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Abstract

Let 1 < p < oo be a (extended) real number, x = (21, x2,...,2,) €
R™ and the map p —| z |[p:== O, |£L‘i|p)1/p. In the present paper,
some different proofs for the decrease monotonicity of p —|| z ||, are
given. Afterwards, we construct an iterative algorithm that converges
point-wisely to a parameterized norm ©,,. At the end, the interconnec-
tion between ||.|, and ©,, together with extensions for 2—norms, are
putted as open problems.
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1 Introduction

Let R™ be the real finite dimensional space. In the literature, three special
norms of R" are well known: for z = (x1, z9, ..., z,) € R,

n n 1/2
ol = foil, lzlls = (ZW) Mol = masx Jzi,
=1 =1

which satisfy the following inequalities

[2llee < flzllz < llzll <l
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The second norm ||.||2, so-called euclidian norm, derives from the standard
inner product defined by

Tr = (131,.%‘2, 71:%) € Rn? Y= (y17y27 7yn) € an <I,y> - leyl
=1

There are many other norms of R", so-called Schatten power norm, extending
the above three ones: for 1 < p < co (extended) real number, we set

n 1/p
Iz, = (Z |93¢|”> :
i=1

Such parameterized norm immediately gives ||.||; and ||.||s for p =1 and p = 2
respectively, and extends ||.||o in the following sense

Ve e R"  ||z]|e = lm ||z||,.
p—00

If we denote by p* the conjugate of p defined by 1/p+1/p* = 1i.e p* = p/(p—1)
with the convention p = 1, p* = oo and p = oo, p* = 1, the following inequality,
so-called the Hélder inequality in R”, is well known: for all z,y € R" there
holds

[y | < llzllplly
For p = p* = 2, the above Holder inequality is exactly the classical Cauchy-
Schwartz one. Further, it is not difficult to prove the following inequality:

1 1
Vr e R” zll, < —llzlli + = ||zl oo 1.1
[k pll I p*ll | (1.1)

p*-

Indeed, writing

n n p—1 n

> fal? = D fwfP | < ( max |a) > lail,
- - 1<i<n -

=1 =1 =1

we deduce that

n e (-1)/p [ n Ve
P < A ,
Sl ) < (maial)  (Xkal]

i=1 i=1
which, with the Young inequality, yields the desired result (1.1).
Finally, we may state the following theorem that is also known in the literature.

Theorem 1.1. Let 1 < p < oo be a (extended) real number. For fixed vector
x:= (21,22, ..., ,) € R", the mapping

n 1/p
p—llz[lp= (Z\%I”) ,

=1

is monotone decreasing, that is, p >q>1 = z ||,<| = ||, -
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In the following section, we will present some different proofs of the above
theorem. For this, we state the next lemma which will be needed in the sequel.

Lemma 1.2. Let ¢q,co,...,cy be N positive real numbers and 0 < m < 1.
Then there holds

Proof. 1t is a simple exercise for the reader. O

2 Various Proofs of Theorem 1.1

In what follows, we will present seven different proofs of Theorem 1.1.

Proof 1. The short proof, based on Lemma, 1.2, is first as follows. If p > ¢ > 1
then 0 < ¢/p < 1 and Lemma 1.2 with m = q/p, ¢; = |x;|P gives

n q/p n
(Swr) <X
i=1 i=1
The desired result follows.

Proof 2. The second proof, simple and elementary, is based on the homo-
geneity principle of a norm. We can assume without loss the generality that
| « |l;= 1. Then, |z;] <1 and so |z;|? < |z;]9, for all i = 1,2,...,n. It follows

that
n n
Z |2 < Z |z =1,
i=1

i=1
and so

n 1/p
(Z |xi|p> < 1=z,
i=1
which is the desired result.

Proof 3. The third proof is an explicit and manual statement of the above one.
Setting |x;| = a; > 0, we can assume that Y a; > 0. We write successively

1/
<z;;1a€>”p_< S al ) ’
(X, e \ (2, af)?/e

n apla\ 7 - i\
() (St

1=1"
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Since
a

Z?:l aj

( a? )p/q al
i < i

n q = n q-
> i 4 > i 4

Summing over ¢ from 1 to n we infer that

n al p/q n @
Z(anaq) SZ nlaq'zlv

i=1 i=1""

() )
S <L
1 Zizl a;

The desired result follows.

0<

<1 and p/q>1,

we deduce that

from which we deduce

Proof 4. The fourth proof is also simple and elementary, with explicit com-
putations. We can assume that a; := |z;| > 0 for all i = 1,2,....,n. Let us

set
U(p) = exp (%ln (Z af)) ,

for p €]1, +o00[. We wish to establish that the map p — W¥(p) is monotone
decreasing. A simple computation of ¥'(p), after a reduction, yields

/ 12 i ailn a; — %(l” D i1 @) (i )
v (p) -~ n D
p Zi:1 a;

n 1/p
a; S (Z CLIZ) )
=1

for all 1 = 1;2,...,n implies that

(p).

The fact that

1 n
Ina; < —anaf,
L

for all 2 =1,2,...,n, and thus

iafln a; < ]19 (lniaf) iaf.
i=1

i=1 =1
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Combining the previous, we then have proved

’

Vp €l]l,oo[ U (p) <0,

which yields the desired result.

Proof 5. Here, we use a mathematical induction on n. For n = 1 the desired
result is trivial. Assume that, for p > ¢,

k 1/p k 1/q
B
=1 i=1

k1 o\ VP k 1/p
() - (Treaa)

i=1 =1

We can write

which, according to the induction hypothesis, becomes

1/p

k1 1/p k p/q
(zaf) < (zag) can)

i=1 i=1

k41 1/p k p/q
() < { () et
=1 1=1

Now, Lemma 1.2 with

or again

a/p\ /4

k p/q
N=2 m=q/p€|0,1], e, = (Za?) , Co = G},

yields the following

k+1 1/p k 1/q
(z ) < (z az+az+1) |

=1 i=1

Summarizing what previous, the desired result follows.

Proof 6. This proof is based on a duality principle using the Holder inequality.
It is easy to deduce that

lzll, = maz {] (@, 9) . Nyl < 1} =maz{| @,y ], Y lul” <1},
i=1
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If p > g then p* < ¢* and so there holds

<1y c{yeR Y jul” <1}

=1

{y € Rna Z |yz
i=1
Then we can write

1, = maz{] (z,y) Z|yz

< 1} < max{|{(z,y) Z |y

< 1} = lzllg,

which is the desired result.

Proof 7. Here we only present the key idea of this proof and we omit the
details to the reader. First, we easily show the theorem when p and ¢ are both
integers. Secondly, if p and ¢ are rational the proof of the desired result can
be reduced, with a simple manipulation, to the above case. Finally, for p and
q real numbers, it is sufficient to remark that the map p — ||z||,, for fixed
x € R", is continuous and the desired result follows by density of Q in R.

3 Another Family of R"—Norms

As already pointed, the aim of this section turns out of to construct another
family of norms in R" indexed by p € [0,+o0]. We need additional basic
notions which we will state below. Let a be a norm in R™. The dual of « is
the norm «o* defined by

Ve e R" o (z) = maz{|{(x,y) |, aly) <1} = mam{%, y # 0}.

It is easy to see that o := (a*)* = «a and, if @ and [ are two norms of R”
such that o > 3 (i.e a(x) > f(x) for every x € R™) then o* < #*. The norm
a will be called a normalized norm if a(e;) = 1 for all ¢ = 1,2,...,n, where
(e1, €3, ..., e,) refers to the canonical basis of R™. It is clear that the set of all
normalized norms of R™ is not stable for the operation addition but it is a
convex set. It is easy to see that if « is a normalized norm then so is a*. The
above norm .||, is a normalized norm for all 1 < p < oo, with the relationship
(11,7 = 1y T particular, |15 = I les [11% = [ 1115 = 2, and it i
not hard to verify that ||.||» is the unique self-dual norm of R™.

A sequence (a¥) of norms in R will be called (point-wise) converging if the
two following conditions are both satisfied

(i) For all x € R*, o*(z) converges in R,

(ii) Setting a(x) = limy_ooa®(z), then o defines a norm in R™.

It is clear that (i) doesn’t ensure (ii). In fact, if (o) satisfies (i) with limy,_..a(z) =
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a(z) then « is only a semi-norm (i.e the separation axiom of a norm is not
generally satisfied by «). For example, o(x) = ||z||/(k + 1), for a given norm
||.]| of R™, satisfies (i) but not (ii). However, the following result holds.

Lemma 3.1. Let (o), be a sequence of normalized norms of R™ with limy,_.oo*(z)

a(z) for every x € R™. Then, a is a normalized norm of R™. If moreover (a*);,
s monotone decreasing then ((ak)*)k converges to o*.

Proof. 1t is a simple exercise for the reader. n
The following lemma will be needed in the sequel.

Lemma 3.2. Let a and 3 be two norms of R™. Then, for all 1 < p < oo,
there holds

1 1 | 1
p p p p
1

1
If a > 3 then the map p — —a + —f3 is (point-wise) monotone decreasing.
p

Proof. By virtu of the definition of the dual norm, it is sufficient to prove that

1 1\ 1 1
(—CL + —*b) < —a_l + —b_l,
p D p p*

for all real numbers a > 0,b > 0. Since the real mapping x — 1/x is convex
on |0, +oo[, the desired inequality follows. The second part of the lemma is
immediate so completes the proof. O

Now, for 1 < p < oo, we define a sequence (@’;)k by the following iterate
process

1 1
k+1 __ k
@p = 591) + E

It is easy to see that @’; is a normalized norm for all p and k£ > 0, with

(05)" k= 0: €0 =], (32)

1 1
Op =~ + -l
p D p*
It is clear that ©F = ||.||; and ©% = ||.||« for all & > 0. Below, we can then
assume that 1 < p < oo.

Proposition 3.3. For all 1 < p < 0o, the following assertions are met
(i) For every k > 0, (@';*)* < @’;
(it) The sequence (OF); is monotone decreasing.
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Proof. (i) For k =0 it is trivial. By (3.2) with Lemma 3.2, we obtain

|
(O5)" + 2—9@5 = OFtH,

which gives the desired inequality.
(ii) Substituting the above inequality in (3.2), we immediately deduce the
decrease monotonicity of the sequence (@’;) k- This completes the proof. O

Theorem 3.4. The norm sequence (OF), converges (point-wisely) to a nor-
malized norm ©,, of R", with the following estimation

1

vk >0 og@;‘—@pgpk

(-1l = - lso) - (3.3)
Proof. By Proposition 3.3, for all £ > 0 we have

o <o <O < (BR) <o <o <. < (3.4)
It follows that, for all z € R", the real sequences (@’;j (x))k is monotone de-
creasing and lower bounded and so converges in R. Since @’; is a normalized
norm, the first part of Lemma 3.1 tells us that (@’;) , converges (point-wisely)
to a normalized norm denoted by ©,. To prove the estimation (3.3), we first
remark that

E \* k
(@p*) <0, < @p,
which with the fact that

1 .
Of 6= (6} -6, + - ((6) = ,),

SR

yields the following double inequality

og@’;ﬂ—@pg%(@’;—@p),

for all £ > 0. The desired result follows by a mathematical induction with a
simple manipulation. The proof of the theorem is complete. m

Corollary 3.5. For all 1 < p < oo, the following properties hold true

, 1 1
(1) ©p < Zlllh+ oo

(ii) (©,)" = Ops. In particular, one has Oy = ||.||2.
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Proof. (i) By the decrease monotonicity of (@’;)k we have

1 1
F<ol = — || o-
6, <6, pH I +p*|| oo
Letting £ — oo in this later inequality we obtain the desired result.
(ii) Since (@’;)k converges to O, for every 1 < p < oo then (@’;*) , converges
to ©p«. Algorithm (3.2), with the second part of Lemma 3.1, yields when
k — oo the first relation of (ii). In particular, if p = 2 then p* = 2 and so
(©2)* = O,. Since ||.||2 is the unique self-dual norm of R”, the second relation
of (ii) is so obtained, thus concludes the proof. O

Proposition 3.6. For 1 < p < oo, the map p — O, is monotone decreasing.

Proof. By a mathematical induction on k£ > 1, we wish to establish that @’; <
@’q“ for p > ¢q. For k = 1, it is immediate from the second part of Lemma 3.2,
since ||.]|ooc < ||.]l1- Now, assume that for p and ¢ such that p > ¢ we have

k
@’;j < @q. One has
1 1 « 1 1
Ml = —eF + —(6f) < -ef 4+ —
P p P ( P ) p 4 pr
According to Proposition 3.3,(i), we have (@’;*)* < @’; which, with the second
part of Lemma 3.2 and (3.5) yields

1 %
k+1 k k _ Ok+1
@p+ S 59(1 + —q* (@q*) = @q .

(k)" (3.5)

Summarizing, for all £ > 0 and p > ¢ we have @I; < @’;. Letting k — o0 in
this latter inequality we deduce the desired result. O

A Holder type inequality satisfied by the norm ©,, is recited in the following.

Proposition 3.7. Let 1 < p < oo and z,y € R™ then one has

| {z,9) | < 6,(2)Op(y)
Proof. Algorithm (3.2), with the definition of the dual of a norm, gives

1z y) |
p* Ok (y)’
for all x,y € R™ with y # 0. By Young inequality we deduce that
e (@) |7
1/p*’
(65-(9))

This, when k — oo and after a simple reduction, yields the desired inequality
thus completes the proof. O

Ol (z) > %@];(93) + i (O5) (z) > —Ok(z) +

pr P p

0,7 (z) > (6,(x))
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4 Some Open Problems

As we have seen throughout the previous study, the norms ||.||, and ©, have
similar properties. In summary, we have obtained the following:

L. |I.|l, and ©, are both normalized norms of R, for all 1 <p < oo,

2. p—||.||, and p — ©,, are both monotone decreasing,

3. (M) = 1I-

p and (0,)* =0, for all 1 < p < oo,

1 1
Ay < —H ||1+—H oo and ©p < Z- [l 4 Zll-lloo, for all 1 < p < o0,

5. [y | < llllpllyllp and [(z,y) [ < Op(2)6,(y), for all 1 < p < o0

and x,y € R",
6. [l = ©1, |-l = ©2 and ||.[|c = O
This allows us to put the following.

Open Problem 1. What is the explicit form of ©,7 What is the inter-
connection between ||.||, and ©,7 Is it possible to compare (algebraically)
these two norms?

Now, in order to state a conjecture we need some additional notions about
tensorial product theory. For further details, the reader can consult [1, 2] for
example. Let n > 2 be an integer and a chosen decomposition n = rs with r, s
integers. Then, R" = R" ® R® and every z € R" can be written as follows

x:ZyiQ@zi, yi ER" z; e R, N > 1.

=1

Let 1 < p < oo and ||.||g- and |.||gs be two fixed norms of R" and R® respec-

tively. For all x € R™ we define
1/p N 1/p*
R) (sw{z [z t) 177, [[tllee < 1})
i=1

where the ”inf” is taken over all finite decomposition ), y; ® z; of x € R" =
R" ® R®.
For fixed integers 7, s such that n = rs, the above expression of d;* defines a

N
&(x) = inf (Z i

33:21]-\,:1 Yi®zi
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norm on R", called cross norm on R" ® R*. After these notions, our conjecture
is now recited in the following.

Conjecture. Let n > 2 be a integer and 1 < p < oco. Then there exist
r, s integers with n = rs and two norms ||.||g-, [.|[gs such that ©, = d;;*.

Finally, we briefly recall the notions of 2—norms in order to state our second
open problem. For further details concerning the introduction of 2—norms,
the reader can consult [3] for example. Let E be a linear vector space on a
field K = R, C. A binary map |.,.|| defined from E x E into [0, +oo] is called
2—norm if the four following conditions are simultaneously satisfied:

(i) |lu,v]] = 0 if and only if u and v are linearly dependent,

(ii) ||u, v|| = [Jv, u|| for all u,v € E,

(iil) || A, v|| = |A|-Ju, || for all uw,v € E and A € K,

(iv) [|u + v, w|| < ||u, w|| + [|v, w|| for all u,v,w € E.

Now, our question arising from the above can be recited as follows:

Open Problem 2. What should be the reasonable analogues of the above
family of norms for 2—norms?

In this direction, we invite the reader to consult [4].
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