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Abstract

The main object of the present paper is to use the second kind
Chebyshev polynomial expansions to derive estimates on the initial
coefficients for a certain family of analytic and bi-univalent functions
with respect to symmetric conjugate points defined in the open unit
disk. Also, we solve Fekete-Szego problem for functions in this family.
Furthermore, we give connections to some of the earlier known
results.
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1 Introduction
The importance of Chebyshev polynomial in numerical analysis is increased in both

theoretical and practical points of view. There are four kinds of Chebyshev
polynomials. Several researchers dealing with orthogonal polynomials of
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Chebyshev family, contain mainly results of Chebyshev polynomials of first kind
T,.(t), the second kind U,,(t) and their numerous uses in different applications one
can refer [8,10,15]. The Chebyshev polynomials of the first and second kinds are
well known and they are defined by

sin(n+ 1)60

T,,(t) =cosnf  and U,(t) = s

where n indicates the polynomial degree and t = cos né.

(-1<t<1),

The Fekete-Szego functional |a; — pua3| for analytic univalent functions is well
known for its rich history in the field of Geometric Function Theory. Its origin was
in the disproof by Fekete and Szegdé [12] conjecture of Littlewood and Paley that
the coefficients of odd univalent functions are bounded by unity.

Let A stand for the family of functions f which are analytic in the open unit disk
U={z€C :|z| <1} that have the form:

f(2) =Z+Zanzn . (D

Also, let S be the subclass of A consisting of the form (1) which are univalentin U.
According to the Koebe One-Quarter Theorem [9] "every function f € S has an

inverse f~1, defined by f~2(f(2)) =z, (ze U) and f(f1(w)) = w, (|W| <

ro(f), ro(f) = i) For the inverse function f~1, we have

gw) = f(w) =w —a,w? + (2a5 — az)w? — (5a3 — 5aya; + a,))w* + . (2)
A function f € A is said to be bi-univalent in U if both f and £~ are univalent in
U. Let X indicate the class of bi-univalent functions in U given by (1). In fact,
Srivastava et al. [19] have apparently resuscitated the study of holomorphic and bi-
univalent functions in recent years, it was followed by such works as those by Frasin
and Aouf [13], Ali et al. [2], Deniz [7] and others (see, for example
[1,3,4,5,6,14,17,18,20]). We notice that the family X is not empty. Some examples
of functions in the class X are

z 1 1+z
— 1 ( ) and —log(1—2z2)

, Flogl——
1-2’ 2 8\1—;
with the corresponding inverse functions
w eV —1 q eV —1
, an )
1+w '’ ew+1 ew
respectively. Other common examples of functions is not a member of X are
z2 4z
Z —— 4dan
2 1—2z2

Until now, the coefficient estimate problem for each of the following Taylor-
Maclaurin coefficients |a,|, (n = 3,4, ...) for functions f € X is still an open
problem.
El-Ashwah and Thomas [11] introduced the class S;. of functions called starlike
with respect to symmetric conjugate points, they are the functions f € S satisfy the
condition



27 Coefficient Estimates and Fekete-Szego Inequality for ...

{ zf'(z)
Re{—————————
f(2) - f(=2)
A function f € S is called convex with respect to symmetric conjugate points, if
Re{ (or@)
ORNICH)
The class of all convex functions with respect to symmetric conjugate points is
denote by Cs,.
"With a view to recalling the principal of subordination between analytic functions,
let the functions f and g be analytic in U. We say that the function f is said to be
subordinate to g, if there exists a Schwarz function w analytic in U with w(0) = 0
and [w(z)| <1 (z € U) such that f(z) = g(w(z)). This subordination is denoted
by f < gorf(z) < g(z)(z € U). Itis well known that (see [16]), if the function g
is univalentin U, then f < g ifand only if f(0) = g(0) and f(U) c g(U)."
We consider the function

}>0, zeU.

I>O, z e U.

1
H =— €E(=,1 e V.
@0 1-2tz+22" " (2' ]'Z v
We note that if t = cos B, where g € (—7, %), then
1 - sin(n+ 1)
H(z,t) = =1 z— nzeU.
6 1—2cosfz+ z? * sin 8 zz

n=1

Therefore

H(z,t) =1+ 2cosBz+ (3cos?p —sin?B)z? + -,z € U.
In view of [22], we can write

H(z,t) =1+ Uy(D)z + U,()z> + - (z € U,t € (-1,1)),
where
sin(n arccost)

Vi-2
are the Chebyshev polynomials of the second kind. Also, it is known that
Un(t) = ZtUn—l(t) —Up— ()

Up-1 =

(neN={12..})

and
U, (t) = 2t, Uy,(t) =4t?> —1, Us(t) =8t3—4t, ... . (3)
The generating function of the first kind of Chebyshev polynomial T,,(t), t €

[—1,1] is given by
iT N . evu
n(O2" == # €U

n=0
The Chebyshev polynomials of first kind T, (t) and of the second kind U, (t) are
connected by

: th(t) = Mn_1(8), Tn(t) = Un(t) = tUn_1(t), 2T, (t) = Un(t) = Up—,(D).
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2  Main Results

We begin this section by defining the family S5 (a, t) as follows:

Definition 21. For0 < a <landt € G 1], a function f € X is said to be in
the family Sg (e, t) if it fulfills the subordinations:

200z’ (2) + (@ + D22 f"(@) + 21 (2)]
«(2(f@) - TED)" + (F@ - D)) + (- 02(f ) ~ D)

<H@) =107

and
2[aw3g"" (W) + (a + Dw?g" (w) + wg’'(W)]

a(w2(gw) — gCm)" + (gw) — gm) ) + (1 — w(g(w) - g=m)
1
<HW.0O =T e
where the function g = 1 is given by (2).
In particular, if we choose a = 0 in Definition 2.1, the family S5 (a, t) reduce to
the family F3¢(t) which was given by Wanas and Majeed (see [21]) and defined
as follows:

Definition 2.2 [21]. For t € G 1], a function f € X' is said to be in the family
FsC(t) if it fulfills the subordinations:
2(zf'(2))

Go -1y O T au s
and
2(wg' (W)’
A HW) = ———
(g(W) - g(—W)) < Hw,0 1-2tw + w?

where g = f~1is given by (2).
Theorem 2.1. For0<a <1 and t € (%1] let f € A be in the family
S5 (a,t). Then
tV2t
lay| <

(@ +2)? = 2(2a? + 4a + 5)t2]

and
] < t? N t
Bl=wr22 sa+3
Proof. Let f € S5 (a, t). Then there exists two analytic functions u,v:U — U
given by

u(z) = wz + uyz® + uzzs + - (zel) (4)
and
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v(w) = vyw + v,w? + vaw?3 + - (w e ), (5)
with u(0) = v(0) =0, |lu(z)| < 1, [v(w)| < 1, z,w € U such that
2[az’f""(2) + (a + 1)z*f"(2) + zf ' (2)]

a (Zz(f(Z) - ]ﬁ)” +(f(2) - @)) +(1-a)z(f(2) - ﬁ)’

=1+ U;(O)u(z) + U,(D)u?(z) + - (6)

and
2[aw3g"" (W) + (a + Dw?g" (w) + wg'(W)]

o (WZ(Q(W) @) + (gw) - g(—W))) + (1 - @w(gw) — g=m))’
= 14 U,(O)v(w) + Uy ()02 (w) + - . )

Combining (4), (5), (6) and (7), we obtain
2[az’f""(2) + (a + DZ*f"(2) + zf ' (2)]

«(2(f@ - FED)" + (@) - FD) ) + (- 2(f () - FD)

=1+ U;(Ou,z + [U (Duy + Uy (Hu?]z? + - (8)

and
2[law?g"" W) + (@ + Dw?g" (w) + wg'(w)]

a (w2(gw) - g=m)" + (9w) — gm)) + (1 = w(gw) - g=m)

=1+ U, (Dvw + [U (v, + U, (D)v2]w? + - . 9)
It is quite well-known that if |u(z)| < 1 and |[v(w)| < 1, z,w € U, then
|lu;l <1 and |y <1 foralli€N. (10)
Comparing the corresponding coefficients in (8) and (9), after simplifying, we have
2(a+2)a; = U;(Duy, (11)
2(4a + 3)a; = U;(Hu, + U,(0)u?, (12)
—2(a+ 2)a, = U;(t)v, (13)
and
2(4a +3)(2a3 — a3) = U (v, + U, (t)v2. (14)
It follows from (11) and (13) that
U = =0 (15)
and
8(a + 2)%a2 = U2(t)(u? + v3). (16)
If we add (12) to (14), we find that
4(4a + 3)ai = U, (t)(uy + vy) + Uy (6) (u? + v2). (17)
Substituting the value of u? + vZ from (16) in the right hand side of (17), we get
ataa+3) - 229 oyl a2 = U@y + v,
Ui (®)

or equivalently
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a2 = U () (u, + 1)
27 4(4a + 3)UZ() — 8(a + 2)2U,(t)’
Further computations using (3), (10) and (18), we obtain
tV2t

JI@+2)7 = 22a? + 4a + 5)t7|
Next, if we subtract (14) from (12), we deduce that
4(4a + 3)(az — a3) = Uy () (uy — v,) + U () (uf — vi). (19)
In view of (15) and (16), we get from (19)
Ul ( ) 2
as = 8( + 2)2 ( 1 ) +
Thus applying (3), we obtain

(18)

|laz| <

Uy (2)

T +3) M2 V)

i < t? N t

Bl =+ 22 4a+3

If we choose @ = 0 in Theorem 2.1, we conclude the result for well-known family
F3¢(t) which was considered recently by Wanas and Majeed [21].

Corollary 2.1 [21]. Fort € G 1], let f € A be in the family F5¢(t). Then
tVt
|2 — 5t2|

t(3t+4
<—( - ).

las| <
12
In the next theorem, we discuss the "Fekete-Szegdo problem™ for the family S5 (a, t).

Theorem22. For0<a <1,t€ G 1] and u € R, let f € A be in the family
Ss(a,t). Then

la,| <

and

( t
da+3’ 2
for |p—1| < 2(4a1+ 3) G :22) —2(2a” +4a + 5)|
ya2| =1
263 | — 1] _
12(4a + 3)t? — (a + 2)%(4t%2 - 1)|’
2
\ for IH_1|22(4a1+3) (a:ZZ) —2(2“2+46¥+5)|
Proof. In the light of (18) and (19), we find that
2 U7 () (uy + v5) Uy (t) (uy — v,)
—pa; =1 —p

2(da + 3)UP() —8(a + 2)20,(0) | 4(4a +3)
1 1
=00 [(lp(”) T a1 3)) (MM) " 4(4a + 3)) vz]’

where
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UZ()(1 —p)

YW = I 13902 (0) = 2(a + D, O]
According to (3), we deduce that
t
|2av3r O=PWISiE

las — pa| < |
e e

After some computations, we obtain the desired result.
Putting u = 1 in Theorem 2.2, we conclude the following result:

Corollary 22. For 0<a <1 and t € (3,1], let f € A be in the family
Sg(a,t). Then

4(4a + 3)

2
as; —as5| < .
la; — az] 4q + 3

3  Open Problem

The open problem is to find an upper bound for the second and Third Hankel
determinants for functions belongs to the family S5 («, t) and hence new results can
be obtained.
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