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Abstract

The present paper deals with an investigation on a three species
ecosystem consisting of a prey (N;); a predator (N2) surviving on N;
and a host (N3) commensal with the prey N; only. The mathematical
model equations constitute a set of three first order non-linear
simultaneous equations in Nj, N, and Ns. The equation for Nj is
non-linear but de-coupled with Njand N, .In all the eight
equilibrium points of the model are identified and criteria for their
stability are discussed. Trajectories of the perturbations over the
equilibrium points are illustrated.

Keywords: Ecosystem, prey, predator, commensal, host, Equilibrium points,
Normal steady state, stability, and threshold diagrams.

1 Introduction

Mathematical modeling of ecosystems was initiated in 1925 by Lotka [9] and in
1931 by Volterra [15]. The general concepts of modeling have been presented in
the treatises of Meyer [10], Kapur [3, 4]. The ecological symbiosis can be broadly
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classified as Prey-predation, competition, mutualism, commensalisms and so on.
N.C. Srinivas [14] studied the competitive ecosystems of two species and three
species with limited and unlimited resources. Lakshminarayan and
Pattabhiramacharyulu [5, 6] Investigated Prey-predator Ecological models with a
partial cover for the prey and alternate food for the predator. These authors are
also analysed a prey-predator model with alternate food for the
predator,harvesting of both the the species[7]. Lakshminarayan and apparao
investigated a prey-predator model with a cover linearly varying with the prey
population and an alternative food for the predator [8]. Recently, stability analysis
of competitive species was carried out by Archana Reddy, Pattabhiramachryulu
and Gandhi [1] and by Bhaskara Rama Sarma and Pattabhiramacharyulu [2],
while the mutualism between to species was examined by Ravindra Reddy
[12].Following this Phanikumar, Seshagirirao and Pattabhiramacharyulu studied
the commensalism of two species with limited resources[11,13 ].

The present investigation is an analytical study of three species system:
commensal — prey - predator and host system. In all eight equilibrium points are
identified based on the model equations and these are spread over three distinct
classes: (i) Fully washed out (ii) Semi/partially washed out and (iii) Co-existent
states. Criteria for the asymptotic stability of the states have been derived. It is
noticed that all the states are stable except in the following states:

i.  Fully washed out state.
ii.  The prey and predator are washed out but not the host.
iii.  The predator and host are washed out but not the prey.
iv.  The prey and the host are washed out but not the predator.
v.  The predator is washed out and the prey and the host are not.
Some threshold results have also been established to highlight the regions of the
asymptotic stability / instability.

2 Notation Adopted

N (t) : The population of the Prey-Commensal Species.
N2 (t) : The population of the predator striving of the prey N;
N3 (t) : The Population of the host to the prey N;
a j: The natural growth rates of N;, i =1,2,3
aii - The rate of decrease of N; due to insufficient resources of, N; i =1,2,3
a12 . The rate of decrease of the prey (N;) due to inhibition by the predator (N,)
a1z The rate of increase of the commensal (N;) due to its successful promotion
by host (N3)
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az1 . The rate of increase of the predator (N,) due to its successful attacks on the prey (N,)
Ki=a i/ a; : Carrying capacities of Nji =1, 2, 3.

C = ajsfass : Co-efficient of commensalism.

P = ajo/a;; : Co-efficient of prey inhibition (suffering)

Q = ax/ay, : Co-efficient of predator consumption of the prey.

3 Basic Equations

The model equations for a three species multi-reactive ecosystem given by the
following system of non-linear ordinary differential equations.

Q) Equation for the growth rate of Prey-commensal species (N1):
dN,

el a11N1 ( Ki— Ni— PN+ CN3) 1)
(i) Equation for the growth rate of predator species (N>):

d(lj\lz = a2 N2 (K2=Ni+QNyp) (2)
(iii)  Equation for the growth rate of host species (N3):

%2333N3(K3—N3) 3)

Further the variables N;, N, and N3 are non-negative and the model
parameters aj, a, as aii, az, as3, aiz, a3, az1, Ki, Ky, Kz, C, P, and Q are all
assumed to be non-negative constants.

4 Equilibrium States

The system under investigation has eight equilibrium states given by %—T =0

A. Fully washed out state:
()  N=0N,=0;N;=0 @)
B. States in which two of the three species are washed out and third is not.

(i) N,=0; N,=0; N;=K, (5)
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(i)  N,=0; N,=K,; N;=0 (6)
(V) N,=K; N,=0; N, =0 W
C. Only one of the three species is washed out while the other two are not
V) Ny=0; N, =K, Ny=K, (8)
(vi) N, =K, +CK;; N,=0; Ny =K, )
(vii) E:ﬁ; N_ZZM;N_SZO (10)
1+ PQ 1+ PQ
This state would exists only when with K; > PK;
D. The co-existent state or normal steady state
(VIII) E:Kl—PK2+CK3;N—ZZQK1+K2+QCK3;N—3:K3 (11)
1+PQ 1+PQ

This would exist only when K; + CK3 > PK;

5 Equilibrium States and Criteria for Their Stability

The basic equations (1), (2) and (3) are linearised to obtain the equations for the
perturbed state,

du
— =Au, 12
m (12)
with
Kla‘ll - ?-auNil_ PE '\TZ+ CanNis _PauiNil o Canﬁl 13
A= Qa,, N, K,a,, —2a,,N, +Qa,, N, 0 ( )

0 0 Kaaaa - 2%3W3

where N = (N, N, N3 ) = N+ u, with u = (U1, U, U 3) is a small perturbation

over the equilibrium state N = (N, N,, N,), Ui, Uy and uzo are initial values of
Ui U, &us respectively
The equilibrium state N is stable, if all the eigen values of the characteristic

matrix A are negative or have negative real parts according as the roots are real
or complex.



N. Phani Kumar and N. Ch. Pattabhiramacharyulu 96

5.1 Fully Washed Out State:
In this case we have
Ka, 0 0
A=| 0 Ky, 0
0 0 Kjag,

the characteristic roots of which are Kja;1, Koazy, Ksass, and these are all positive.
Hence the state is unstable. The equations (12) yield the solution curves:

The variations of the perturbations with respect to time is presented here
Up = ugo e Kiduly up=upoe Kadzal; uy = ugpeKsasst (14)

and the solution curves are illustrated in figures (1) to (5) and the conclusions are
presented here.

Trajectories of Perturbed Species:
The trajectories of (14) in the u;- u,and u,- u 3 planes are given by

Kaag, Kpay Ksags Kaag,
[ij {u_zj and [u_J =[h}
ulO uZO u20 u30
1 1 1
u, |a u, | u, |%
ulO u20 u30

5.2 Prey-Commensal And Predator Washed Out State:
In this Case we have

a,(K,+CK,) 0 0
A= 0 K, 0
0 0 K.y,

and the characteristic roots are ai; (Ki1+CKs), Kzaz, - Ksaszs. As such the state is
unstable.

The equations (12) yield the solution curves:
Uy = Ugg ea11(K1+CKs)t “ Uy = Uy eKoaz t “ Uz = Uz € —Ksaz t (15)

and these are illustrated in figures (6) to (9) and conclusions are presented here.
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Trajectories of Perturbed species:
The trajectories of (15) in the u; — u, plane and u, — uz plane are given by

B K,ag, ayy (K +CKy) 7] Kes K,a,, Kaags) 21 (K1t CKs)
u u u u
ulO u20 u3 uzo

u j Vay _ ( u, j (1+CKalky) [ 2, _ ( uy j (1+cks / k) / @
ulO u20

uSO

5.3 Prey-Commensal and Host Washed Out State:
In this Case we have

a11(K1 - PKz) 0 0
A= QKzazz _Kzazz 0
0 0 Kjag,

and the characteristic roots of which are — a1 (PK; — Ky), — Kaazg, Ksazs. Since
one of these three roots is positive, hence the state is unstable. The equations (12)
yield the solution curves.

Uy = U e—a]_j_ (PK2 - K]_) t )
U= QK2 g au(PKeHa)t J{u - QK20 }eKza”t > (16)
20
Klau + Kz (azz - Pau) Klall + Kz (azz - Pau)
_ Ksasst
Uz=Ug€ _/
Kl — a22
Case—-AWhenPK,-K;>0and —: =pP- %
K2 ail
In this case (16) becomes Uy = Ugo e 282 t. = e~ K2zt o o K
sasst
Case - BWhen PK;-K; =0
In this case (16) becomes
Uy =Ugo Up= QKZaZZUlO I:l_e—Kzazzt:I+ u e—Kzazzt Us=Ugpe Ksasst
’ K1a11 + Kz(azz - Pan) ? ,

and these are illustrated in figures (10) to (14) and the conclusions are presented
here.
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Trajectories of Perturbed species:
Case A: When PK; — K;>0, the trajectories of (16) in u;-u, and u, — usz plane are

u K3ass u ay; (PK,—Ky)
(_1j [_j - Land
ulO u30

Up = QK2 +[u . QKU } [u_j Ko
20 :
Kzazz _an(PKz - Kl) Kzazz - all(PKZ - Kl) Uz,

—Kaay,

ksags
Case B: When Pk, — K; = 0, the trajectories of (16) are [ij =1 and

ulO

—kaay,
ks

U= Q + [ Uzo — Quyo] [iJ

30

5.4 Predator And Host Washed Out State:
In this case we have

_Klau _Pail Kl Cail Kl
A= 0 a,, (K, +QK)) 0
0 0 K,ag,

and the characteristic roots of which are -Kjais, ax (K + QKj), Ksass, Since two
of the three roots are positive, the state is unstable. The equations (12) yield the
solution curves:

U1 = Ug + Uy P 1_eazz(Kz+QK1)t:| +Uu

a, (K, +QK,) +K,a,

+
U2 = Uz ea22 (KatQKy) t ;Us=Usz €

30° —C ALY gl —1:|
Ksags + Kiay,

Kszazat (17)

and these are illustrated in figure (15) to (18) and the conclusions are presented
here .

Trajectories of Perturbed species:
The trajectories of (17) are given by

u Ksags u ay (QK1+K3)
u20 u30
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Uz = U + Uzo P (1—“—2] + Uy, —CKlaﬂ [ﬁ _1j
8, (K, +QK,) +a,K, Uz Kaag; + Kjay; | Uy

5.5 Prey-Commensal Washed Out State:

In this case we have

a,; (K, -PK, +CK,) 0 0
A= Qazz Kz _Kzazz 0
0 0 -K,a,,

and the characteristic roots of which are ai; (Ki- PK; + CKy), - Kz a2, -Ksass
Case A: When K; + CK3 > PK;

One of the three roots is positive so that the state is unstable
Case B: When K;+CK;3 < PK,

All the three roots are negative hence the state is stable:
The equations (12) yield the solution curves in both cases

For Case A
Uy = Uy € (K1+CK3-PK2) t A
Uy = Uy, Qa,, o (KK | | Qa,uy, a-Kaat (18)
(K +CK, —PK, +K;a,) (K, +CK, ~PK, + K, >
Uz = Ugzp.€ ~Ksagsl )
For Case B
Uy = Uy @ - (K1+CK3 - PKz) t. N\
U = U, Qa,, o (KCKPI || Qa,, U, ot | (19)
* K, —(K +CK—PK,) K, —(K+CKPK,)
U3 = Usp. € —Kaast. J

And these are illustrated in figures (19) to (22) and the conclusions are presented
here.

When uy = Qa,ly, then (18) becomes
(K, +CK,-PK,)+K,a,,

(K1 + CKj3 —PKz) t. (K1+CK3-PK2) t.

Up = Ugo € Uz = U g = Uy e 3Rt
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when uy = % where A = K; + CK3 — PK; < 0 then (19) becomes
2%
Qa22u10
K,a,, — A

—K3 Qast

—-Al

—At -
Up = Ue Up = e M =u,eMus=uye

Trajectories of Perturbed species:

Case A: When A = K; + CK3 - PK; > 0, the trajectories of (18) in u;-u, and
Uz — ug plane are given by

1 1
{ij:(u_zj and (i]K1+CK3PK2 (in@% 4
U Uy Uy Uy

Case B: When A = K; + CK3 - PK; < 0, the trajectories of (19) in u;-u, and
Uz — Uz plane are given by

Kaags A
{i) =(u_zj and [u_] :(&]
ulO u20 u20 USO

5.6 Predator Washed Out State:
In this case we have

_afl.l(Kl + CKs) _Pa11(K1 + CKs) Call(Kl + CKs)
A= 0 azz(Kz+Q(K1+CK3)) 0
0 0 -K,a,,

and the characteristic roots of which are — a;; ( Ky + CK3) , a2 (K2 + Q (Ky +
CKa3)), - K3 as3 as one of these three roots is positive, the state is unstable.

The equations (12) yield The Solution Curves:

u, =a, (K, +CK;,) Clly g ot _ Py e(Kzam(K“CK“Q)t}
ay,; (K +CK;) —Kjag, a, K, +(K; +CK;)(Q+4ay,)
+ Uy — a:ll(Ki + CKs) |: CU30 - P.U20 }
a, (K +CKy) —Kaag,  a,K, +(K +cK;)(g,a,,)
Up = Upo € 322 (K2+Q (Ky + CKy)) t (20)
U3 = U3z € el

and these are illustrated in figures (23) to (25) and the conclusions are presented
here.
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Trajectories of perturbed species:
The trajectories of (20) are given by

u Ksags u a, (K, +Q(K;+CKy))
u20 u30

Uy = Uy + a'n(Kl + CKa) C-U30 [U_3j - P-UZO (1_U_2j
ay; (K, +CK;,) — Kjag, | Uy a,,K, + (K, +CK;)(Q +ay,) Uy

5.7 Host Washed Out State:
In this case we have

i _all(Kl_PKZ) _a11P(K1—PK2) aMC(kl—PKz)_
1+PQ 1+PQ 1+PQ
A = azzQz(K2+QK3) _azz(K2+QK1) 0
1+PQ 1+ PQ
0 0 Kja,;

The characteristic equation is :
|:(/1+ a11(K1 — PKz ](/1+ azz(Kz _QK1J+ a,a,, PQ(K1 — PKz)(Kz +QK1)

1+PQ 1+PQ (1+PQ)?

Case A: When [ ax (K; + QKj) + an (K1 — PKy) 12 = 4ay; az (Ko+QKy) (Ki-
PK>) (1+PQ)

_ _[all(Kl_ PK2)+a22(K2 +QK1)], lz _ _[ail(Kl - PKz)+a22(K2 +QK1)] ,7b3 = k3a33
2(1+PQ) 2(1+PQ)

}(A—Kaaag) =0

A

as such the state is unstable.

Case B:When [ az (K2 + QKy) + ay; (Ki — PKy) 12 > 4ay; az (Ko+QKy) (Ki-
PK5) (1+PQ)

In this case the first two roots are real and unequal and third root is positive hence
the state is unstable.

Case C: When [a22 (K, + QKy) + ai; (K1 — PKy) ° < 4ay; az (Ko+QKy) (K-
PK>) (1+PQ)

In this case the first two roots are complex with negative real part but the third
root is positive, hence the state is unstable.

The equations (12) yield the solution curves
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up (t) = (A1 + B) [Uyo (A — Kyaygs) + Uy ] = PUyy (4 — Kjags) it
(jﬂ_ﬂ"z)(ﬂi_Ksass) )
G+ AUy (%, — K)ot - aiPUs (8, —Kea) ey (KB +A)oily o
(4 —2)(% - Kay) (4 —Keap)(h —Keay)
1 0 = e @ —Ka) —AQI Ky +athy
2 () —Ka) 1)
(A o)y (4, —KBs) = A, — Ko )y + a1l s B0 Uy Kt
(%= 2)(%, —Kas) (% —Ka)(4, — Koas)
Us (t) = Usg ekaaas t
Where ¢ ~2(K=PK) 5 _ap(K+QK) |

1+PQ

1+PQ

5.8 Co-Existent State:

In this case were have

[ —a,(K,+CK,—PK,) —a,P(K,+CK,~PK,) _ C(K,+CK,—PK,)]
1+PQ 1+PQ . 1+PQ
A =|a,QQK +K,+QCK, -a,(QK, +K, +QCK,) 0
1+PQ 1+PQ
0 0 —K,a,,

the characteristic equation is

K’“ a4 (K; +CKy —PKZJ(/H 8,y (K +K, +QCK3J+ 885, PQ(K; +CK g~ PK,)(QK; +K. +QCK3)}

1+PQ 1+PQ 1+PQ)?
A+ K3833) =0
and the characteristic roots are :

—(a+ )t \(a+ B)} —4ap(l+ pq)
2

a,,(QK, + K, +QCK,)
1+ PQ

A=-Kkgazs, A= where

o= all(Kl +CK3 — PKz)
1+ PQ

Case A: When (a+ f)° > 4af(1+ pq)

B =

The roots are real and negative, hence the state is stable.
Cast B: When (a + £)* = 4af(1+ PQ)
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_(a+p) _(a+P)
2 2
Case C: When (a + £)? <4aB(1+ pq)

The roots are complex with negative real part, hence the state is stable. The
equations (12) yield the solution curves:

The roots are 4, = A, = —K,a,,, hence the state is stable.

A, =

up

~
_ U1+ A)lugg (g + Kgdgg) + Catigg] - afiuipg (g + K3agg) At
(4~ 2)( A + K3ag3)
. (A9 + Pluyg (4 + Kgagg) + Cauggl — afuyg (Ay + Kgagg) e22t . (B - Kzagz)Caugy e—K3a33t
(43 = 41)(2 + K3ag3) (g + Kzagg)(4p + Kzags) >~
u, = (A + K) (A + @) (A + f) + (A + K853) fQuy, + SQCa Uy (22)
(4 = 4) (4 +Kqay)
U+ K@)y + @), + )+ U + Kia)BQuy + fQCarthy o fQCaty  uy
(4, = )4, + Kyag,) (A + Kgag)(4, + Kyagy)
U3 = U3o g ot -

and these are illustrated in figures (26) to (28) and conclusions are presented.

6 Perturbation Graphs:

Yae
e 1

) S

T

Fla 8

e

—

Wo Yy




N. Phani Kumar and N. Ch. Pattabhiramacharyulu

Mg o

Y3

P
Ed

e

Y

- ey - u
" I
A
uge s Mg
e ] e \ e
Mg ' ! Uy Yyg Mh Yay o
i H £
ole i —*¢ ‘_,_‘———L\g-—-» IS ‘T“—;—;—'—“AL
Rgac Ft‘a En =4
W
" - vy c
A }
e (e
w
3 ’ s 5
Ygp : { u, W :
| ]
. Pl - M,y 0 L,‘ e
& b Py e Ry a5
x M
a 9
M | Yyg
Uae U
- U
\-Ulc ,L\Q' U ‘ Uy
2 ! S, ; !
) 7 t o * =
&13 &3 é‘;:
R‘a 2%



105 A Three Species Ecosystem Consisting...

7 Conclusions of the Above Perturbation Graphs

7.1) Conclusions from Figure (1) to Figure (5)
Case (I) U10=Uz<Ugzp:a 1> a2> a3

Inspite of its initial lead (u3), the host is out numbered by the commensal-prey at
1 o/ % |andby the predatoratatime; o1 ool U |,

Ka%s - Kla‘ll Uyy i Ks%s - Kzazz Uyy
This out numbering of commensal- prey over the host and predator as well is
mainly due to its higher natural birth rate as shown in Fig.1.

time ¢ " -

Case (II) Upo>U3p>U1p: 21> 2> a3
Even if the low initial strength the commensal prey (uip) out numbers both the

* ulo

host at time t =—1 log| == |and t*=;|o Y | This is
31 g 21 g
K,a, - K,a, u K,a,, —Ka, u

20 20
illustrated in Fig.2.

Case (III) Uzo>U3p=>U10: 2 1> az>ap
With the low initial strength u;o the commensal prey (uip), it out numbers the host

— T log L”&] andt,*=———=—log (”ﬂ} , and host
Ks%s - K1a11 Uy Kzazz - Klall Uy

out number the predator at t,* :;Iog Y% | as shown in Fig.3.
K,a,, —K,a, u

2% T N3

and predator at time t, =

20

Case (iV)Z U20>U3p>U10; 2 2> A1>a3

The predator always out numbers both the host and prey, because of its exceeding
natural growth rate. The commensal-prey exceeds the host from time

*

31

L log (“ﬂ] on wards as shown in Fig.4.
K3a33 - Klan Uy

Case (V): Uzp>U10>Uzp; 2 2> a1>a3

Inspite of the low initial strength of predator numbers the commensal prey and

host at time t,"= ;Iog (uij and t,) = _r log (h] and
2 K1a11 s Kza22

K,a U, K,a, — Uy,
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commensal prey out number the host at timet, * - ”ﬂ}. This could

—Iog(
Ksass - Klan Uy,
be attributed because of the lowest natural growth rate of the host and the highest
growth rate of the predator. This is illustrated in Fig.5.

7.2 Conclusions from Figure (6) to Figure (9)
Case (I) U10=>U30>U2g
The prey dominates the predator because of higher natural growth rate and initial

take off, the predator out numbers the host at time t,,’ =;Iog (uﬂJ as
3a'33 K2a22 u

20

shown in Fig.6.

Case (ii): uzp>Uu1p>Uz

The prey and predator both dominates the host at times

t, = L log [uﬂj and t,,’ :;Iog (uﬂ] as shown in Fig.7.
ail(Kl + Ka) + Ksasz Uy K3a33 - Kzazz Uy

Case (iii): usp>Uip>UyThe predator out numbers both host and prey at time

t,) = hj and HZ*Z;mg(LoJ.Further the prey out

— Iog[
Ksasa - Kzazz Uz, K2a22 - Kl +a,

numbers the host at time - _ og[uﬂj.This is illustrated in Fig.8.
3, (K, + Kg) +Kaayy Uy

uZO

Case (iv): Usp> Uz > Ug
Inspite of the low initial strength of the prey, it out number the host and predator

at timey - _ 1 log (“ﬁ] and ¢ ' - u

Aj and predator out

I (
' a, (K, + K;) + Ksay, u Ka, —K,a,, Uy,

number the host at time (=

10

—
Kaaaa - Kzazz Og[uzo
growth rate of prey compared to that of the predator. This is illustrated in Fig.9.

Ugoj.This happens due to a higher natural

7.3 Conclusions from Figure (10) to Figure (14)
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Case (i): Up>U3p>UxThe commensal-prey out number the host at time

. 1 u .
t, =————Ilog| =% | alter that the host dominates, and the prey-
a5U, —agK, Uso

commensal declines further as shown in Fig.10.

Case (II) U20>U10>U3g

Even with the low initial strength of the host it out numbers the prey-commensal

and later predator at time t,,;"and t,,” respectively. Where, - _ ! |og(”;o],
a22 K2 + a33K3

u30

. :;mg(“ﬁ] as sshown in Fig.11.
a, K, +a5,K, Usg

Case (iii): up>uz>Usp

Inspite of the low initial strength of the host it out number the predator and later
commensal-prey at time t," (obtained by solving ul & u2 in case B) and

t, = L log [uﬂ] respectively. This is illustrated in Fig.12.
K3a33 USO

Case (iv): Uz0>U10>U30

Even with the low initial strength of the host it out number the prey-commensal

and alter the predator at time t." = L log (uﬂ] and t,," (obtained by solving
K3a33 u30

ul & u2 in case B) respectively as shown in Fig.13.

Case (V): Uzp>U3p>U1

The host exceeds the predator from time t,," (obtained by solving ul & u2 in case
B) and the predator declines further and asymptotic to the equilibrium point after
t,,” (obtained by solving ul & u2 in case B). This is illustrated in Fig.14.
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7.4 Conclusions from Figure (15) to Figure (18)
Case (i): u0>U1p>Uzp

The predator always and number both the host and prey-commensal because of
exceeding natural growth rate. The host exceeds the commensal -prey from time

t," (obtained by solving u;& us) as shown in Fig.15.

Case (ii): uo>U3p>Uyo

The host and predator both dominates the prey-commensal at time t, and t,"
(obtained by solving u1& us, U1 & U,).This illustrated in Fig.16.

Case (III) U 10>U20>U3p

The host out number the commensal-prey and predator at time t,"and

0= |Og[uzo] 1 Further the commensal — prey declines asymptotic to
u Ksaas _azz(Kz +QK1)
the equilibrium point as shown in Fig.17.

Case (iv): u10>U3p>Uz

The predator out number the commensal-prey and host at time t," (obtained by

solving u1& u) and ¢ * — jog [@J 1 Further the commensal — prey
Uy ) Kydys =85 (K, +QK))

declines asymptotic to the equilibrium point as shown in Fig.18.

7.5 Conclusions from Figure (19) to Figure (22)
Case (I) U10=>U30=>U2g

The prey-commensal always out number both the host and predator, because of its
exceeding natural growth rate. The predator exceeds the host from time

t,” =log Yo L ,as shown in Fig.19.
Uy ) K +CK, = PK, + K, +a,

Case (ii): u3zp>U1p>Ux0
Inspite of the low initial strength of the predator, it out number the host and prey

at time ¢ - _ 1 log| % |and commensal-prey out number the host
* K +CK,-PK, +K,a, Uy,
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at time | - _ 1 log| Y2 | This happens due to higher natural growth
K, +CK,-PK, +K,a,

rate of prey-commensal compared to that of predator. This illustrated in Fig.20.

ulO

Case (III) U 10>U20>U3p

The prey-commensal always out number both the host and predator because of its
exceeding natural growth rate. The host exceeds the predator from time

ty =#Iog (uﬂj onwards where A = K; + CK3 — PK; < 0.How ever all the
A-Kjag, Uso

three converge asymptotically to the equilibrium point. This illustrated in Fig.21.

Case (iv): Uzp>U10>Uz0
The prey-commensal and predator both dominates the host at time
__ 1 log(ﬂj and ¢ *_;mg(hj onwards, where
Ksag —a, Uy Kty —a, Uy
A = K; + CK3 - PK; < 0. However all the three converge asymptotically to the
equilibrium point. This illustrated in Fig.22.

31

7.6 Conclusions from Figure (23) to Figure (25)
Case (I) U 20>U10>Us3p

The prey-commensal out number the host at time t,” (obtained by solving u;&
Ug), after that the host dominates and both declines further as shown in Fig.23.

Case (ii): u10>Uzp>Uz0
Even with the low initial strength of the predator it out numbers the host and later
prey-commensal at time t,,"and t,” (obtained by solving ui& u,) respectively.

Where, . 1 (usoj as shown in Fig.24.
t, = log| ==
2, (K, +Q(K, +CK;))+K,ay

u20

Case (III) U 30=>U20>U10

The host out number the predator at time . _ 1 o [uzoj after
7 (3 (K +Q(K+CKy)) + Ky ) Uy
that the predator dominates, and the host declines further as shown in Fig.25.



N. Phani Kumar and N. Ch. Pattabhiramacharyulu 110

7.7 Conclusions from Figure (26) to Figure (28)
Case (i): U 10>Uzp>U3p

The prey-commensal dominates both predator and host in natural growth as well
as in its initial population strength. In this case the prey-commensal continues out
numbering both predator and host as shown in Fig.26. However all the three
converge asymptotically to the equilibrium point.

Case (ii): u10>Uzp>Ugo

The host exceeds the prey-commensal from time t," onwards .How ever all the
three converge asymptotically to the equilibrium point. This illustrated in Fig.27.

Case (III) U 20=>U30>U10
The prey-commensal and host both dominates the predator at timet,,” and

t,,” (obtained by solving uy, uz and uj, u; respectively) onwards. How ever all the
three converge asymptotically to the equilibrium point. This illustrated in Fig.28

8. Threshold Diagrams
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6 Open Problems

An ecosystem consisting of a prey ,a predator with unlimited resources and a host
commensal to the prey with resources (i) unlimited and (ii) limited and also with
harvesting of one or other species.

An ecosystem consisting of a predator that survives on an immigrating prey that is
also a commensal to a host. It is also relevant to examine the delayed effect in the
above mentioned problems.

A three species ecosystem consisting of a prey with limited resources, a harvested
predator with unlimited resources and a harvested host commensal to the prey, the
effect of delay(s) of the interaction in the above cases.
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