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Abstract

The Grundy coloring of a graph G is a proper vertex col-
oring in which every node colored with C) is adjacent with all
least colors of Cy. The grundy number I'(G) is the maxzimum
number of colors needed for proper grundy vertex coloring. In
this paper, we find the accurate values of grundy chromatic
number for splitting graph of cycle graph, path graph, pan
graph, fan graph and double fan graph which are symbolised by
DIS(Ca)), TIS(P), TIS(n — pan)], TIS(F10)] € TIS(Fy,,)) respec-
tively.

Keywords: Graph coloring, Grundy coloring, Greedy Algorithm and split-
ting graph.
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1 Introduction

In this, the Graph G = {V(G), E(G)} we use is an undirected, simple, con-
nected & finite graph. We follow [2, 6] for basic notations such that V(G),
E(G), A(G) & §(G) are the vertex set, edge set, maximum & minimum degree
of GG respectively. Throughout this paper, we derive grundy chromatic number
for some splitting graphs. The notion of splitting graph was initiated by E.
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Sampathkumar and H.B. Walikar in 1981 [1]. The main concept of splitting
graph of G is to take a new vertex V'V V € G & join each V' to neighbors of V
in G. And the grundy chromatic number was initially studied by P M Grundy
regarding combinatorial games for directed version in 1939 but was properly
introduced later by Claude A. Christen and Stanley M. Selkow in 1979 for
undirected version. A Grundy k-coloring of G is a proper k-coloring of V(G)
such that V v € V(G) colored by smallest integer which has not appeared as
color of any of its neighbors [3, 4, 7]. The grundy chromatic number I'(G)
is the largest integer k for which there exists a grundy k-coloring of G [7].
This can also be predicted by using greedy coloring strategy which considers
the vertices of graph in some sequence & color them first available color. It
is evident that u(G) < x(G) < I'(G) < A(G) + 1 where u(G) is the largest
clique of G [5].

2 Preliminaries

[5] A Grundy n-coloring of G is an n-coloring of G such that V color C, every
node colored with C} is adjacent to atleast one node colored with C V Cy < C}.
The Grundy chromatic number I'(G) is the maximum number n such that G
is Grundy n-coloring.

[1, 8] For every vertex V of a graph G, take a new vertex V'. Join V' to
all vertices of G adjacent to V. The graph S(G) thus obtained is called the
splitting graph of G.

The n-pan is obtained by connecting a cycle graph C, with a singleton
graph by an edge.

[9] The fan graph F1, is obtained by joining every vertex in P, with K,
where K is the complement of complete graph with one vertex and P, is a
path on n vertices.

[9] The double fan graph Fy,, is obtained by joining every vertex in P,

with the vertices in Ky where K5 is the complement of complete graph with
two vertices and P, is a path on n vertices.

3 Main results

Here, we concentrate on exact values of Grundy chromatic number for splitting
graph on cycle graphs, path graphs, pan graphs, fan graphs and double fan
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graphs which are symbolised by I'[S(C,,)], T[S(P,)], T'[S(n — pan)], T[S(F1 )]
and ['[S(Fz,,)| respectively.

Theorem 3.1. Forn > 3, the grundy chromatic number for splitting graph of
cycle graph C,, is given by

IS = {Z o

Proof. Consider a cycle graph C,, with vertex set V(C,,) = {V; : ¢ € [1,n]} and
edge set E(Cy,) = {V;Vis1 :i € [1,n)}U{ViV,} where | V(C,,) |=| E(Cy) |=n
Moreover, A(C,,) = 6(C,,) =d(V;) =2V i€ [1,n].

By the construction of splitting graph, we have V[S(C,,)] = {V; :i € [1,n]} U
{V/ :ie[1,n]} and E[S( )] {(ViVigp i € [Ln)yU{V, U{ViViy i €
[1,n)}U{V,V, Ju{ViV.}Uu{V;V;_; : i € (1,n]} along with A[S(C,,)] = d(V;) =
4 and §[S(C,)] = d(V;) =2V 1 < i < n. Consider the colors Cy, Cy, Cs, ...
and assign the colors as follows.

Case 1. Whenn =14
Define a mapping o : V[S(Cy)] = {Cy : 1 < k < 3} as follows:

o forl<i<?Z2 37 (Vo) = Cy and a(Vai—1) = Cs
° a(‘/;l):CHVlSZ'Sn

Obviously, T'[S(C,)] = 3. Suppose I'[S(C,,)] > 3, it leads to contradiction
of grundy coloring and if T'[S(C,)] < 3, it leads to contradiction of proper
coloring.

Case 2. When n # 4
Define a mapping 5 : V[S(C,)] = {Ck : 1 < k < 4} such that

e Foric[l,n], B(V))=C4

(2

(Cy,i= 1 mod 3
e Forn= 0mod 3, B(V;) =< C3,i= 2 mod 3
(Ca, 1= 0 mod 3

(04,iE 1 mod 8
e Forn=1mod 3, B(V;) =< C3,i= 2 mod 3 & i=n-3,n-1
(Co, 1= 0 mod 3 & i=n-2,n

(04,2'5 1 mod 3
e Forn= 2mod 3, B(V;) =< Cs,i= 2 mod 3 & i=n-1
(Ca,i= 0 mod 3 & i=n
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~ T[S(Cn)] =4 forn # 4. Suppose T'[S(C,,)] > 4, it contradicts the definition
of grundy coloring. For instance, I'[S(C,)] = 5, the vertex V| colored with Cj

Coi=1
is not adjacent with Cy for the mapping B(V;) = < Cy,i = 0 mod 2  which
Cs,i= 1 mod 2

is a contradiction. And suppose I'[S(C,)] < 4, eventhough it satisfies it is not
maximum.

-1, n=4
Thus from the above cases, I'[S(C,,)] = s O
4, n#4

Theorem 3.2. Forn > 2, the grundy chromatic number for splitting graph of
path graph P, is given by

rIS(P)] = {i "

, n>4
Proof. Consider a path graph P, with V(P,) = {V; : ¢ € [l,n]} and
E(P,) = {ViViy1 : i € [1,n)} where | V(P,) |= n & | E(P,) |= n— 1.
Moreover, A(P,) =2 & §(P,) =1
By the construction of splitting graph, we have V[S(P,)]

{V/ + i € [1,n]} and E[S(P,)] = {ViViy, : i € [1,nTU {‘:/Z-'V}H i €

[1,n)} U{V;Vi,, : i € [1,n)} along with 6[S(P,)] = d(V{) = d(V,) = 1 and
2, n=2

A[S(P)] = 442

Consider the colors C, Csy, Cj, ... and assign them as follows.

Case 1. Whenn =2,3
Define a mapping ¢ : V[S(P,)] = {Ck : 1 <k <3} as follows:

* o(V|x)) =Cs
* HVgn) =
e p(V))=0C1V1<i<n

and the remaining vertices are greedily colored. Obuviously, I'[S(P,)] = 3 for
n=23.

Case 2. Whenn >4
Define a mapping ¢ : VIS(P,)] — {Ck : 1 < k < 4} as follows:

e For1<i<n, ¢(V))=C



On Grundy Chromatic Number For Splitting Graph On Different Graphs 61

o Fori=2,(V;) =Cy, ¥(Vig1) = Cs, Y(Vie1) = (Viga) = Co

and the remaining vertices are greedily colored.

~T[S(P,)] = 4 for n > 4. Suppose I'|S(P,)] > 4, it leads to contradiction
of grundy coloring. For instance, T[S(P,)] = 5, the vertices Vy & V| colored
with Cy is not adjacent with Cy for the mapping (V3) = Cs, (V) = Cy,
Y(Va) = ¥(Vs) = O3 & (V1) = Cy and the remaining vertices V, €V, | are
colored by Cy and Cy ¥ odd i” such that ¥(V;) = ¢(V, ;) and then the remain-
ing V; vertices are greedily colored. And suppose I'[S(P,)] < 4, eventhough it

satisfies it is not mazximum.

3, n=2,3
4, n>14

Thus from the above cases, I'[S(P,)] = { O

Theorem 3.3. Forn > 3, the grundy chromatic number for splitting graph of
pan graph (n — pan) is given by

I'[S(n — pan)] =4

Proof. Consider a pan graph with vertex set V(n —pan) = {V; : 0 < i <
n} and edge set E(n —pan) = {V;Viy1 : 0 < i < n— 1}y U {1V, } where
| V(n—pan) |=| E(n—pan) |= n+ 1. Moreover, A(n —pan) = d(V}) = 3 and
d(n —pan) = d(Vp) = 1.

By the construction of splitting graph, we have V[S(n — pan)] = {V; : 0 <
i <nyU{V/:0<i<n}and E[S(n —pan)] = {ViV,} U{ViVi;;1 : 0 <i <
n—13U{V/ Vi :0<i<n—-1}U{VVi;:1<i<n}u{VV3iu{VV,}
along with 6[S(n — pan)] = d(V,) = 1 and A[S(n — pan)] = d(V}) = 6.
Define a mapping A : V[S(n — pan)] — {Cy : 1 < k < 4} and assign the colors
as follows.

e \V))=0Cy

Cs, i =0 mod 2

oForQSiSn,)\(Vi):{C = 1 mod 2
5, 1=1mo

e \(Vp) = Cy
e \NV)=C1V0<i<n

. T[S(n — pan)] = 4. Suppose I'[S(n — pan)] > 4, it leads to contradiction of
grundy coloring. For instance, I'[S(n —pan)| = 5, the vertices {V; : 2 <i < n}
colored with Cy & Cj are not adjacent with Cy for the mapping A\(V}) = Cs &

Cy, i=0mod 2
AV;) = o 1 o vV 2 < i < n which contradicts grundy coloring.
Cs3, 1i=1mod 2
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And suppose I'[S(n—pan)| < 4, it contradicts the definition of proper coloring.
Thus, I'[S(n — pan)] = 4 for n > 3.
[

Theorem 3.4. Forn > 1, the grundy chromatic number for splitting graph of
fan graph Fi,, is given by

3, n=1
L[S(Fi.)] =34, n=2,3
5, n>4

Proof. Consider a fan graph F},, with vertex set V(Fy,) ={V;: 0 <i <n}
and edge set E(F1,) ={VoV;: 1 <i<n}U{ViVi; :1<i<n-—1} where
| V(Fi,) |=n+1& | E(Fi,) |= 2n — 1. Moreover, A(Fy,) =d(Vp) =n &
5(Fun) = d(Vi) = d(V,) = 2.

By the construction of splitting graph, we have V[S(Fy,)] = {V; : 0 < i <
n}U{V, :0<i<n}and E[S(F,)] = {ViVi}u{WV}u{V,Vi} for n = 1
otherwise E[S(Fy,,)] = {VoVi: 1 <i<n}U{ViViy:1<i<n—1}u{V,V;:
1<i<ntu{ViVig:1<i<n-1}Ju{V,Vu{ViVi, :0<ic<
n—1yU{VV, :2 <i < n—1} along with A[S(F1,)] = d(Vy) = 2n and
1, n=1

2, n#1

Consider the colors C4, Cs, Cj, ... and assign the colors as follows.

Case 1. Whenn =1

Define a mapping p : VIS(Fi,)] = {Ck : 1 <k < 3} and assign the colors as
follows:

5[S(F1,n)] =

o 1(Vo) =Cs

o u(Vi)=0Co

e u(V)=C1Vi=0,1
Obviously, T'[S(F1,)] =3 forn = 1.

Case 2. Whenn = 2,3
Consider a mapping p : V[S(Fi,)] = {Ck : 1 < k <4} and assign the colors
as follows:

e p(Vo) =Cy
° p(Vi2))=0Cs

* AVg)a) =G
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e p(V)=C1V0<i<n

and the remaining vertices are colored greedily. Thus, I'[S(F1,)] = 4 for
n=23.

Case 3. Whenn >4
Define a mapping w : V[S(F1,)] — {Ck : 1 < k <5} and assign the colors as
follows:

1 UJ(VO) = Cs
o fori=2, w(V;) =Cy w(Vis1) = Cs, w(Vi1) = w(Viye) = Co
e w(V)=01V0<i<n

and the remaining vertices are colored greedily.

o D[S(Fin)] = 5 for n > 4. Suppose T'[S(F1,,)] > 5, it leads to contradic-
tion of grundy coloring. For instance, I'|S(F,,)] = 6, the vertices colored with
{Cx : 3 < k < 5} is not adjacent with Cy for the mapping w(Vy) = Cs,
wVi) = C, V0 <i<mnandfori=3 wlV,)=Cs, wlViy) = Cy,
w(Viz1) = w(Viea) = Cs, w(Vige) = Caand then the remaining are greedily
colored. Similarly, 7 < T[S(F1,)] < 2n + 1 arrives at contradiction. And
suppose I'[S(F1,)] < b, eventhough it satisfies it is not maximum.

3, n=
Hence, from the above cases, I'[S(F1,)] =< 4, n=2,3 O
5, n>4

Theorem 3.5. Forn > 1, the grundy chromatic number for splitting graph of
double fan graph F,,, is given by

3, n=1
L[S(Fyy)] =<4, n=2,3
5, n>4

Proof. Consider a double fan graph F,,, with vertex set V(Fy,,) = {V; : 1 <
i < n}U{u,us} and edge set E(Fy,) = {Viu } U {Viuy} for n = 1 other-
wise E(Fpp) = {ViVig1 1 1 < i <n—1}U{wV; : 1 < i < n}U{uwV :
1 < i < n} where | V(Fy,) |=n+2 & | E(F2,) |= 3n — 1. Moreover,
n+1 1<n<3 and 6(Fj,,) — n, n=12

n, n>4 3, n>3

By the construction of splitting graph, we have V[S(Fy,)] = {Vi : 1 < i <
n} U {u,upy UV 1 < i <n}U{up,upt and E(Fyy,) = {Viur} U {Viug} U
{Viur} U{Viug} U {Viu,} U {Viuy} for n = 1 otherwise E[S(Fy,)] = {u1V;

A(FZ,n> =
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L <i<npU{u;: 1<i<nju{ViVi,:1<i<n-1}u{uVj:1<
z<n—1}U{u2 1§z§n—1}U{Vi/u1:1§i§n}U{VZu2.1§
i < n}U{Vi Vi 1§ <n-1}U{ViV.; :1<i<n-—1} along with
2n+1), 1 <n<3 n, n=12
AS(Fap)] = ( ) and 0[S(Fy,)] =
2n, n >4 3, n>3

Consider the colors C, Cy, Cs, ... and assign the colors as follows.

Case 1. Whenn =1
Define a mapping & : V[S(Fy,)] — {Ck : 1 < k < 3} and assign the colors as
follows:

o {(V1) =Cy
o (V) =¢(u)=C1Vi=161<;j<2

Obviously, T'[S(Fpn)] =3 forn = 1.

Case 2. Whenn = 2,3

Define a mapping : V[S(Fy,,)] = {Ck : 1 < k <4} as follows:
o m(uj)=CyV1<j<2

[ ] W(VLQJ) = 03

® W(VL%J+1) = 02

o m(V))=m(u;) =C1V1<i<n&1<j<2

()

and the remaining vertices are colored greedily. Thus, I'[S(Fon)] = 4 for
n=23.

Case 3. Whenn > 4
Define a mapping o : V[S(Fa,)] = {Ck : 1 <k <5} and assign the colors as
follows:

o Fori=2,0(V;) =0Cy, 0(Viy1) = C3, 0(Vic1) = 0(Viga) = Cy

e o(V)=o0o(u D=0 V1<i<n&1<5<2

1

and the remaining vertices are colored greedily.

~ D[S(Fon)] =5 forn > 4. Suppose I'[S(Fy,,)] > 5, it leads to contradiction
of grundy coloring. For instance, T[S(Fy,)] = 6, the vertices {V, : 2 < i <
n — 1} colored with Cy is not adjacent with Cy for the mapping o(u;) = Cg
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V1<j<2,0(Va)=Cs0V))=CV2<i<n—10(u)=0l;)=CV
1=1,n &1 <75 <2 and then the remaining are colored by Cs & Cy simulta-
neously which contradicts grundy coloring. Similarly 7 < T'[S(Fz,)] < 2n+1
leads to contradiction. And suppose I'[S(Fy,)] < 5, eventhough it satisfies it
18 ot mazximum.

3, n=1
Hence, from the above cases, I'[S(Fy,)] =< 4, n=2,3 O
5 n>4

4 Conclusion

Atlast, we derived the exact grundy chromatic number for splitting graph on
cycle graph, path graph, pan graph, fan graph and double fan graph.

5 Open Problem

However, the above results can be the foundation step to develop the general
bound to find grundy chromatic number of splitting graph of any graph G,
which is still an open problem.
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