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Abstract

Approximations of fixed points have been done in differ-
ent space and classes. However, characterizations in norm-
attainable classes remains interesting. This paper discusses
approximation of nonexpansive operators in Hilbert spaces in
terms of fixed points. In particular, we prove that for an
invariant subspace H0 of a complex Hilbert space H, there
exists a unique nonexpansive retraction R of H0 onto Ξ(Q)
and x ∈ H0 such that the sequence {ξn} generated by ξn =
εnf(ξn)+(1−εn)Tξnξn is strongly convergent to Rx for all n ∈ N .
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1 Introduction

A lot of studies involving mappings on Banach spaces have been done over
along period of time with interesting results obtained(see [2] - [10] and the
refererences therein). On fixed point theory in convex sets in particular, char-
acterizations have been carried out with nice expositions [11]. The interesting
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aspect is that, provided the existence of a fixed point of a given mapping has
been found, what remains is to determine the value of that fixed point which
is not a trivial task [11]. This is the reason why iterative processes are put
into action for computing them. The Banach contraction theorem [1] utilized
Picard iteration process in approximating a fixed point. This work character-
izes nonexpansive contractions in norm-attainable classes. Here is the main
theorem of this work.

Theorem 1.1 Let Q be a two-sided maximal ideal of a real separable Hilbert
space H and H0 be a reflexive invariant subspace of H. Suppose that P =
{Ts : s ∈ Q} is a canonical representation of Q from H into itself such that
the essential closure of {Ttx : t ∈ Q} is sequentially compact for every x ∈ H0

and Ξ(Q) 6= ∅. Suppose that X is an invariant subspace of NA(Q) such that
1 ∈ X, t 7→ 〈Ttx, x∗〉 is an element of X for each x ∈ H0 and x∗ ∈ H∗.
Consider {γn} as monotone increasing sequence of X. Suppose that f is a
contraction on H0. Let εn be a sequence in (0, 1) such that lim

n
εn = 0. Consider

the duality mapping J to be weakly sequentially continuous. Then we have a
unique nonexpansive retraction R of H0 onto Ξ(Q) and x ∈ H0 such that the
sequence {ξn} generated by ξn = εnf(ξn) + (1− εn)Tξnξn is strongly convergent
to Rx for all n ∈ N .

We note that an operator S ∈ B(H) is said to be norm-attainable if there
exists a unit vector x ∈ H such that ‖Sx‖ = ‖S‖. We denote the class of all
norm-attainble operators on H by NA(H). For S ∈ NA(H), we call x a fixed
point of S if S(x) = x. If H0 is an invariant subspace of H then S ∈ NA(H)
is said to be nonexpansive if ‖Sx − Sy‖ = ‖x − y‖, for all x, y ∈ H0. In the
next section we give the main results in this note.

2 Main results

Now we give the main results of this study. First, we begin with some auxiliary
results and we express our conditions by removing the compactness condition
on an invariant subspace H0 of a complex Hilbert space H as follows.

Proposition 2.1 Let H0 be an invariant subspace of H. For every two-sided
maximal ideal Q of complex Hilbert space H, there exists a unique nonexpansive
retraction Ξ(Q) of H0.

Proof. Since H has the Opial’s condition then by Banach contraction mapping
theorem, we can fix a sequence ξn in H0 i.e. ξn = 1

n
x+ (1− 1

n
)Tξξn (n ∈ N ),

where x ∈ H0 is fixed and ξ is an invariant on X. From [2], we have
limn→∞ ‖ξn − Tξξn‖ = 0. The boundedness of {ξn} is trivial so we that it
weakly converges to an element of Ξ(Q). That is, we prove that the weak



Fixed points approximation... 3

limit set of {ξn} denoted by ωω{ξn} is contained in Ξ(Q). Let x∗ ∈ ωω{ξn}
and consider {ξnj

} be a subsequence of {ξn} such that ξnj
⇀ x∗. Since I − Tt

is semiclosed at diminishing point, for each t ∈ Q, then we conclude that
x∗ ∈ Ξ(Q). Therefore, ωω{zn} ⊆ Ξ(Q). Now {ξn} is bounded and H is separa-
ble, so {ξn} is a sequentially compact subset of H, hence we have {ξnj

} of {ξn}
such that {ξnj

} sequentially converges to a point ξ. Invoking nonexpansivity
of retractions of H0 onto Ξ(Q), uniqueness is proved and the proof is complete.

The next result is an analogy of of known assertions whereby we remove the
compactness condition on H0 for reflexive real separable Hilbert spaces as
follows.

Lemma 2.2 For every two-sided maximal ideal Q of an infinite dimen-
sional, reflexive, separable Hilbert space H, let X be a left invariant subspace
of NA(Q) such that 1 ∈ X, and the function t 7→ 〈Ttx, x∗〉 is an element of
X for each x ∈ H0 and x∗ ∈ H∗. Then there exists a unique nonexpansive
retraction Ξ(Q) of H0.

Proof. Since H has the Opial’s condition, let x ∈ H0. We fix the following
set D = {y ∈ H0 : ‖y − p‖ ≤‖ x − p ‖}. Since D is reflexive and x ∈ D we
have Tt(D) ⊂ D. Given ε > 0, the rest of the proof follows immediately from
Proposition 2.1. This completes the proof.
Now we dedicate our efforts to proving Theorem 1.1.
Proof. We proceed with the Proof of Theorem 1.1 as follows. We know that
H has the Opial’s condition and that H is a reflexive real separable Hilbert
space. We give our proof in five steps as illustrated below.
Step(i). Existence of {ξn}. This is guaranteed from Proposition 2.1 and also
follows Step 1 of [2].
Step(ii). {ξn} is bounded. To see this, let p ∈ Ξ(Q). Since Tξnp = p for
each n ∈ N , by simple calculation we have ‖ξn − p‖2 ≤ εnα‖ξn − p‖2 +

(1− εn)‖ξn − p‖2 + εn
〈
f(p)− p , J(ξn − p)

〉
≤ 1

1−α 〈f(p)− p , J(zn − p)〉 . So,

‖zn − p‖ ≤ 1
1−α‖f(p)− p‖, proving the boundedness of {ξn}.

Step(iii). We show that limn→∞ ‖ξn − Ttzn‖ = 0, for all t ∈ Q. To see this,
consider t ∈ Q. Let p be an arbitrary element of Ξ(Q). Set D = {y ∈ H0 :
‖y − p‖ ≤ 1

1−α‖f(p)− p‖}. From the statement of the theorem, we know that
that D is reflexive and {ξn} ⊂ D and Tt(D) ⊂ D. The rest of the proof follows
from step (vii) in [11].
Step(iv). We have a unique retraction R of H0 onto Ξ(Q) and x ∈ H0 such that
Γ := lim supn〈x−Rx , J(ξn −Rx)〉 ≤ 0. The proof follows from the definition
of Γ and from Step (ii) that {ξn} is bounded, and since H is reflexive and
separable, so we have {ξnj

} of {ξn} satisfying lim
j
〈x − Rx , J(znj

− Rx)〉 = Γ

and {ξnj
} sequentially converges to a point ξ. By considering Lemma 2.2, and

the definition of nonexpansive operator the rest is clear.
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Step(v). {ξn} strongly converges to Rx. Indeed, this follows from the fact that
H is separable and lim supn ‖ξn−Rx‖2 ≤ 2

1−α lim supn〈x−Rx , J(ξn−Rx)〉 ≤
0. By simple manipulation it is easy to see that ξn → Rx. This completes the
proof.

3 Open Problem

Does Theorem 1.1 hold for Banach spaces in general?
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