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1 Introduction

The concept of intuitionistic fuzzy set, as a generalisation of fuzzy sets [12]
was introduced by Atanassov [1]. Intuitionistic fuzzy set is used in the pro-
cess of decision making. Cheng and Moderson [4] introduced the idea of fuzzy
norm on a linear space. Bag and Samanta [2] deduce the definition of fuzzy
norm whose associated matric is same as the associated metric of Cheng and
Moderson [4].

In this paper after an introduction of intuitionistic fuzzy norm [7] and intu-
itionistic fuzzy continuity [7] deduced from Bag and Samanta [2] and [3], it
has been shown that the class of intuitionistic fuzzy continuous functions is
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closed with respect addition, multiplication, scalar multiplication and inverse
operation of multiplication. Also, the intuitionistic fuzzy continuity is being
characterized by open set and a few properties of open sets are also proved in
intutionistic fuzzy normed linear space. Thereafter the concept of uniformly
intuitionistic fuzzy continuity is introduced and it is proved that the uniformly
intuitionistic fuzzy continuity implies the intuitionistic fuzzy continuity but not
the converse.

In the last section, the concept of intuitionistic fuzzy convergence and uni-
formly intutionistic fuzzy convergence of a sequence of functions are introduced
in intutionistic fuzzy normed linear space and then it is proved that the intu-
itionistic fuzzy continuity of each term of a sequence of function is transmitted
to the limit function under uniformly intutionistic fuzzy convergence of the
sequence of functions.

2 Preliminaries

We quote some definitions and statements of a few theorems which will be
needed in the sequel.

Definition 2.1 [10]. A binary operation * : [0, 1] x [0, 1] —
0, 1] s continuous t - norm if * satisfies the following conditions

[

(i) % 18 commutative and associative

(it)  * s continuous

(iii) ax1 = a VacellO,1],

(iv) axb < c¢xd whenever a < c¢,b < danda,b,c,de [0, 1].

Definition 2.2 [10]. A binary operation o : [0, 1] x [0, 1] —
0, 1] s continuous t-conorm if o satisfies the following conditions
i) o is commutative and associative
i) © s continuous ,
i) ao0 = a Va € [0,1],
iv) aob < cod whenever a < ¢,b < danda,b,c,d € [0, 1].

Corollary 2.3 [11]. (a) Forany r1,72 € (0,1) with ry > ry,
there existrs , ry € (0, 1) suchthat 1 %713 > ro and 11 > 140719,
(b) Forany rs € (0, 1), there exist r¢, r7 € (0, 1) such that
re * g > Ts5 and 7 © r7 < T

Definition 2.4 [7]. Let % be a continuous t-norm , ¢ be a continu-
ous t-conorm and V be a linear space over the field F (= R or C).
An intuitionistic fuzzy morm on V is an object of the form A =

{ ((z, t), ple, t), viz,t)) : (x,t) € V x R'},
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where ., v are fuzzy sets on V. x R™T | pu denotes the degree of member-
ship and v denotes the degree of non - membership (x , t) € V x RT
satisfying the following conditions :

(i) p(x,t) +v(z,t) <1 V(ir,t) € VxR,

cx,t) = pu(zx, ) Ve € Fandc # 0;

lel
y8) x p(y,t) < p(er +y,s +t);
, ) is non-decreasing function of R and tlimw p(x,t)=1;
) < 1
t) = 0 ifandonlyif x = 0;
cx,t)zu(x,ﬁ) Ve € Fande # 0;
x,s)ov(y,t) > vz +y,s+1t);
x, ) s non-increasing function of R and lim v (x,t)=0.

t — oo

(

i) p(z,t) = 1 ifand only if x = 6, 0 is null vector ;
(
(

Definition 2.5 [7]. If A is an intuitionistic fuzzy norm on a linear space
V' then (V , A) is called an intuitionistic fuzzy normed linear space.

For the intuitionistic fuzzy normed linear space (V , A), we further assume
that u, v, %, ¢ satisfy the following axioms :

(wig) o2z @ , forall a € [0, 1].
(ziii) p(x,t) >0 ,foral t >0 = x = 6.
(ziv) v(z,t) <1 Sforal t >0 = z =26.

Definition 2.6 [7]. A sequence { x, }, in an intuitionistic fuzzy normed
linear space (V' , A) is said to converge to x € V if for givenr > 0, t >
0, 0 <r <1, there exist an integer ng € N such that
p(x, —x,t) >1—r and v(z, —x,t) < r foraln > ng.

Definition 2.7 [7]. A sequence {x, }, in an intuitionistic fuzzy normed
linear space (V', A) is said to be cauchy sequence if lim p (Tpip—Tn,t) =
1 and lim V(Tpap — Tp,t) =0 ,p =1,2,3,

Definition 2.8 [7]. Let, (U, A) and (V , B) be two intuitionistic fuzzy
normed linear space over the same field F. A mapping f from (U , A) to
(V, B) is said to be intuitionistic fuzzy continuous at zq € U, if for
any gvene > 0, a« € (0,1), 3§ = d(a,e) >0, 08 = PBla,e) €
(0, 1) such that for all x € U,

pu(x —xo, 6) > 1—=0 = puv(f(x) — f(xo), €) > 1 —«

vy(x —xz9, 0) < B = vy(f(z)— f(zo), €) < a.
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Definition 2.9 [7]. A mapping f from (U, A) to (V, B) is said to be
sequentially intuitionistic fuzzy continuous at xo € U, if for any
sequence { xp }p, t, € U, ¥V n € N withx, — zgin (U, A) implies
f(zn) — f(xo) in (V, B), that is

lim py(r, —29,t) = land lim wvy(x, —x9,t) = 0

n — o0 n — oo

= lim wy(f(x,) — f(zo),t) = 1and lim vv(f(zn) — f(zg), t) = 0.

Theorem 2.10 [7]. Let, f be a mapping from (U, A) to (V, B). Then
f is intuitionistic fuzzy continuous on U if and only if it is sequentially intu-
itronistic fuzzy continuous on U.

3 Algebra of Intuitionistic Fuzzy Continuous
Functions

In this section, consider (U, A) and (V' , B) be any two intuitionistic fuzzy
normed linear space over the same field F.

Theorem 3.1 If f : (U, A) — (V,B)andg : (U,A) — (V,B)
are two sequentially intuitionistic fuzzy continuous functions and (U, A) and
(V', B) satisfies the condition (xii) then f + g , k f, where k € F, are also
sequentially intuitionistic fuzzy continuous functions over the same field F'.

Proof : Let, {x,}, be a sequence in U such that z, — z in (U, A).
Thus V¢t € R we have

lim py(z, —x,t) =1 and nli_)moo vz, —x,t) =0 -+ (1)

n — oo

Since f and g are sequentially intuitionistic fuzzy continuous at x, (1) implies

lim oy (f(zn) = f(x), 1) = 1, lm vy(f(zn)—f(z),t) =0, Vi € R,

im py(g(ea) —g(@), t) = 1, lim vy(g(zn) —g(z), 1) = 0, Vi € R

Now, pyv((f + g)(zn) — (f + 9)(x), 1)

= pv(f(z,) — f(x) + gzn) — g(x), 1)

t

> v (f@n) = £@), 5 )+ v (gen) = o).

)

N |+
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Taking limit we have,
Jim ey ((f + 9)(en) — (F + 9)(2), 1)

n—oo n—o0

Again, vy ((f + g)(zn) — (f + 9)(z), t)
= vy([flzn) — flz) + g(zn) — g(2), 1)
< vy (fla) = f@), 5 ) o v (gl = 9@ )

' 2
Taking limit we have,
Him_ e ((f + 9)wa) — (F + 9)(@), 1)

> lim py (f(xn) - f(2), ;) « lim gy (g(:vn) —g(), ) =lx1=1

n— oo n— oo

< lim yv<f(:cn) — f(z), ;)0 lim Vv(g(xn) — g(z), ;) =000 = 0.

So, f + ¢ is sequentially intuitionistic fuzzy continuous.
Obviously, k f is sequentially intuitionistic fuzzy continuous for every k € F.

We further assume that, for an intuitionistic fuzzy normed linear space
(V, A) and for x # 0,
(zv) p(x,.) is a continuous function of R and strictly increasing on the
subset {t : 0 < p(z,t) < 1} of R.
(zvi) wv(z,.) is a continuous function of R and strictly decreasing on the
subset {t : 0 < v(zx,t) < 1} of R.

Theorem 3.2 If f : (U, A) — (V,B)andg : (U, A) - (V, B)
are two sequentially intuitionistic fuzzy continuous functions and (U , A) and
(V, B) satisfies (xii), (xv) and (zvi) then
(a) fg is sequentially intuitionistic fuzzy continuous functions over the same
field F,

(b) if g(x) # 0, VYo € U then 5 is sequentially intuitionistic fuzzy
continuous functions over the same field F'.

Proof : (a) Let {z,}, be a sequence in U such that z,, — =« in
(U, A). Thus, for all ¢ € R we have

lim py(z, —2,t) =1 and lim vy(x, —x,t) =0 - (2)

n — oo n— oo

Since f and g are sequentially intuitionistic fuzzy continuous at x , from (2),
we have

lim oy (fle) = f@), ) = 1, Tim vy (f@)—f(2),1) = 0, ¥t € R,

n — oo n— oo
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(1) (9(zn) = g(x0)) + g(wo) (f(xn) — F(z0)), t

= v ((f(2a) = f(20))(g(@n) = g(wo)) + f(w0) (9(xn) — g(wo))
+9(20) (f () — f(0)), 1)

> v ((F(2n) = F(20))(9(xn) — 9(20)), &) * v (F(0)(9(w0) — g(0)), £)
w v (gwo) (flan) = fw0), §)

= v (f@n) = (@), spemgan) * v (9n) = 9(0). 5777

* [y (f(xn) — f(zo), 3\g(t:vo)|)

Taking limit as n — oo we have,

Jim ey ((F 9)(@n) = (f 9)(0), 1)
> lim gy (f(xn) — f(o), m) * im py (9(’””) —g(=o0), m>

n—oo

* nleOO Uy (f(xn) — f(@o), m>

o Jim gy (f(o) = fleo)s agty) o bylvid)
= py (f(zn) — f(xg),00) *x 1 x1=1=x*1x%x1=1

— v (o) = Flao), Jim sy ) * Jim v (9(2a) = 9(00). 577)

and
vv((f9)(zn) — (fg)(xo). t)
= vv(f(za) (g(zn) = g(x0)) + g(x0) (f(wn) — f(z0)), 1)
= vv((f@a) = f@0)) (g(xn) = g(x0)) + f(wo) (g(wn) — g(w0))
+ g(wo) (f(xn) — f(z0)) , t)
< vy ((f(xa) = f(x0) ) g(xn) = 9(x0)), & )ovv (f(20)(g(za) = g(0)), &)
ovy (glxo) (f(xa) = f(20)), §)

= vy (f(@a) = f(20), grymrga ) © vv (9(em) = 9(20), gty
o vy (f@:n) — f(xo), m)

Taking limit as n — oo we have,
Tim_ vy ((f 9)(@) — (F9)(w0), )
< T}l_)ﬂolo vy (f(xn) — f(®o), m) o lim vy (g(xn) — 9(o), m)

o nlem vy (f(l'n) — f(wo), m

— vy (fla) = Flao), Jim sty ) © Jim o (9(0n) = 9(a0), 77ty

o nh—>moo Vy (f($n> - f(l‘o) ) m) ) by(vu)
= vy(f(zn) — f(xg),0) 00 0=00000=0
Hence the proof.
(b)We now show that é is sequentially intuitionistic fuzzy continuous at x
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if g(x) # 0forall e € U. py(L(wa) = L(wo),t) = pv (Lpzloms) 1) =

(3 S )
KV g@n) 9(@o)’ g(@n) — g(wo)
aking limit as n — oo we have,

Jim gy () = (o). t)

( 1 i t ) by(vi)
= puy| ———— , lim y(vii
g(In)g(%) ”_’Oog(xn) - g(mo)
(s =) =
= puy| —+—,00| = L
g(z,) g(xo)
; 1 _1 _ 9(xn) — g(x0) _ 1 t

Again v (§(za) = H(xo),t) = vy (45490 1) = vy (Jonlsmy 36 560)

Taking limit as n — oo we have,
lim vy (L(za) — L(xmo), t)

n — oo

1 ) t ..
- ”V<g<xn>g<xo> o ) — g(:co)) by(vit)

- ”V<g<xn>1g<xo> ’ °°> -

Hence % is sequentially intuitionistic fuzzy continuous.

The proof is complited by considering the product of f and ;.

Note 3.3 Let, (V.= R, || - ||) be a normed linear space and define a *
b=min{a,b} and aob = max{a, b} foral a,b € [0, 1]. For
all t > 0. Define, p(x,t) = m and v(x,t) = ti','gﬂ:” where
k > 0. It is easy to see that A = { ((x,t), p(x,t), v(z,t))
(z,t) € V x RT} is an intuitionistic fuzzy norm on V. Let f : R —
R.Then f is continuous on (V , || - ||) if and only if it is intuitionistic fuzzy
continuous on (V| A).

Proof : By example (2) of [7], { z,, },, is convergent in (V' , || -||) if and
only if { z, }, is convergent in (V' , A). So, f is continuous on (V , || - )
<= For any sequence {x, }, converging to z in (V , || - ), {f(zn) }n
converges to f(z) in (V, |- ).

<= For any sequence { z,, },, converging to x in (V , A), { f(x,)}, con-
verges to f(z)in (V, A).
<= fis continuouson (V , A).

Definition 3.4 Let0 < r < 1,t € R" and © € V. Then the set
B(lz,r,t) ={y eV :puz—-y,t) >1—r, viz—y,t) < r}is
called an open ball in (V , A) with x as its center and r as its radious with
respect to t.
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Definition 3.5 A subset G of V is said to be an open set in (V , A)
if for each x € G there exist r, € (0, 1) and t € R such that
B(z,r,,t) C G.

Theorem 3.6 Every open ball B(x,r,t) in (V, A) is an open set in
(V,A)

Proof : Let B(x,r,t) be an open ball with center at = and radious r
with respect to t. Then,

pwle —y,t) > 1—r and vz —y,t) <r (3).
Then for every t, € (0, t), the relation (3) is true. So, for t, € (0, t),
e —y,tg) > 1—r and viz —y,ty) < 7

Let ro = wu(x — y,ty). Since, vy > 1—r, Is € (0,1) such that
o > 1—s > 1-—r.

Now for given rg and s such that ro > 1 —s, 37,y € (0, 1) such that
ro x 1 > 1—sand (1 —rg) o (1l —1m) <s

Let r3 = max {ry, ro }.

Then, rg * 1 < 19 * r3 and r9 < 73

= 1—-—7r3 < 1—1m

:>(1—7“0)<>(1—’l“3)S(l—?‘o)O(l—Tg).

These implies that,

l—s <rg*xry <rg*rygand (1 —rg) o (1 —r3) < (1—ry) o
(1—ry) <'s

ie, g %13 >1—sand (1 —179) o (1 —r3) < s.

Consider the open ball B(y, 1 — r3, t — ty).

It is sufficient to show that B(y, 1 — r3,t — ty) C B(x,r,t).

Let,z € B(y,1 —rg,t —tg).

Then p(y — z,t —ty) > rsand v(y—z,t —ty) < 1 — r3.
Therefore,

plex—z,t) = ple—y+y—2z,t+ (t—1))
> plz —y,to) = p(y —z,t—to)
>rg*xrg > 1l—s5 > 1 —r.

and
vz —z,t) = v(z—y+y—z,t+ (t—1))

<v(x—y,ty) ov(y—z,t—ty)
< (1l=mr)o(l—-r3) < s< r
Thus z € B(z,r,t) and hence B(y,1 —r3,t —ty) C B(xz,r,t).
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Definition 3.7 A subset N of V' is said to be a neighbourhood of = ( €
V) in (V,A) if there exist v € (0,1) and t € R*' such that
B(xz,r,t) C N.

Theorem 3.8 For any two intuitionistic fuzzy normed linear space (U , A)
and (V' , B), the following statements are equivalent:
(1) f is intuitionistic fuzzy contmuous on U.
(ii) P isopenin (V , B) = f~' (P) is openin (U, A).
(1ii) For each x € U , N is a neighbourhood of f(x) i (V , B) =
fH(N) isa nezghbourhood of v in (U, A).

Proof : (i) = (i) : Suppose f is intuitionistic fuzzy continuous on U
and P isopenin (V| B). If f~'(P) = ¢, then their is nothing to prove.
Let, f7'(P) # ¢ and zy € f~!'(P). Then f(zo) € P. So, there exist
e(> 0) and o« € (0,1) such that B( f(zo), a,€e) C P. Since f is
intuitionistic fuzzy continuous on U, there exist §( > 0) and § € (0, 1)
such that for all x € U,

pulex —xo,0) > 1 =0 = py(flz) — fl(zg),€) > 1 — «
vu(x —x0,0) < B = vy(flx) — flzo),€) < «

ie‘,a:EB(xg,ﬁ,(S)ﬁf() B(f(xog),a,e) C P
= B(x,3,d) C fH(P)
= [ (P )1sopen1n (U, A).
(1) = (i) : Let, e(> 0) and « € (0,1) and zp € U. Then
B(f(x ), a,€) isopenin (V, B).
= [fY(B(f(x), a,¢)) isopenin (U, A) containing x.
= 36 > 0 and B € (0, 1) suchthat B(xo, 3,8) C f1(B(f(xo), a,€)).
= f(B(xo,0,0)) C B(f(xo), a, €).
= f is intuitionistic fuzzy continuous on U.

) = (ii) : Let, 2 € U and N be a neighbourhood of f(z)
(V, B). Therefore, there exist » € (0,1) and ¢ > 0 such that
(f), 7. )) C N = z € f(B((fz), 7,1)) < [ (V).
Again, € f"Y(B((f(z),r,t)) and f~(B((f(z),r,t)) isopen in
(U, A). So, there exist m € (0, 1) and ¢; > 0 such that
B, t) C f(B((f@),r,t) C f(N)
This shows that f~! () is a neighbourhood of z in (U, A).
(iti) = (it) : Let, P be open in (V, B) and € f~'(P). Then
f(:c) € P and therefore there exist e(> 0) and o € (0, 1) such that
B(f(z),a,e) C P

11

—~
.
~

& E

S anelghbourhood of f(z) in (V, B)

(P) is a neighbourhood of = in (U, A)

(> 0)and 8 € (0,1) such that B(z,3,6) C f~H(P).
“1(P) isopenin (U, A).
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Definition 3.9 f : U — V is said to be uniformly intuitionistic
fuzzy continuous on U if for any given ¢ > 0,a € (0,1) 36 =
d(a,e) > 0,0 = B(a,e) > 0 such that for any two points x1, xe € U,

pu(ey —x9,6) > 1 =0 and vy(zy —x9,0) <
= pyv(fle1) — fla2),e) > 1 —a and vy(f(z) — f(z2), €) < a
Theorem 3.10 Let f be uniformly intuitionistic fuzzy continuous on U. If
{xn }n is a cauchy sequence in (U, A), then { f(x,) }n is a cauchy sequence

in (V,B).

Proof : f is uniformly intuitionistic fuzzy continuous on U.
= For any givene > 0, a € (0,1)36 = d(a,e) > 0, 0 =

B(a,e) > 0 such that for any two points 2’ , 2" € U, py(z’ — 2",0) >
1 — 0 and vy(a' —2",6) <

= uy(f@) — f(@"),e) > 1 —a and vy(f(2') — f(@",¢€)) <
a (4)Since {z,}, is a cauchy sequence, for 6 > 0 and [ €
(0, 1) there exist a natural number k such that py(z, — 2,,0) > 1 —
B and vy(z, — xm,0) < B Vmmn > k= pu(flz,) — flam),e) >
1 —aand vy(f(x,) — f(xm),€) < a,Vm,n >k (by (4)) = {f(zn)}n isa

cauchy sequence in (V' , B)

Theorem 3.11 If f : U — V is uniformly intuitionistic fuzzy continuous
on U then f is intuitionistic fuzzy continuous on U but not the converse.

Proof : Obvious.
To show the converse result does not hold, consider the following example.

Example 3.12 Let (X = R, || - ||) be a normed linear space, where ||
x||=|=x],Vxe € R. Definea x b = min{a,b} and a o b =
maz{a,b} Ya,b € [0,1]. Also, define

Ml)l/lau’?)VQ:XXR_)[Oal] by

B t = B t K|z
T e i ) I iy ¥ Py
Let A = {((z,t), yn, rn) : (z,t) € X x R} and B =
{((z,t), pa,n) : (x,t) € X x R} be two intuitionistic fuzzy norm

on X.
Let us define f(z) = Vo € (0,1). First we show that f is intuitionistic



18 B. Dinda and T.K. Samanta

fuzzy continuous on (0, 1). Let xy € (0,1) and {x, }, be a sequence in
(0, 1) such that x, — xo in (X, A). i.e.,forall t>0,

nh—>moo:u1(xn_$05t) = 1 and nh—>mooyl(xn_x0’t) =0
= lim t = 1 and lim [0 = 2o 0
n—>oot+|xn_x0’ n—>oot+|xn_»f0|
= lm |z, — 0| = 0
Again, for all t >0,
t t x, o
n) ’t = =
p2 (f(xn) = f(z0), t) t 4+ k| f(zn) — flzo) | ta, xo + k|2, — 20
= lim po(f(z) = flwo), t) = 1
and
k| f(xa) = f(wo)]| klen — @
n) ’t = -
vo( f(zn) — f(z0), 1) t + k| f(zn) — flzo)| txn,xo + k|, — xo]

= lim_va(f(e,) — f(w),t) = 0

Thus f is sequentially intuitionistic fuzzy continuous on (0, 1) and hence
intuitionistic fuzzy continuous on (0, 1). We now show that f is not uni-
formly intuitionistic fuzzy continuous on (0, 1). By example 2 of [7], we see

that {x, }, is a cauchy sequence in (X , || - ||) if and only if {x,}n is a
cauchy sequence in (X, A) or (X, B).

Let, x, = n%rl Vn € N. So, {f(x,)}n is a not a cauchy sequence in
(X, || - ||) and hence not a cauchy sequence (X, B).

Consequently, f is not uniformly intuitionistic fuzzy continuous on (0, 1).

4  Uniformly Intuitionistic Fuzzy Convergence

Definition 4.1 Let f, : (U, A) — (V, B) be a sequence of functions.
The sequence { f, }n is said to be pointwise intuitionistic fuzzy conver-
gent on U with respect to A if for each x € U | the sequence { f,(x)}n
18 convergent with respect to B.

Let the sequence { f,, },, be pointwise intuitionistic fuzzy convergent on U
and let ¢ € U. Then the sequence { f, (¢) }, is intuitionistic fuzzy conver-
gent on (V| B). Let f,(¢) — y. in (V, B). Then y. is unique. Let
us now define f : (U, A) — (V,B) by f(z) = y.Va € U, where
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fo(z) — y, in (V, B). Then f is said to be the intuitionistic fuzzy
limit function of the sequence { f,, }, on U and it is written as f, — f on
(U, A).

Example 4.2 Let a * b = min{a, b}, a o b = max{a, b} forall
a,b € [0,1]. Define u(x,t) = ﬁ and v(x,t) = tﬁ‘x‘.

Let U = (-1,1) , V. = R,u = py = py , v = vy = vy and
fo : (U, A) — (V,B) be defined by f,(x) = x™ Yo € U. Also, let
O(x) = 0 VYa € U. Therefore,

p(fole) =0,1) = ———— — 1 as n — oo,

|z ]|" t

(@) —0,t) = — 1

— 0 as n — >

= {fuln is pointwise intuitionistic fuzzy convergent to O on (U, A).

Example 4.3 Let a * b = min{a, b}, a o b = mazx{a, b} forall
a,b € [0,1]. Let U ={xz € R: 2 >0}, V=R, u = puy = pv ,
v = vy = vy where

¢ Ed
r,t) = — and v(z,t) = ———.
i, t) t+ |z (z,1) t+ |z
Consider, g, () = " VreU and gxz) = 1 Vo e U
r +n
n x
Th n - = —1 pr —_
erefore, gn(x) — g(x) - -
T
n - ;t == - ,t
p(gn(x) —g@), t) = u( pe— )
t t
= = — 1 as n —
and
V(gn@) — () 1) =~ = T s o
t+ A x4+ t(z+n)

Thus, we see that gn(x) — g(x) Vo € U with respect to B.
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Definition 4.4 Let, f, : (U, A) — (V, B) be a sequence of func-
tions. The sequence { fn }n is said to be uniformly intuitionistic fuzzy
convergent on U to a function f with respect to A, if given 0 < r <
1, t > 0 there exist a positive integer ng = ng(r,t) such that Vx € U
and ¥ n > ng,

p(fulx) — flx),t) > 1 —r , v(falx) — flx),t) <r

Example 4.5 In the example (4.1), we have seen that f, — O with re-
spect to A. Let us show that this convergence is not uniform on (0, 1) but
converges uniformly on [0, a] where 0 < a < 1, with respect to A.

Let c € (0,1),r € (0,1) and t > 0. Then

p(fulc) = 0O(),t) >1 =71 and v(fulc)—O(c),t) <r

t c™
= >1—7r and <r
t 4+ c” t 4+ c”
" rt 1 (1 —1)
= "< = = >
(1 —r) cn rt
log (-r)

log(%)
Let k = |:log( T)] + 1
Then, for each x € (0, 1) and given r € (0,1) and t > 0,

p(fu(z) —O(@),t) > 1 —7r and v(folz) — O(x),t) <r VYn >k
where, k = {W] + 1, which shows that k depends on r,t as
well as on x. Also, we see that as © — 1 = k — oo,

= { fu}n is not uniformly intuitionistic fuzzy convergent on (0, 1) with
respect to A.

- 1—r
Let a € (0,1). In [0, a], the greatest value of { s (% )] is [lmgé”)].

s (T

log(ETIt;):l L1

log ( =

So, let ng = [

Therefore, for all x € [0, a] , given r € (0,1) and t > 0, there exist a
natural number ng = ng (r, t) such that

p(fulx) —0(@),t) > 1 —r and v(fo(x) — O(x), t) < r ¥Yn > ng

= A fu}n is uniformly intuitionistic fuzzy convergent on [0, a] with respect
to A, where a € (0,1).
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Result 4.6 Let (U, ||-||;) and (V, ||-|l5) be two normed linear space
over the field K = RorC | f, : U — VVn € N, axb=min{a, b},
aob=max{a,b}Va,be[0,1]. Forallt > 0 , define

t k=],
MU(I7t): ) VU(xvt): )
t+ k||, t+ k||,
t kx|,
,l,bv(f,(],t): ) VV('T7t): s
t+ kx|, t+ kx|,

where k > 0. Let
A= {((z.t), pulz,t), vy(z,t)) : (z.t) € U x R},

B = {((z,t), pv(z, t),vv(z,t)) : (z,t) €U x R*}

Then (U, A) and (V, B) are intuitionistic fuzzy normed linear space. Fol-
lowing the example (2) of [7] , it can shown that { f, } is uniformly intuition-
istic fuzzy convergent on U with respect to A if and only if { f, } is uniformly
convergent with respect to |||, .

Theorem 4.7 Let f, : (U, A) — (V,B),¥n € N be a sequence
of functions. Then the sequence { f, }, is uniformly intuitionistic fuzzy con-
vergent on (U, A) if and only if for any given r € (0,1) and t > 0
there exist a natural number k = k(r,t) such that Vo € U,

/j’(fn-f—l)(x) - fn(x> ) t) >1—r ) V<fn+p<x) - fn(x) ) t) <r,

Yn > kandp = 1,2,3, -

Proof: = part: Let, { f, }», be uniformly intuitionistic fuzzy convergent
on (U, A) and f be its limit function. Then for any given r € (0, 1) and
t > 0 there exist a natural number ng = ng (7, t) such that for all z € U,
and Vn > ng,

p(fue) = @ 5) > 1=r v (fuo) — Sl ) <
= Forall n > ng and p =1,2,3, --- and z € U,
i (@) = 1@ 5 ) > 11 v (fasla) = f@), 5 ) < v

Now, forall € U and p = 1,2,3, --- ,, we see that

2 (fner(x) - fn(x) ) t)
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= K (fn+p(x> = f@) + @) = fal2) ; * ;>

e (ot 100 )+ (0 )
(et 100 5) e 1101
>(L=r)x(L=r) = (1L-r) Vnzng

and
(fn+p (@), t)

u(fn+,, = f@) + f(@) = ful) ;*D
< (fn+p f (@), ;) o (f(m) ~ fal@), ;)

v (fn+p f (@), t) o v (fn(“f) RRACK ;>
<ror =r Vn > ng

Hence the = part.
< part : In this part, we suppose that for any given r € (0,1) and ¢t > 0
there exist a natural number ng = ng(r, t) such that for all x € U and

Vn > ng

W fuip(@) = ful@) 1) > L1 v (furp(@) = ful2) 1) < 1
Let xyp € U. Then for Vn > ng we see that,
1 Faip(@0) = Jul@o) 1) > 11, v(fasp(e) = fulao) . t) < r.

= { fu(xo) }» is an intuitionistic fuzzy cauchy sequence in (V| B).

= { fu(zo) }» is an intuitionistic fuzzy convergent in (V' , B).

= { fu }n is pointwise intuitionistic fuzzy convergent on (U, A).

Let f be the intuitionistic fuzzy limit function of { f,}, on (U, A). Let
r € (0,1) and ¢ > 0. Then by the given condition, there exist a natural
number ng = ng (7, t) such that forall z € U and p = 1,2,3, --- and
Vn > ng

p(fn@ = 2@, 5) > 1 =r v (o @ = fa@), 2) < r

Again since f, — f asn — oo on (U, A), wesee that f,., — f as
n — ooon (U, A),which implies that for all n > ng and for all z € U,

p(fon@) = 1@ 5) > 1 =1 v (fope) = F@), ) < v
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Now, for all x € U we see that
p(folx) — f(x),t)
= u (fn@c) — fosp (@) + faip@) — f(2), ; + ;)

> 1 (@) = fora@) s 5 )+ 0 (fann@) = £@),5)
> (1—=r)*x(l=r)=(1-7r), ¥Vn > ng

and
v(falz) = f(z), 1)

<ror=r, Vn > ng

DN |+

= { fu}n is uniformly intuitionistic fuzzy convergent on (U, A).

Equivalent Statement: Let f, : (U, A) — (V,B), ¥n € N be
a sequence of functions. Then the sequence { f, },, is uniformly intuitionistic
fuzzy convergent on (U, A) if and only if for any given r € (0, 1) and
t > 0 there exist a natural number ng = ng(r, t) such that Vx € U,

w(fo(@)=fu(z), t) > 1—=r, v(fo(z)=—fm(x),t) <7, ¥Yn,m > ng.

Example 4.8 In the ezample (4.3), though we have seen that { f, }n is
uniformly intuitionistic fuzzy convergent on [0, a], where a € (0,1) and
fn(x) = 2™, again, we will verify it by using the above theorem . Let r €
(0,1) and t > 0. Again let, m, n € N such that m < n. Now ,

p(fa(@) = fn (@), t) > 1—r, v(fule) = fm(x), t) <7
= pu(z" —a™,t) >1—r, v(iz" —a2",t) <
rt
i

Since, sup |z™ — ™| = 2a™ , m < n wehave , 2a™ < a=r
z€[0,al

which implies that m > [W] Let , k = [W} + 1.
1 a

) and t > 0, there exist a natural

= | 2" — 2™ | <

Thus, we see that for given r € (0,
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number k = k(r,t) such that ¥V x € [0,a], a € (0,1) and
Vn >m >k

N(fn(x) - fm(m)’ t) >1—=r, V(fn(x) - fm(x)7t) < Tr.

This completes the verification .

Theorem 4.9 (Uniform Limit Theorem): Let (U, A) and (V, B)
be two intuitionistic fuzzy normed linear space satisfying the condition (xii) .
Also, let f, : (U, A) — (V,B),Vn € N and f, be intuitionistic fuzzy
continuous on (U, A). If { fu}n be uniformly intuitionistic fuzzy conver-

gent on (U, A) to a function f then f is intuitionistic fuzzy continuous on
(U, A).

Proof : Let {f,}, be uniformly intuitionistic fuzzy convergent to the
function f on (U, A) .Then for any given r € (0, 1) and ¢ > 0, there
exists a natural number k = k(r,t) such that for all x € U and for all
n >k,

pv (fa@) = 1@, 5) > 1= v (Fa@) = F@) ) < v

Thus, for all x € U ,

pv (fee) = 1@, 5) > 1= o (L@ = f@)g) < v

Let x¢ be an arbitrary but fixed point of U . Then we have

v (fk(%) —f($0)a;> >1—-r, vy (fk(fBO) —f(%)»;) <r

Since each f,, is intuitionistic fuzzy continuous on U , f} is intuitionistic fuzzy
continuous at xo . So, for any given r € (0, 1) and ¢t > 0, there exist
5:(5(7’ t) >0,ﬁ:5(r,§> € (0, 1) such that

'3
t
py(z —xz9,d0) > 1 =0 = uy <fk(x)—fk(:c0),3) >1—-r,

vz —x0,0) < B = vy (fk(a:) — fr(zo), ;) <r
Thus, we see that for puy(x —x¢,0) > 1 — 3,
pv (f(x) = f(wo),t) = pv (f (@) — fe(x) + fe(@) — fe(xo) + fr(zo) — f(20), 1)
> pv (f@) = ful@), 5) o+ pv (fale) = frlwo), %)

v (fulxo) = f(2o), §)
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> (1—=r)*x (1=7r)x (1l —=r) =1-=r
Thus, we have

(e —a0,08) > 1=8 = py (f@) = f(zo), t) > 1—r - (5)

Again |, for vy ( To,0) < [,
v (f(z) = flzo),t) = vv (f(z) — fk( )+fk(33)—
SVV(f(l')—fk(x)a%)OVv(fk( — fi(zo) %) vv (fe(zo) = f(2o),
< roror =r.
Hence, we have

vp(z —x9,0) < B8 = vy (f(x) = f(zo),t) <1 - (6)

Thus , from (5) and (6) it follows that f is intuitionistic fuzzy continuous on
(U, A).

Note 4.10 The converse of the above theorem is not necessarily true. For
example, we consider the sequence of functions of example 4.3. It is obvious
that each f, is sequentially intuitionistic fuzzy continuous on (0, 1) and
hence is intuitionistic fuzzy continuous on (0, 1). Also, the limit function
fis intuitionistic fuzzy continuous on (0, 1), but the intuitionistic fuzzy
convergence is not uniformly intuitionistic fuzzy convergent on (0, 1)

5 Open Problem

One can develop the concept of differentiation and Riemann integration in an
intuitionistic fuzzy normed linear space and then verify whether the term by
term differentiation and integration are valid or not for a sequence of function
in an intuitionistic fuzzy normed linear space.
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