)                            

is the well-known extreme function for the class ( )pS  . Setting       
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then ( )S z can be written in the form  
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We note that ( , )C k is a decreasing function in  and that 
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Let  ( )f g z  denote the Hadamard product (convolution) of two analytic 

functions )(zf  and )(zg , that is , if )(zf  is given by (1.1) and ( )g z is given by                                                                                
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then   
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A function ( ) pf z A is said to be p -valent -prestarlike function of order 

(0 ;0 )p p       if 

                 ( * )( ) ( )pf S z S  ,                                                           (1.11)  

where ( )S z  is defined by (1.7). We denote by ( , )pR    the class of all p -valent 

 -prestarlike function of order (0 ;0 )p p      . 

The class ( , )pR   was studied by Aouf and Siverman [1], Shenan, Salim and 

Marouf [18],while the class ( , ) ( )p pR R   is the class of p-valent prestarlike 

functions of order α studied by Kumar and Reddy [9] and others. For 
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= ( )pS  . Let  * ( , ) ( , )p p pR R T    , 

* ( ) ( )p p pS S T  and * ( ) ( )p p pC C T  . 

The function  ( , ; )p a c z  is defined by 
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 0; , \z U a c R Z    

where ( )ka is the Pochammer symbol defined by 
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Corresponding to the function ( , ; )p a c z , Saitoh [14] introduced and studied a 

linear operator ( , )pL a c on pA by the following Hadamard product (or 

convolution): 

         ( , ) ( ) ( , ; ) ( ) ( )p p pL a c f z a c z f z f z A   .                                   (1.14)                          

For 1p   1( , )L a c onA was first defined by Carlson and Shaffer [3]. 

We can easily find from (1.12) and (1.14) and for the function ( ) pf z T that 
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It is known [14] that 



 

 

53                                                                                            Jamal M. Shenan  
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where  1n pD    is the well-known Ruschewehy derivative of order ( 1n p  ) 

introduced by Goel and Sohi [5]. 

The function ( )f z  is said to be  subordinate to ( )g z in U written ( ) ( )f z g z if 

there exist a function ( )w z analytic U such that (0) 0w  , and ( ) 1w z  , such 

that  ( ) ( ( ))f z g w z .   

 

Now making use of the operator ( , )pL a c defined by (1.14) we introduce the 

following subclass ( , , , , , )pS a c A B    of p -valent  -prestarlike function of 

order (0 ;0 )p p      . 

 

Definition 1. For ,A B arbitrary fixed real numbers, 1 1B A    , a function 

( ) pf z A  defined by (1.1) is said to be in the class ( , , , , , )pS a c A B   if it 

satisfies 
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0(0 ;0 ; , \ )p p a c R Z        
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Note that : 
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(iii) *2 1
( 1, ,1, 1, , ) ( )
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
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The class ( , , , , , )pT a c A B    generalizes and extends other classes studied and 

introduced by several research workers as Aouf and Siverman [1], Shenan, Salim 

and Marouf [18], Kumar and Reddy [9], Sheil-Small et al. [17], Owa and 

Uralegaddi [10]. 

 

 

2  Fractional Integral Operators 
 

We shall be concerned with fractional integral operators involving Fox's H-

function which have been recently introduced by [6] and [7]. 

 

Definition 2. Let 0s N (set of non-negative integers) , j  (set of positive 

real numbers) and ,j j   (set of complex numbers) for 1,2,..., ,j s  while 
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 ,   then the generalized fractional integral operator for the function 

( )f z  is given by 
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where ( )f z  is analytic function in a simply connected region of the z  plane 

containing the origin and  
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The fractional integral operator 
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contains as special case, many other 

fractional integral operators [cf. Saigo, Raina and Kilbas(13)], here we need some 

of them. 
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(I)  For 0t   and ( )f z  being analytic function in a simply connected region of 

the z  plane containing the origin, 
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where  Re 0   and the multiplicity of  
1

z t


 is removed by requiring 

 log z t  to be real when   0z t  ,  zD f z is called the Riemann-liouville 

fractional integral operator of order   [16]. 

 

(II)  With  Re 0,  ,    and ( )f z  being analytic function in a simply 

connected region of the z  plane containing the origin, 
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where  , ,

0,zI f z    is the well known  Saigo fractional integral operator of order  , 

[12] and with the order 
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and the multiplicity of  
1

z t
 

 is remove as in (I). 

(III)  the following form is due to Saigo, Raina and Kilbas [13], for  Re 0,   

, , , ,C R    


  and  f z  is an analytic function in a simply connected 

region of z-plane containing the origin          
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with the order 
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and the multiplicity of  
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 


 is remove by requiring  log z t   to be real 
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For the function ( )f z  defined by (1.1), the operator 
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where  Re 1,j j jp R       and  Re 0, 1,....,j j s   . 

Note that for 1 1 11, 0,s        in ( 2.6 ) we obtain the operator  
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 min , , 1p p p            

The operators  J f z and  , ,

0,zJ f z   have been studied by Choi and Saigo [4]. 

Lemma 1.  (due to Kiryakova[7]) If  Re 1,j j
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3  Coefficient estimates 
 

Theorem 1. For ,A B arbitrary fixed real numbers, 1 1B A    , a  function 

( ) pf z T  defined by (1.2) belongs to the class ( , , , , , )pT a c A B    if and only if 
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where  

00 ;0 ; , \p p a c R Z        and ( , )C k  is defined by (1.6). 

The result is sharp. 

Proof.  Let the function ( ) pf z T defined by (1.2), then from (1.7) and (1.15) we 

have 
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Assume that the inequality (3.1) holds true and let 1z  , then from (1.18) we 

have 
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Hence by the principle of maximum modulus, ( ) ( , , , , , )pf z T a c A B   . 
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Conversely, Assume that ( )f z defined by (3.1) is in the class ( , , , , , )pT a c A B   , 

then from (3.2) we have  
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Since Re( )z z for all z , we have 
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 is real. 

Upon clearing the denominator of (3.3) and letting 1z   through real values we  

get 
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which implies the inequality (3.1). Sharpness of the result follows by setting 
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4    Distortion Theorem for the class ( , , , , , )pT a c A B   . 
 

Theorem 2.  Let  , , 1,2,3,...,j j j j s       such that  

Re( ) Re( ) 1j jp    , and                 
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if the function ( )f z defined by (1.2) is in the class ( , , , , , )pT a c A B   , then  
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0(0 ;0 ; , \ ; 1 1)p p a c R Z B A           . 

For z U and the equality in (4.2) and (4.3) are attained by the function 
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Proof.  Making use of (1.2) and Lemma 1, we obtain     
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From (2.6) we have 
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where 
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Under the assumption of the Theorem we see that   k is non-increasing on k , 
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Which implies the assertion (4.2) of Theorem 2. 

Also, we have 
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Which implies the assertion (4.3) of Theorem 2.  

 

Corollary 1. Let the function  f z defined by (1.2) be in the class 
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For z u and the equality in (4.9) and (4.10) are attained by the function given 

by (4.4). 

Proof.  Setting 1 11, 0,s      and 1 1  in Theorem 3 and using (2.3) we 

obtain the result. 
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The equality in (4.11) and (4.12) are attained by the function given by (4.4). 
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Proof. Setting 1 2 1 2 1 22, 1, 0, , ,s                      in Theorem 

2 and using (2.4) we obtain the result. 
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  

 

    

       



  
      
  

              
               

       
  

    

      

             





   (4.14)  

where is a positive integer and  0z U , where  

 
0

1
1

1
0 1

U p p

U

U p p


 




 



  
     

  
 

          

 

The equality in (4.13) and (4.14) are attained by the function given by (4.4). 

 

Proof.  Setting 

    1 2 1 2 1 22, , 1 1, 1 1 , ,s                                 

in Theorem 2 and using (2.5) we obtain the result. 

 

Corollary 4 . Under the assumption of Theorem 2, let the function  f z defined 

by (1.2) be in the class * ( , )pR   ,  then 
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 
     

 
 

 

 

 

 

1

;

;
1

1

1
      

1

1
1       (4.15)

2( ) 1 1

s s

s

j

j

s
pj j

s
j j j j

s j j

j j j j

p
I f z z

p

pp
z

p p p

 







 

  

 

    







  


   

   
  

      
 





 

and 

 
     

 
 

 

 

 

 

1

;

;
1

1

1
       

1

1
1 . (4.16)

2( ) 1 1

s s

s

j

j

s
pj j

s
j j j j

s j j

j j j j

p
I f z z

p

pp
z

p p p

 







 

  

 

    







  


   

   
  

      
 





 

The equality in (4.15) and (4.16) are attained by the function given by  

 
 

 
1.

2( ) 1

p p
p

f z z z
p p



 




 
  

 

Proof.  Setting , , 1, 1a p c p A B      in Theorem2 we get the result. 

Remark 1. Setting 
2 1

, , 1, 1,
2

p
a p c p A B 


       in Theorem2 we get the 

corresponding result by Banerji and Shenan[2] (Theorem2.1, p.113). 

Remark 2. Setting 
2 1

1, , 1, 1,
2

p
a p c p A B 


        and 1  in 

Theorem2 we get the corresponding result by Banerji and Shenan[2] (Theorem2.2, 

p.115). Several other particular cases  studied by different authors can be obtained 

from Theorem 2 by specializing the parameters , , , , , , , ,s s ss A B a     and c see 

for example [19] and [2]. 

 

 

  5   Convolution Results. 
For the functions  

 , ,

1

( ) 0, 1,2,...,p k p

j k p j k p j

k

f z z a z a j n




 



    ,                                     (5.1)                         

the modified Hadmard product (or convolution) is defined by  

   1 2 ,1 ,2 , ,

1

* *...* ( ) ... 0, 1,2,...,p k p

n k p k p k p n k p j

k

f f f z z a a a z a j n




   



    . 



 

 

Application of Generalized  Fractional…                                                         64 

 

For positive real numbers 1 2, ,..., nr r r  the generalized hadmard product is defined 

by 

       1 2

1 2 1 2 ,1 ,2 ,

1

... ( , ,..., ; ) ...
nr r r

p k p

n n k p k p k p n

k

f f f r r r z z a a a z




  



     , 

or 

              ,

1 1

( ; ) .
j

n
r

p k p

j j j k p j

k j

f r z z a z






 

                                                (5.2)                       

If we take 1 2 ... 1nr r r    , then we have  

 1 2 ... (1,1,...,1; )nf f f z     1 2* *...* ( )nf f f z . 

It is also noted that if , 1, 2,...,jf f j n   and 
1

1
1

n

j jr

 , then 

                                           
1

; ( )j

j

f z f z
r

 
  

 
 

 

Theorem 3.  Let ( ) , 1, 2,...,jf z j n be defined by (4.1) belong to the class 

( , , , , , )p jT a c A B    for each j . Then 

1
; ( , , , , , )j j p

j

f z T a c A B
r

 
 

  
 
 

, 

where  

 
11

1

(1 )( ) ( , )1
min

(1 ) ( )( ) ( ) ( , )
( ) ( ) ( , )

( )( )( )

j

k

k
n r

i k

k k

j i k

k a C k
p

A B
B k A B p a C k

c a C k
A B p c

 


 








  
  
   

   
       

   
      



. (5.3)  

Proof. since ( ) ( , , , , , ), 1,2,...,j p jf z T a c A B j n   , then by Theorem2 we 

have  

 
,

1

(1 ) ( )( ) ( ) ( , )
1 (j=1,2,...,n) ,

( )( )( )

i k

k p j

k i k

B k A B p a C k
a

A B p c

 









   


 
    (5.4)          
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hence 

 
1

,

1

(1 ) ( )( ) ( ) ( , )
1

( )( )( )

jr
i k

k p j

k i k

B k A B p a C k
a

A B p c

 









    
 

  
 .                            (5.5)             

Thus, using Holder's inequality, we get 

 
 

1

1

,

1

(1 ) ( )( ) ( ) ( , )
1,

( )( )( )

j

j

r
i k r

k p j

k j ji k

B k A B p a C k
a

A B p c

 









    
 

  
          (5.6) 

since 

 
1

,

1 1

1
; ,j

n
p k pr

j j k p j

k jj

f z z a z
r






 

 
   

 
 

  

we need to show  

 
 

1

,

1 1

(1 ) ( )( ) ( ) ( , )
1

( )( )( )
j

n
k r

k p j

k jk

B k A B p a C k
a

A B p c

 







 

   


 
  .                          (5.7)             

Now in view of (5.6)  the inequality  (5.7) holds if    

 (1 ) ( )( ) ( ) ( , )

( )( )( )

k

k

B k A B p a C k

A B p c

 



   

 
                

                                           
 

1

1

(1 ) ( )( ) ( ) ( , )

( )( )( )

j
n r

i k

j i k

B k A B p a C k

A B p c

 



    
  

  
  

which simplifies to (5.3) , hence we get the result. 

Theorem 4.  Let ( ) , 1, 2,...,jf z j n  be defined by (4.1) belong to the 

class ( , , , , , )p jT a c A B    for each j . Then the function ( )h z defined by  

,

1 1

1

1
( )

n
p p k

j p k jn
k j

j

j

h z z r a z

r






 



 
   

 
 


,                                       (5.8)             

with 0jr   for 1,2,...,j n , belongs to the class ( , , , , , )pT a c A B   , where 
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 1

1

(1 )
min

(1 ) ( )( )
( )

( )

nk
i

j i

k B
p

B k A B p
A B

p










 
 

 
  

          


.                 (5.9)             

Proof. since ( ) ( , , , , , ), 1,2,...,j pf z T a c A B j n   ,  then from (5.4) we have  

                      
 

,

1

(1 ) ( )( ) ( ) ( , )

( )( )( )

i k

k p j j j

k i k

B k A B p a C k
a r r

A B p c

 









   


 
      

or 

 
,

1 1

1

(1 ) ( )( ) ( ) ( , )1
1

( )( )( )

n
i k

k p j jn
k j i k

j

j

B k A B p a C k
a r

A B p c
r

 







 



    
 

  
 


.             (5.10)              

To show that ( )h z belongs ( , , , , , )pT a c A B   , we need to show  

  ,

1

1

1

(1 ) ( )( ) ( ) ( , )
1

1
( )( )( )

n

k j k p j

j

n
k k

j

j

B k A B p a C k r a

A B p c
r

 










 
    

  
  
 
 





.             (5.11)                

Now in view of (5.10)  the inequality  (5.11) holds if              

 

1

(1 ) ( )( )

( )

n
i

j i

B k A B p

p





   


  

 (1 ) ( )( )

( )

B k A B p

p





   



 

which simplifies to (5.9) , hence we get the result. 

 

 

 

6  Integral transform of the class ( , , , , , )pT a c A B   . 

 
The generalized Komatu integral operator 

, :c p p pL T T  is defined for 

 0 and   -  c p   as (see, e.g. [8,15]) 

 

 

1

1

,

0

( ) ( ) log ( ) .

z

c

c p c

c p z
H z L f z t f t dt

z t

 








  

   
  

                             (6.1)       
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Notice that for   1 c  we get the integral operator introduced by Jung, Kim and 

Srivastava[5]. 

Theorem 5.  Let   ( , , , , , )pf z T a c A B   . Then 
c,pL ( ) ( , , , , , )pf z T a c A B    

Proof .  By using the definition of 
, ( )c pL f z  we have  

 

 
 

1
1 11

,

10

1
( ) log c p p k k p

c p k pt

k

c
L f z t z a t z dt







   





  
  

  
                         (6.2)           

Simplifying by using the definition of gamma function we get  

            ,

1

( ) .p k p

c p k p

k

c p
L f z z a z

c p k












 
   

  
                                        (6.3)                

Now 
, ( ) ( , , , , , )c p pL f z T a c A B    if  

 

1

( )
(1 ) ( )( ) ( , )

( )
1

( )( )

k

k
k

k

a
B k A B p C k

c c p
a

A B p c p k

 







   
 

 
    

 .                 (6.4)             

From Theorem 1 we have   ( , , , , , )pf z T a c A B    if and only if 

 

1

( )
(1 ) ( )( ) ( , )

( )
1

( )( )

k

k
k p

k

a
B k A B p C k

c
a

A B p

 









   


 

 .                                  (6.5)             

Thus in view of (5.5) and the fact that 1 1
c p

for K
c p k

 
  

  
, (6.4) holds true , 

and hence 
, ( ) ( , , , , , )c p pL f z T a c A B   . 

 

7      Open Problem 
 

One can define the same class in this paper by using another operator for example 

Cho, Kwon , Srivastava operator which generalized the operator defined in this 

class and hence new results can be obtained. 
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