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Abstract 

     In this paper, we study dual spacelike biharmonic curves with 
timelike principal normal in dual Lorentzian space .3

1D  We 
characterize curvature and torsion of dual spacelike biharmonic 
curves with timelike principal normal in terms of dual Bishop frame 
in dual Lorentzian space 3

1D .  
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1      Introduction 
Dual numbers were introduced by W. K. Clifford [1] as a tool for his 

geometrical investigations. After him E. Study used dual numbers and dual 
vectors in his research on the geometry of lines and kinematics. He devoted 
special attention to the representation of directed lines by dual unit vectors and 
defined the mapping that is known by his name. There exists one-to-one 
correspondence between the points of dual unit sphere 2S  and the directed lines 
in 3R . 
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The application of dual numbers to the lines of the 3-space is carried out 
by the principle of transference which has been formulated by Study and 
Kotelnikov. It allows a complete generalization of the mathematical expression 
for the spherical point geometry to the spatial line geometry by means of dual-
number extension, i.e. replacing all ordinary quantities by the corresponding dual-
number quantities. 

Harmonic maps ( ) ( )hNgMf ,,: →  between Riemannian manifolds are 
the critical points of the energy  

( ) ,
2
1= 2

gM
vdffE ∫                                            (1.1) 

and they are therefore the solutions of the corresponding Euler--Lagrange 
equation. This equation is given by the vanishing of the tension field 

 ( ) .trace= dff ∇τ                                               (1.2) 
 

The bienergy of a map f  by 

 ( ) ( ) ,
2
1= 2

2 gM
vffE τ∫                                         (1.3) 

and say that is biharmonic if it is a critical point of the bienergy. 
Jiang derived the first and the second variation formula for the bienergy in 

[2], showing that the Euler-Lagrange equation associated to 2E  is 
 ( ) ( )( ) ( ) ( )( )dffdfRfff Nf ττττ ,trace==2 −Δ−−J                (1.4) 

 0,=  
where fJ  is the Jacobi operator of f  . The equation ( ) 0=2 fτ  is called the 
biharmonic equation. Since fJ  is linear, any harmonic map is biharmonic. 
Therefore, we are interested in proper biharmonic maps, that is non-harmonic 
biharmonic maps. 

In this paper, we study dual spacelike biharmonic curves with timelike 
principal normal in dual Lorentzian space .3

1D  We characterize curvature and 
torsion of dual spacelike biharmonic curves with timelike principal normal in 
terms of dual Bishop frame in dual Lorentzian space 3

1D . 

2      Preliminaries 

In the Euclidean 3-Space 3E , lines combined with one of their two 
directions can be represented by unit dual vectors over the the ring of dual 
numbers. The important properties of real vector analysis are valid for the dual 
vectors. The oriented lines 3E  are in one to one correspondence with the points of 
the dual unit sphere 3D . 

W.K. Clifford, in [1], introduced dual numbers with the set 
 }.,:=ˆ{= RD ∈+ ∗∗ xxxxx ε  

 



 
 

 
 

 
 
 
Talat Körpinar et al.                                                                                             78 

The symbol ε  designates the dual unit with the property 0=2ε  for ≠ε  
0 . Thereafter, A good amount of reserach work has been done on dual numbers, 
dual functions and as well as dual curves [7]. Then, dual angle is introduced, 
which is defined as ∗+ εθθθ =ˆ , where θ  is the projected angle between two 
spears and ∗θ  is the shortest distance between them. The set D  of dual numbers is 
a commutative ring with the operations (+) and (.). The set 

}=ˆ:ˆ{== 33 EDDDD ∈+×× ∗εϕϕϕϕ  is a module over the ring D , [8]. 
Let us denote 
 ),,(),,(==ˆ 321321

∗∗∗∗ ++ aaaaaaaaa εε  
 

and 
 ).,,(),,(==ˆ

321321
∗∗∗∗ ++ bbbbbbbbb εε  

 
The Lorentzian inner product of â  and b̂  defined by 
 ).,,(,=ˆ,ˆ babababa ∗∗ ++ ε  

 
We call the dual space 3D  together with Lorentzian inner product as dual 

Lorentzian space and show by .3
1D  We call theelements of 3

1D  the dual vectors. 

For 0ˆ ≠ϕ , the norm ϕ̂  of is defined by .ˆ,ˆ=ˆ ϕϕϕ  A dual vector 
∗+ εϕϕϕ =ˆ  is called dual space-like vector if 0>ˆ,ˆ ϕϕ  or 0=ε , dual time-like 

vector if 0,<ˆ,ˆ ϕϕ  and dual null (light-like) vector if 0=ˆ,ˆ ϕϕ  for 0ˆ ≠ϕ . 

Therefore, an arbitrary dual curve, which is a differentiable mapping onto 3
1D , can 

locally be dual space-like, dual time-like or dual null, if its velocity vectoris 
respectively, dual space-like, dual time-like or dual null. 

Besides, for the dual vectors â , b̂  3
1D∈ , Lorentzian vector product of dual 

vectors is defined by 
 
 ),(=ˆˆ ∗∗ ×+×+×× babababa ξ  

where ba×  is the classical Lorentzian cross product . 

3      Dual Biharmonic Curves in the Dual Lorentzian 
Space 3

1D  

Let 3
1:=ˆ D→⊂+ ∗ RIεγγγ  be a 4C  dual spacelike curve with timelike 

principal normal by the arc length parameter s . Then the unit tangent vector 

t' ˆ=γ̂  is defined, and the principal normal is =n̂  tt
ˆ

ˆ
1

ˆ∇
κ

, where κ̂  is never a 
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pure-dual. The function ∗+∇ εκκκ =ˆ=ˆ ˆtt  is called the dual curvature of the 

dual curve γ̂ . Then the binormal of γ̂  is given by the dual vector ntb ˆˆ=ˆ × . Hence, 
the triple { }bnt ˆ,ˆ,ˆ  is called the Frenet frame fields and the Frenet formulas may be 
expressed 

 ,ˆˆ=ˆˆ ntt κ∇  

 ,ˆˆˆˆ=ˆˆ btnt τκ +∇                                                                            (3.1) 

 ,ˆˆ=ˆ
ˆ nbt τ∇  

where ∗+ ετττ =ˆ  is the dual torsion of the timelike dual curve γ̂ . Here, we 
suppose that the dual torsion τ̂  is never pure-dual. In addition, 

 ( ) ( ) ( ) 1,=ˆ,ˆ1,=ˆ,ˆ1,=ˆ,ˆ bbgnngttg −                                             (3.2) 
 ( ) ( ) ( ) 0.=ˆ,ˆ=ˆ,ˆ=ˆ,ˆ bngbtgntg  

 
 
In the rest of the paper, we suppose everywhere 0≠κ  and 0≠τ . 
The Bishop frame or parallel transport frame is an alternative approach to 

defining a moving frame that is well defined even when the curve has vanishing 
second derivative. The Bishop frame is expressed as  

 ,ˆˆˆˆ=ˆ
2211ˆ mkmktt −∇  

 ,ˆˆ=ˆ 11ˆ tkmt∇                                                                                (3.3) 

 ,ˆˆ=ˆ 22ˆ tkmt∇  
where 

 ( ) ( ) ( ) 1,=ˆ,ˆ1,=ˆ,ˆ1,=ˆ,ˆ 2211 mmgmmgttg −                                  (3.4) 
 ( ) ( ) ( ) 0.=ˆ,ˆ=ˆ,ˆ=ˆ,ˆ 2121 mmgmtgmtg  

 
Here, we shall call the set }ˆ,ˆ,ˆ{ 11 mmt  as Bishop trihedra, 1̂k  and 2k̂  as 

Bishop curvatures. where ( )
1

2
ˆ
ˆ

arctan=ˆ
k
ksθ , ( )ss 'θτ ˆ=)(  and .ˆˆ=)(ˆ 2

1
2
2 kks −κ  

Thus, Bishop curvatures are defined by 
 ( ),ˆsinh)(ˆ=1̂ ssk θκ                                                                     (3.5) 
 ( ).ˆcosh)(ˆ=ˆ

2 ssk θκ  
 

 
Theorem 3.1. Let 3

1:ˆ D→Iγ  be a non-geodesic spacelike dual curve with 
timelike principal normal parametrized by arc length. γ̂  is a non-geodesic 
spacelike dual biharmonic curve if and only if 
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 ,ˆ=ˆˆ 2
2

2
1 ϒ− kk  

 ,0=ˆˆˆˆ
1

2
2

3
11 kkkk '' −+                                (3.6) 

 0,=ˆˆˆˆ
2

2
1

3
22 kkkk '' −+−  

where ϒ̂  is dual constant of integration. 
 
Proof. From (1.4), we get the biharmonic equation of γ̂  

 ( ) 0.=ˆˆ,ˆˆ=)ˆ( ˆ
3
ˆ2 tttRt tt ∇−∇γτ                            (3.7) 

 
Next, using the Bishop equations (3.3) we obtain 
 ( ) ( ) ( ) .ˆˆˆˆˆˆˆˆˆˆˆˆˆ3ˆˆ3=ˆ

22
2

1
3
2211

2
2

3
112211

3
ˆ mkkkkmkkkktkkkkt ''''''
t −+−+−++−∇       (3.8) 

 
Thus, (3.7) and (3.8) imply 
( ) ( ) ( )

( ) 0.=ˆˆ,ˆ
ˆˆˆˆˆˆˆˆˆˆˆˆˆ3ˆˆ3

2ˆ

22
2

1
3
2211

2
2

3
112211

mttR
mkkkkmkkkktkkkk

t

''''''

∇−

−+−+−++−
                 (3.9) 

 
In 3D , the Riemannian curvature is zero, we have 
 ( ) ( ) ( ) 0.=ˆˆˆˆˆˆˆˆˆˆˆˆˆ3ˆˆ3 22

2
1

3
2211

2
2

3
112211 mkkkkmkkkktkkkk '''''' −+−+−++−       (3.10) 

 
From Bishop frame, we have 

 0.=ˆˆ3ˆˆ3 2211 kkkk '' −                                  (3.11) 
 

Also, from (3.11) we get 
,ˆ=ˆˆ 2

2
2

1 ϒ− kk                                        (3.12) 
where ϒ̂  is dual constant of integration. 

Using (3.10) ,  we get 
 0,=ˆˆˆˆ

1
2
2

3
11 kkkk '' −+                                                            (3.13) 

 0.=ˆˆˆˆ
2

2
1

3
22 kkkk '' −+−                                                           (3.14) 

 
The proof is completed. 
 
Lemma 3.2. Let 3

1:ˆ D→Iγ  be a non-geodesic spacelike dual curve with 
timelike principal normal parametrized by arc length. γ̂  is a non-geodesic 
spacelike dual biharmonic curve if and only if 

 ,ˆ=ˆˆ 2
2

2
1 ϒ− kk  

 ,0=ˆˆˆ
11 ϒ+ kk ''                                 (3.15) 

 ,0=ˆˆˆ
22 ϒ− kk ''  
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where ∗ϒ+ϒϒ ε=ˆ  is constant of integration. 
 
Lemma 3.3. Let 3

1:ˆ D→Iγ  be a non-geodesic spacelike dual curve with 
timelike principal normal parametrized by arc length. γ̂  is a non-geodesic 
spacelike dual biharmonic curve if and only if 

 ,=2
2

2
1 ϒ− kk                                    (3.16) 

 .=2211
∗∗∗ ϒ− kkkk                                (3.17) 

 
 
Proof. Using (3.12), we have (3.16) and (3.17). 
 
Corollary 3.4. Let 3

1:ˆ D→Iγ  be a non-geodesic spacelike dual curve with 
timelike principal normal parametrized by arc length. If 0,=ϒ̂  then 

 ,= 2
2

2
1 kk  

 ,= 2211
∗∗ kkkk                                                                             (3.18) 

 ,ˆˆˆ=ˆ
211 CsCk +  

 ,ˆˆˆ=ˆ
432 CsCk +  

where 4321
ˆ,ˆ,ˆ,ˆ CCCC  are dual constants of integration. 

  
Proof. Suppose that 0.=ϒ̂  Substituting 0== ∗ϒϒ  in Lemma 3.3, we 

have 
 ,= 2

2
2

1 kk  
 .= 2211

∗∗ kkkk  
 

On the other hand, using second and third equation of (3.2), we get 
 0.=ˆ ,0=ˆ

21
'''' kk  

 
If we integrate above equation, we have 
 ,ˆˆˆ=ˆ

211 CsCk +  
 ,ˆˆˆ=ˆ

432 CsCk +  

where 4321
ˆ,ˆ,ˆ,ˆ CCCC  are dual constants of integration. The proof is completed. 

 

5      Open Problem 
This work, we study dual spacelike biharmonic curves with timelike 

principal normal in dual Lorentzian space .3
1D  We characterize curvature and 
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torsion of dual spacelike biharmonic curves with timelike principal normal in 
terms of dual Bishop frame in dual Lorentzian space 3

1D . 
Moreover the resarcher can characterize curvature and torsion of dual 

spacelike biharmonic curves with spacelike principal normal. 
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