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Abstract

We define the concept of rough limit set of a triple sequence
space of Chlodowsky type (), q)-Bernstein Stancu operator of
Borel summability of fuzzy numbers and obtain the relation
between the set of rough limit and the extreme limit points
of a triple sequence space of Chlodowsky type (), q)-Bernstein-
Stancu operator of Borel summability method of fuzzy num-
bers. Finally, we investigate some properties of the rough limit
set of Chlodowsky type (), q)-Bernstein Stancu operator under
which Borel summable sequence of fuzzy numbers are conver-
gent. Also, we give the results for Borel summability method
of series of fuzzy numbers.

Keywords: Triple sequences, rough convergence, closed and convex, clus-
ter points and rough limit points, sequences of fuzzy numbers, Chlodowsky
type (A, q)-Bernstein Stancu operator, Bernstein-Stancu polynomials, Borel
summability method.

1 Introduction

A triple sequence (S,,nx) of complex numbers is said to be Borel summable to

) . m+n+k
S'if the series > o (D> S T Omnk converges for all # € R and
oo o o0
xm+n+k

671222m5mnk—>5,$%00

m=0 n=0 k=0
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In this we define Borel summability method for sequences and series of
fuzzy numbers.

Definition 1.1. Let (k) be a triple sequence of fuzzy numbers. Then the
eTPression Y . ¥ > Umnk 18 called a series of fuzzy numbers. Denote

r S t
Syt = Z ZZumnk for all r,s,t € N.

m=0 n=0 k=0

If the sequence (S,s) converges to a fuzzy number u, then we say that the series
SO Uk of fuzzy numbers converges to w and write YY) Uppk = U
which implies as r,s,t — oo that S0 S°° S u- o (A) — u (\) and
S o S Ut (N) = ut (\) uniformly in X € [0, 1].

Conversely, if the fuzzy numbers U, = {(u;mk (A),ut ()\)) : A €0, 1]},

) mnk
D =0 om0 2o Uy (A) = ™ () and Y57 3700 S04ty (A) = ut (M)
converge uniformly in A, then uw = {(u™ (A),u™ (\)) : A € [0, 1]} defines a fuzzy
number such that w=">_>"" Unnk-

We say other wise the series of fuzzy numbers diverges. Additionally, if
the triple sequence (Sys) is bounded then we say that the series Y > > Umnk
of fuzzy numbers is bounded. We denote the set of all bounded series of fuzzy
numbers by bs (F).

Definition 1.2. A triple sequence (Upmni) of fuzzy numbers is said to be
Borel summable to ( € E' if the series

converges for x € (0,00) and lim, ,, e *f (z) = (.

The idea of rough convergence was first introduced by Phu [15, 16, 17] in
finite dimensional normed spaces. He showed that the set LIM is bounded,
closed and convex; and he introduced the notion of rough Cauchy sequence.
He also investigated the relations between rough convergence and other con-
vergence types and the dependence of LIM! on the roughness of degree r.

Aytar [1] studied of rough statistical convergence and defined the set of
rough statistical limit points of a sequence and obtained two statistical con-
vergence criteria associated with this set and prove that this set is closed and
convex. Also, Aytar [2] studied that the r-limit set of the sequence is equal to
intersection of these sets and that r-core of the sequence is equal to the union
of these sets. Dundar and Cakan [11] investigated of rough ideal convergence
and defined the set of rough ideal limit points of a sequence The notion of I-
convergence of a triple sequence spaces which is based on the structure of the
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ideal I of subsets of N x N x N, where N is the set of all natural numbers, is a
natural generalization of the notion of convergence and statistical convergence.

Let K be a subset of the set of positive integers N x N x N and let us denote
the set Kipe = {(m,n,k) € K :m <i,n < j k </{}. Then the natural density
of K is given by

(k) =t o,
1,7,—00 ij
where |K;j¢| denotes the number of elements in K.

First applied the concept of (p,g)-calculus in approximation theory and
introduced the (p, ¢)-analogue of Bernstein operators. Later, based on (p, q)-
integers, some approximation results for Bernstein-Stancu operators, Bernstein-
Kantorovich operators, (p,q)-Lorentz operators, Bleimann-Butzer and Hahn
operators and Bernstein-Shurer operators etc.

Very recently, Khalid et al. have given a nice application in computer-
aided geometric design and applied these Bernstein basis for construction of
(p, q)-Bezier curves and surfaces based on (p, ¢)-integers which is further gen-
eralization of g-Bezier curves and surfaces.

Motivated by the above mentioned work on (p, ¢)-approximation and its
application, in this paper we study statistical approximation properties of
Bernstein-Stancu operators based on (p, g)-integers.

Now we recall some basic definitions about (p, ¢)-integers. For any u, v, w €
N2, the (p, ¢)-integer [uvw], , is defined by
puvw _ quvw

[0]p4 =0 and [uvw],, = if w,v,w > 1,

p—4q
where 0 < ¢ < p < 1. The (p, q)-factorial is defined by
[0]pq! =1 and [uvw]ly g = [1]pg[2]pq - - - [uvw]yq
if u,v,w>1and u,v,w,m,n, ke N.

Also the (p, ¢)-binomial coefficient is defined by

u\ (v\ (7 _ [u]lpg [v]'y.q [w]lpq
<m> <n> (k) Dy g [u = mllg (0]l [0 = 1]l (K] [0 — K]l

for all w,v,w,m,n, k € N with (u,v,w) > (m,n, k).
The formula for (p, ¢)-binomial expansion is as follows:

uvw
p.q

u v w
(u—m)(u—m—1)+(v—n)(v—n—1)+(w—k)(w—k—1) m(m—1)+n(n—1)+k(k—1)
=22 > » : ¢

m=0 n=0 k=0

(#l) <';)L) (Z) a(ufm)+(v7n)+(w7k) bm+n+kx(u7m)+(v7n)+(w7k)ym+n+k’

)

(az + by)
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(z+y)e’ = (@ +y) (pr+qy) (P*r+4y)
B

b,q
. (p(u—1)+(v—1)+(w—1) _ q(u—1)+(v—1)+(w—1)$> ’

and

(m)z?;zk — (pa:) (pza:) L (p(u71)+(v71)+(w71)$) . pm(mflwn(;ﬂ)w(kﬂ).

The Bernstein operator of order rst is given by

Brat(f)= ZZZf (mnk)( )(ﬁ)(é)xmﬂ%(l_x)(m—r)+(n—s)+(k—t)

TSt
m=0n=0 k=0

where f is a continuous (real or complex valued) function defined on [0, 1].
The (p, q)-Bernstein operators are defined as follows:

Brst,pq(ﬂ )
m(m—1)4+n(n—1)+k(k—1) man,
T r— 1)+s(5 1)+t(t—1) ZZZ( )( >( )p 2 €T +n+k
p m=0n=0 k=0
(r—m-1) (s—n—1) (t—k—1)
I o=z I @=-q=2) [] 0" -q"=) (1)
u1=0 uz2=0 u3=0

f [ [pq (K] € [0,1]
plm=nt=a) k=0 [p]  [s], [t + 1 o

Also, we have

m4n-+k (r—=m)(r—m—1)+(s—n)(s—n—1)+(t—k)(t—k—1)
(=1) p s

m(m—1)4+n(n—1)+k(k—1 t
e el (AN C) (k:) e
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(p, q)-Bernstein-Stancu operators are defined as follows:

L m(m—1 ) (n—1 )k (k1)
Sl )= s 353 () (1) ()=
p s

m=0n=0 k=0
(r—m-—1) (s—n—1) (t—k—1)

T @ —a2) [ @=-q22) [ @=-q°2) @

u1=0 u2=0 u3z3=0

p(Tim)Jr(s*n)Htik) [m]p,q [n]p,q [k']p,q +n
! ( [Pl q [8],0 [, + 1 ) Lz €[0,1]

Note that for n = p = 0, (p, ¢)-Bernstein-Stancu operators given by (2) reduces
into (p, ¢)-Bernstein- Stancu operators. Also for p = 1, (p, ¢)-Bernstein-Stancu
operators given by (1) turn out to be ¢-Bernstein- Stancu operators.

In this paper we construct Chlodowsky type (), ¢)-Bernstein-Stancu oper-
ators of triple sequence is defined as

[mnk], —i—a
rst )\q Zzzb'l‘stmnk I 4 f( [T’St] —f—ﬁ ) (3)

m=0 n=0 k=0

where r,5,t € N, 0 < ¢ < 1,0 <z < by and b, is a sequence of positive

numbers such that lim, ;; o byt = 00, limyg—y00 [ff;—t]f =0,

/l; ( . )_ r S t T m+4n-+k X T (r—m)+(s—n)+(t—k)
et n= m n k brst brst

and o, € Rand 0 < a < . For a« = f = 0 we obtain the Chlodowsky type
(A, ¢)-Bernstein-Stancu polynomials.
Let f be a continuous function defined on the closed interval [0, 1]. A triple

sequence of Chlodowsky type (\,q)-Bernstein-Stancu operator (B(C:nf DA q( f ,x))
is said to be statistically convergent to zero, written as st —limx = 0, provided

that the set
Kei={(mnk) e N2 B3, ., (Fi) = (f.0)] 2 €}

has natural density zero for any € > 0. In this case, zero is called the statis-
tical limit of the triple sequence of Chlodowsky type (A, ¢)-Bernstein Stancu

operator <B o0 (f; )) i.e., § (K.) = 0. That is,

(r,8,8),M\,q
1 (03
r,sl,zfrgoo pq] {m < pan < Q7 k < ] ‘B(r7€7t)7)\,q (fa 37) - (f>$)‘ 2 6}‘ - 0
In this case, we write § — lim B(arft aglfi)=(f,x) or Bo;gt aglfiz) —9s

(f.2).
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The theory of statistical convergence has been discussed in trigonometric
series, summability theory, measure theory, turnpike theory, approximation
theory, fuzzy set theory and so on.

A triple sequence (real or complex) can be defined as a function z : N x
N x N — R(C), where N, R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions of
triple sequence was introduced and investigated at the initial by Sahiner et
al. [18, 19], Esi et al. [7, 3, 6, 4, 5, 31], Dutta et al. [9], Subramanian et al.
[23, 8, 30, 28, 20, 26, 22, 25, 29, 27], Debnath et al. [10] and many others.

A triple sequence z = (%) is said to be triple analytic if

1
SUD | Tk | ™ FFF < 00.
m,n,k

The space of all triple analytic sequences are usually denoted by A3.

The Borel summability of fuzzy real numbers is denoted by (¢, X) (R), and
d denotes the supremum metric on (¢, X) (R?). Now let 7 be nonnegative real
number. A Borel summability of rough triple sequence space of Chlodowsky

type (A, q)-Bernstein Stancu operator ( (5.6 (f; x)) of fuzzy numbers is

r-convergent to a fuzzy number (¢, X) and we write

B(r,s,t A\,q (C X) (Ca X)

provided that for every € > 0 there is an integer m,, n., k. so that

a (Bl

o (GX) (G X)) <7+ € whenever m = me,n > ne,k > k.

The set

LIM" B2, (6 X) =
{(€.X) €€ X) (R : B, (6. X) 7 (6, X), |

is called the r-limit set of the Borel summability of rough triple sequence
space of Chlodowsky type (A,q)-Bernstein-Stancu operator (Bzf DA q( f ,x)) of

(B2 a6 X)).
T, ,q

A Borel summability of rough triple sequence space of Chlodowsky type
(A, ¢)-Bernstein-Stancu operator ( (rs1) (f; )> of fuzzy numbers which is

divergent can be convergent with a certain roughness degree. For instance, let
us define

¢, x)=14" (X), if m,n,k are odd integers,
(T st)Aa wu(X), otherwise
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where
X, if X €0,1],
n0)={ —X+2, I XeL.
0, otherwise
and
X -3, if X €3,4],
0, otherwise
Then we have
o b, if r < %,
LIM B(Mt )\q(C X) = { [ —ri,n+ri], otherwise ’

where r; is nonnegative real number with

(=71, m+71]
= { B X) € X) (RY) ip—ri S B, (G X) St}

The ideal of rough convergence of a Borel summability of triple sequence
space of Chlodowsky type (), ¢)-Bernstein Stancu operator ( (rs.) A (f; x))
can be interpreted as follows:

Let (Bgf w (¢, Y)) be a convergent triple sequence space of Chlodowsky

type (A, ¢)-Bernstein Stancu operator (B(rft g (f; x)) of fuzzy numbers. As-

sume that (B(C;f g (G Y)) cannot be determined exactly for every

(m,n,k) € N3. That is, (B(O;ft)w (C,Y)) cannot be calculated so we can

(s (¢, )) for simplicity of calculation. We

only know that <B°‘ﬁ (¢, Y)> € [tmnks Amnk), Where d (tmnky Amnk) < 7

(r,8,t),A,q
for every (m,n,k) € N3. The Borel summability of rough triple sequence

use approximate value of (BO‘ B

space of Chlodowsky type (), ¢)-Bernstein Stancu operator ( (s (f; a:))

of (Systpq (€, X)) satistying (B(T i (G X)) € [mmios A, for all m, n, k.
Then the Borel summability of rough triple sequence space of Chlodowsky type

(A, ¢)-Bernstein Stancu operator <B B ) (f;:);)) of (Boj,gt g (G X)) may

(r,s,t
not be convergent, but the inequality

4 (B0 (GX).(CX)) <d (BE2, 0, (G X)) B0, (CY)
+d (B, (), (G)))

<r4d (B, (GY).(GY)
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implies that the Borel summability of rough triple sequence space of
Chlodowsky type (A, q)-Bernstein Stancu operator (B‘):gt /\q(f, )) of

<B€;ft) g (G X)) is r-convergent.
In this paper, we first define the concept of rough convergence of a Borel

summability of triple sequence space of Chlodowsky type (A, ¢)-Bernstein Stancu

operator (B(if Hdg (f; a:)) of fuzzy numbers. Also obtain the relation between

the set of rough limit and the extreme limit points of a Borel summability
of triple sequence space of Chlodowsky type (A, q)-Bernstein Stancu opera-

tor ( (.t (f; x)) of fuzzy numbers. We show that the rough limit set of a
Borel summability of triple sequence space of Chlodowsky type (A, ¢)-Bernstein

Stancu operator ( (ratyog x)) is closed, bounded and convex.

2 Definitions and Preliminaries

A fuzzy number X is a fuzzy subset of the real R3, which is normal fuzzy con-
vex, upper semi-continuous, and the X° is bounded where
X% = cl{x € R®: X (z) > 0} and cl is the closure operator. These proper-
ties imply that for each a € (0, 1], the a-level set X* defined by

O‘:{xER3ZX(ZE’)ZOZ}: [&a7ya}

is a non empty compact convex subset of R3.
The supremum metric d on the set L (R3) is defined by

d(X,Y)= sup max (|Xa -Y, |7a —?a‘) )
«€(0,1]

Now, given X,Y € L (R?), we define X <Y if X* <Y®and X <Y for
each a € [0,1]. We write X <Y if X <Y and there exists an oy € [0, 1] such
that X* <Y or X * <YV

A subset E of L (R?) is said to be bounded above if there exists a fuzzy
number u, called an upper bound of E, such that X < u for every X € E. u
is called the least upper bound of E if 1 is an upper bound and p <y’ for all
upper bounds .

A lower bound and the greatest lower bound are defined similarly. E is
said to be bounded if it is both bounded above and below.

The notions of least upper bound and the greatest lower bound have been
defined only for bounded sets of fuzzy numbers. If the set £ C L (R?) is
bounded then its supremum and infimum exist.
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The limit infimum and limit supremum of a triple sequence spaces (X,,nx)
is defined by

lim inf X, = inf Ax
m,n,k— oo

lim  sup X,,., := inf By

m,n,k—00
where
Ay = {u €L (R3) The set { k) €N Xk < ,u} is mﬁmte}
By = {u e L (R3) The set { k) €N Xk > ,u} is mﬁmte} .

Now, given two fuzzy numbers X,Y € L (R3), we define their sum as Z =
X+Y, where Z% = X*+Y%and Z" =X +Y forallae [0, 1].
To any real number a € R3, we can assign a fuzzy number a; € L (R3),
which is defied by
1, ifzr=a
ar (z) = { ’ N

0, otherwise °

An order interval in L (R?) is defined by [X,Y]:={Z €L (R*): X <Z<Y},
where X,Y € L (R3).

A set E of fuzzy numbers is called convex if Ay + (1 — \) o € E for all
A€ [0,1] and pq,pus € E.

3 Main Results

Theorem 3.1. Let f be a continuous function defined on the closed in-
terval [0,1]. A Borel summability of rough triple sequence of Chlodowsky

type (X, q)-Bernstein Stancu operator <B(O;’:€,t) A (fx)) of real numbers. If
(¢.X) € LIM" BX? (¢, X), then diam(limsupB(o;ft (6 (g,X)) <r
and

d1am<11m1nfBrst 2q(CX) s (C,X))ST

Proof. We assume that diam (hmsup B(Tst FL(CP.OF (C,X)) > r. Define

N (msup B ) q(g X),(¢,X))

€ = By definition of limit supremum, we have

that given m; ne,kE € N there exists an (m,n, k) € N* with m > mZ, n >

n., k > k. such that diam <11msup B(rst g (GX), (C,X)) < €. Also, since

Bgft /\q((’ X) =" (¢, X) as m,n, k — oo, there is an integer m;,n., k. so

that

A (B0 (X)), (G X)) <7t
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whenever m > m., n > n_, k > k.. Let

(me,ne, k) = max{(mg,ne, k- > <m/€',n5,k’€>}

There exists (m, n, k) € N? such that m > mz, n > ng, k > k: and

diam (hmsupB(mt g (GX), (C,X)) < (¢, X)

diam <hmsupB(rst )\q(C X), Bzft )\q(C X)) + diam (B(Tft /\q(C X))
<€+r+e
<r+2€

= r + diam (11111 sup B(Tst g (€, X)) (G X>> B

= diam (hmsup B(Ht (6 X)), (C,X)) :

The contradiction proves the theorem.

Similarly, diam (hm 1nfB(TSt) N q(C,X) ,(C,X)) <r can be proved using defi-
nition of limit infimum. O

Theorem 3.2. Let f be a continuous function defined on the closed in-
terval [0,1]. A Borel summability of mugh triple sequence of Chlodowsky

type (A, q)-Bernstein Stancu operator ( (rst) g (f; )) of real numbers. If
LIM" Bgﬂft ) g (¢, X) # ¢, then we have

LIM" B Aq(g X)
C [(tmsup BEL o (¢ X)) =, (Hminf BEZ (X)) 4]
Proof. To prove that
(¢, X) € [(lmsup B2, , (¢.X)) =, (lminf B, (¢,X)) +71]

for an arbitrary (¢, X) € LIM" B(O;,ft) ag (G XD, Le,

<hmsupB(O;8t g (G X)) —r < (GX) < (hmme t)Aq(CaX>> + 7

Let us assume that (hmsup B(rst /\q(C X)) —r; < (¢,X) does not hold.
Thus, there exists an ag € [0, 1] such that

(hmsupB(mt g (G X)* >—7"1 > (¢, X)*
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or

(hmsupB(mt /\q(C X) ) -1 >< (CyX)ao
holds i.e.,

(hmsupB(rst g (G X)" )‘( ,X)™ >
or

. « @0
(timsup B, 1, (¢.X) ) = <X >,

On the other hand, by theorem 3.1 we have

)(hmsupB(mt g (G X)* >—( , X)™

and

’(hmsupB(rst g (G X) )— < (¢, X)

We obtain a contradiction. Hence we get (hm sup B(rst Aa (¢, X)) —r <
(¢, X). By using the similar arguments and get it for second part.

Note 3.3. The converse inclusion in this theorem holds for f be a con-
tinuous function defined on the closed interval [0,1]. A Borel summability

of rough triple sequence of Chlodowsky type (X, q)-Bernstein Stancu operator
<Baﬁt S\ m)) of real numbers, but it may not hold for Borel summability
(r,s ,q

of rough triple sequences of Chlodowsky type (A, q)-Bernstein Stancu operator

< (rst) )\q(f x)) of fuzzy numbers as in the following example:

Example 3.4. Define

s——=X+1, if X €[0,1]
a,B 2(mnk ) )
B(rst g (C X) { 0, otherwise

and
_ [ 1 ifXelo1],
(¢, X) = { 0, otherwise

Then we have

1
‘((,X) Bgfw<<,x>\=|1—0|=1,

(r,8,t),A,q
summabzlzty of rough triple sequence spaces of  Chlodowsky  type

d(BaB (¢, X), (g,X)) >1 for all (m,n, k) € N3, Although the Borel

(A, q)-Bernstein Stancu operator <B o)A (fs )> is not convergent to (¢, X),
lim sup B(T o) Ag (¢, X) and liminf B*” (¢, X) of this Borel summability of

(r,8,t),M,q
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rough triple sequence space of Chlodowsky type (X, q)-Bernstein Stancu opera-

tor (B(ift) A (f,x)) are equal to (¢, X). Hence we get

1 o 1
L e {hmsupB(rst /\q(C X) - (5) hmlnfB(T’it /\q(C X) + (2)1}:

1
but (¢, X) ¢ LIM2 BX? (¢, X).

Theorem 3.5. Let f be a continuous function defined on the closed interval
[0,1]. A Borel summability of rough triple sequence of Chlodowsky type (), q)-

Bernstein Stancu operator (Bz,f HAg (f; x)) of real numbers converges to the
fuzzy number (f, X), then

LI B (G X) = 5, (G X)) o= {n e (G X) (RY) s d(u, (¢, X)) < 7
Proof. Let € > 0. Since the Borel summability of rough triple sequence space

of Chlodowsky type (A, ¢)-Bernstein-Stancu operators of <B( maty g (G X)> is

convergent to (¢, X), there is an integer m,, n., k. so that

d(Bg,ft)Aq(g,X),(C,XD < € whenever m > me,n > ne, k > k.

Let Y € S, ((¢, X)), we have

A (B yag (6 X),Y) <d (B, (GX), (G X)) +d((CX),Y) < e+r

for every m > me,n > ne, k > k..

Hence we have Y € LIM" B(O;ft Jag (G X).

Now let Y € LIM" B(O;,ft) g (¢ X). Hence there is an integer m,,n., k. so
that

(r,8,8),M\,q

d(Ba'B (¢, X), ><r+€

whenever m > m;, n > n;, k> ke. Let

(mz,ne,k€> = max{(me,ne,k) (m;,ne,ke>}

for all m > mg, n > ng, k> k;’, we obtain

AY,C (X)) S A(Y; S (X)) +d (B 0, (6 X) (6 X))
<r+et+e<r+2e

Since € is arbitrary, we have d (Y, (¢, X)) < r. Hence we get Y € B, ((¢,X)).
Thus, if the Borel summability of rough triple sequence space of Chlodowsky

type (A, ¢)-Bernstein Stancu operator <B°;ft))\q(f 93)) of
(BGZ o (€:X)) =7 (6 X), then LI B ) (¢.X) = B, (€. X)) O

(r,8,t),A,q (r,s,t)



Chlodowsky type (A, q)-Bernstein Stancu operator of 13

Theorem 3.6. Let f be a continuous function defined on the closed in-
terval [0,1]. A Borel summability of rough triple sequence of real numbers of

Chlodowsky type (X, q)-Bernstein Stancu operator <szftnq(f;x)> and
(B oaa (€ Y)) € (G X) (RE). I B, (G X) =" (. X) then

BY L (GY) =T (YY)

(r,8,t),A,q

and
4 (B0 (G X)BE 0, (GY)) <

for every (m,n, k) € N5,

Proof. Assume that B(mt ) g (¢,Y) =" (¢,Y), as m,n, k — oo and

4 (Bing (€X) . Bi 0, (G X) (V) <7

for every (m,n, k) € N3. We have B(ifw ((,Y) =" (¢,Y), asm,n, k — o0

means that for every e > 0 there exists an m,, n., k. such that

d(Ba’g (¢,Y), (g,Y)) < e for all m > me,n > ne, k> k..

(r,8,t),M,q

If the in equality d <Ba s

7,8,t),\,q

¢, X),B*" . (C, Y)> < r yields then

(r,8,t),A,q

4 (B0 (€ X),(6X)) < (B 00 (G X) B0, (1))
+d (B0, GY),(CY))
<r+e

for allm > m.,n >n,k > k..
Hence the Borel summability of rough triple sequence space of Chlodowsky

(r,8,t),M,q

fuzzy number (¢, X). O

type (A, ¢)-Bernstein Stancu operator (B Pt (¢, X )) is r-convergent to the

Theorem 3.7. Let f be a continuous function defined on the closed interval
[0,1]. A Borel summability of rough triple sequence of Chlodowsky type (), q)-

Bernstein Stancu operator (B(T ) (¢, X)) of real numbers and the diameter
of an r-limit set is not greater than 3r.

Proof. We have to prove that

sup {d(W, Z):W,Y,Z € LIM"B%" .. (C, X)} < 3r.

(r,8,t),A,q
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Assume on the contrary that
sup {d(W, Z):W,Y.Z € LIM'B’ | (g,X)} > 3

By this assumption, there exists, W)Y, Z € LIM" B(O;f " /\q(C , X ) satisfying

A:=d(W,Z) > 3r. For an arbitrary e € (O,%—T),We have
EI(m n, k:)EN?’:‘v’(m,n,k)Z(m n., k, >:>

€’ "7er e e 'Yer e

A (B, (GX), W) <rte,

€ (SR

d (B(C:’:g,t),k,q (C? X) ,Y) S r + €,

El(me,ne,ke)EN3:V(m,n,k)2<m n, k. ):>

E|<mﬁl,n6 ,k;6> € N*:V (m,n, k) > (m!,nE ,k€ ,):
A (Bl yag(CX),Z) <rte

Define (m,, n, k.) := max { (m n., k ) , (m” n, k;”) , (mm " m)} Thus we

€ € € € € € € ) 67 €
get

AW,2)<d(BG, 5 (X)W ) +d( B, (6X),Y)
+d( B ,(CX) . 2)
<(r+e)+(r+e+(r+e <3(r+e
<3T+3(§—T> <3r+A-=3r
=Aforallm>m.,n>n.,k >k,
which contradicts to the fact that A = d (W, Z). O

Theorem 3.8. Let [ be a continuous function defined on the closed interval
[0,1]. A Borel summability of rough triple sequence of Chlodowsky type (), q)-

Bernstein Stancu operator (B(rs N (¢, X)) of real numbers is analytic if and

only if there exists an r > 0 such that LIM" Bo;ft Jag (6 X) # 0.

Proof. (Necessity:) Let the Borel summability of rough triple sequence space of
Chlodowsky type (\,q)-Bernstein Stancu operator (Bgﬂf DA q((,X)) of

(B(m pag(GX )) be a analytic sequence and

s :=sup {d (Ba'B (¢, X)Y/minth O) : (myn, k) € Ng} < 00.

(r,8,t),A,q
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Then we have 0 € LIM®* B*? = (¢, X), i.e., LIM" B* = (¢, X) # ¢, where

(r,5,t),\,q (GERIPN']
r=s.
(Sufficiency:) If LIM" B(O;ft Jag (6 X) # ¢ for some r > 0, then there exists
(¢(,X) € LIM" B(O;ft /\q(C X). By definition, for every € > 0 there is an

integer (m.,n., k.) so that

d(Bo‘ﬁ (¢, X), (C,X)) < r + € whenever m > m.,n > n., k > k..

(r,8,t),M,q

Define

t=t(e)
‘= max {d ((C>X) 70) >d(Blll,/\,q (C>X) ’O) )" ad(BTesete,/\,q (C7X) 70) Tt 6} :

Then we have

B%# . € {ME (¢, X) (R3) :d(p,0) gt—l—r—l—e} for every (m,n, k) € N?,

(7,8,6),A

which proves the boundedness of the Borel summability of rough triple se-
quence space of Chlodowsky type (J,q)-Bernstein Stancu operator

(BEZoaa (€20). O

Theorem 3.9. Let [ be a continuous function defined on the closed interval
[0,1]. A Borel summability of rough triple sequence of Chlodowsky type (), q)-
Bernstein Stancu operator (By,, v, wpng (¢, X)) of real numbers is a sub sequence
of a Borel summability of rough triple sequence space of Chlodowsky type (), q)-

Bernstein Stancu operator (B(Tst g (G X)), then
LIM" B2 | (¢, X) C LIM" By o (¢ X)

(r,8,t),2,q

Proof. Omitted. O]

Theorem 3.10. Let f be a continuous function defined on the closed in-
terval [0,1]. A Borel summability of rough triple sequence of Chlodowsky type

(A, q)-Bernstein Stancu operator (B(Tst (e X)> of real numbers, for all

r > 0, the r-limit set LIM" Bo;ft ) A (¢, X) of an arbitrary Borel summabil-

ity of rough tmple sequence space of Chlodowsky type (A, q)-Bernstein Stancu
operator of B (¢, X) is closed.

(r,8,t),2,q

Proof. Let (Yyunr) C€ LIM"B>? - (¢,Y) and B™ . ((,Y) = (¢,Y) as

(r,5,t),\,q (r,8,¢),\,q
m,n,k — oo. Let € > 0. Since the Borel summablhty of rough triple sequence

space of Bernstein-Stancu polynomials of <B Tft yag (G Y)) —"(¢,Y), there
is an integer i.j . so that

@ € . .
d <B(,,§t) ag (GY) (Q,Y)) <3 whenever m > i, n > jo, k > (..
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Since B;_jo.2q (¢, Y) € LIM" B(Oi,ft ) A (6, X), there is an integer (mencke) so
that

A(BEE gl X) s BieoralG,Y)) <75 whenever m = me,n>n, k> k.

Therefore, we have

A (B3, (¢ X), (X)) <d (Bift 12 (6 X) Bistina (V)

r+§+§:r+e

for every m > m¢, n > ne, k > k..
Hence LELIMB ) | (¢, X) implies that the set LIM" B\ (¢, X) is

(r,8,t),A,q

closed. O

4 Open Problem

We introduced Borel summability of triple sequence space of Chlodowsky type
(A, ¢)-Bernstein Stancu operator (B(Tft) g (G X)) of rough convergence of

fuzzy numbers. For the reference sections, consider the following introduction
described the main results are motivating the research. Thus it will be possible
to benefit from this article for new studies.
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