Int. J. Open Problems Compt. Math., Vol. 3, No. 2, June 2010
ISSN 1998-6262; Copyright ©ICSRS Publication, 2010
WWW. 4-CSTS. 0Tq

Discrete Operator and Functional Means
Can Be Reduced To The Continuous
Arithmetic Mean

Mustapha Raissouli

Applied Functional Analysis Team, AFACSI Laboratory,
My Ismail University, Faculty of Science, P.O.Box 11201, Meknes, Morocco
e-mail: raissouli_10@hotmail.com

Abstract

In this paper, we introduce the functional arithmetic mean of a con-
tinuous family for which we associate its conjugate dual in the sense of
convex analysis. Afterwards, we prove that the discrete operator and
functional means, already discussed in the literature, can be obtained
as special cases from our continuous arithmetic mean. Such functional
approach gives, in a fast way, that of positive operators and allows us
to introduce a chaotic geometric operator mean whose the extension for
functional variable will be putted as an open problem.
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1 Introduction

In recent few years, an enormous amount of effort by some authors has been
devoted to introduce various operator means, see [3, 5, 6, 11, 19] for instance
and the related references cited therein. Recently, these operator means have
been extended from the case that the variables are positive operators to the
case that the variables are convex functionals, see [1, 4, 7, 12, 15, 18]. The
key idea of such extension turns out of that the conjugate operation in convex
analysis can be interpreted as an inverse in a certain sense. All previous works,
as we know, concern the finite discrete families for defining operator and func-
tional means. In the present paper, we will introduce a generalized concept,
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namely the arithmetic functional mean of a continuous family, to which we as-
sociate its dual for the conjugate operation in convex analysis. Afterwards, we
show throughout various examples, that the discrete operator and functional
means, already stated in the literature, can be obtained as particular cases of
our present functional mean. Further, others operator and functional notions,
as the functional logarithm, the relative entropy and the operator sign, can be
also considered here as special examples. Our functional approach gives imme-
diately that of operator and allows us to introduce a chaotic operator mean of a
continuous family of positive operators whose analogue for functional variables
will be putted as an open problem.

2 Basic Notions

This section is devoted to state some basic notions about convex analysis that
are needed in the sequel. For further details, we refer the reader to [2, 10, 23]
for example. Let E be areal or complex locally convex space, E* its topological

dual, and < .,. > the duality bracket between £ and E*. The notation R”
refers to the space of all functions defined from F into R = R U {—o0, +o0}
equipped with the point-wise partial ordering,

‘v’f,gERE, f<g < YueFE f(u)<gu),
where we extend the structure of R on R by setting
V2zeR, —oo<z<+00, (+00)+x=+00, 0.(+00)=+o0.

Given a functional f : E — R = RU {+0o0}, the notation f* stands for the
conjugate of f defined by

Yu* € B f*(u*) = sup{Re < u,u* > —f(u)},

uel

where Re < u*,u > denotes the real part of the complex number < u*, u >.
It is clear that, if f < g then g* < f*.
Let f € R and A > 0 be a real, we define the functionals A.f and f.\ by

Vue B, (nf)(u) = \f(u) and (f\)(u) = A.f(%).
With this, it is not hard to see that
(Af) = f" X and (fA)"=Af"
The bi-conjugate of f is the functional f**: F — R defined as follows

Yue B f™(u) = (f")"(u) = sup {Re < u*,u>—f"(u")}.

u*eE*
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If we denote by I'g(E) the cone of lower semi-continuous (l.s.c) convex func-
tionals from E into R U {+o0} not identically equal to +oo, it is well-known
that, f* < f and, f* = f if and only if f € ['q(E).

An important and typical example of RZ —functional is fa defined by

Vue E  fa(u) = (1/2)Re < Au,u >,

where A : E — E* is a bounded linear operator. We say that f4 is quadratic
in the sense that f(t.u) = [¢t|*f(u) for all u € F and all number complex ¢. It
is easy to see that the conjugate operation preserves the quadratic character,
and it is well-known that f4 € I'o(E) if and only if A is a self-adjoint positive
operator defined from E into E*. In this latter case, if moreover A is invertible
then, f7 takes the explicit form,

Yut € B fiut) = (1/2) < A7t vt >

In another way, fi = fa—1 and so, as already pointed out, the conjugate
operation can be interpreted as a reasonable extension from the case that the
variable is a linear positive operator to the case that the variable is a convex
functional. This latter point is more explained by a set of works published in
the same sense, see [1, 7, 12, 13, 14, 15, 16, 18|.

3 Functional Arithmetic Mean of a Continu-
ous Family

Let T" be a nonempty set, u a probability measure on T and £ a locally convex
linear space. For fixedt € T, let f(t,.) : H — R be a functional family defined
from E into R = RU {—00, +00}. To simplify the writing, we set f(¢,.) = f;
and F = (f)wer, F* = (f})er, where f; : E* — R is the conjugate of f,
for fixed ¢t € T. We say that F' = (f;)ier is convex (resp.quadratic, I'o(F)) if
fi is convex (resp.quadratic, I'g(E)) for every t € T. For two given families
F = (fi)ter and G = (g¢)ter, we write F' < G if and only if fi(u) < g:(u) for
allt € T'and u € E. It is clear that, if ' < G then G* < F*. Also, if T is
finite with card T' = k we write F' = (f1, fa, ..., fx)-

Our first central definition is recited in the following.

Definition 3.1. With the above, the arithmetic functional mean of the con-
tinuous family F' = _( ft)ter, with respect to the probability measure pu, is the
map A(F) : E — R defined by

Vue B A(F)(u) = /T F(u)du(t). (3.1)
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In order to simplify the presentation for the reader, we briefly write

mmzﬁﬁwm

instead of (3.1). The following result is immediate from the definition.

Proposition 3.1. With the above, the following statements hold

1. For all constant family F = (f) one has A(f) = f.

2. The map F —— A(F) is linear and applies Conv(E) into Conv(E).

3. If F = (fi)ter and G = (gi)ter are such that F < G then A(F) < A(G).

Proposition 3.2. If the family F' = (fi)ier is quadratic so is A(F'). Moreover,
if fr = fa,, where A = (Ay)er is a family of bounded linear positive operators
from E into E*, then A(F) = faay with

N@=L&w@

Proof. 1t is a simple exercise for the reader. m

By analogy with Definition 3.1, the map A —— A(A) will be called the
arithmetic operator mean of the continuous family A = (A;);er, with respect
to p. Now, we wish to state our second central definition.

Definition 3.2. Let A(F) be a functional arithmetic mean as in the above.
The dual of the map F —— A(F) is defined by

)= AEy = ([ frann) (32)

From this definition, the following elementary properties are immediate.

Proposition 3.3. The dual arithmetic mean enjoys the following properties:
1. F — A*(F) is an application from R¥ into To(E).

2. For every constant family F = (f) with f € To(E) we have A*(f) = f.

3. For all F = (fi)ier and a real A > 0 one has

A*(NF) = XA (F) and A*(F)\) = A*(F).\
4. If F <G then A*(F) < A*(G).

Proposition 3.4. The dual arithmetic mean conserves the quadratic charac-
ter. Moreover, if fy = fa,, where A := (Ay)er is a family of bounded positive
linear operators from E into E*, then A*(F') = fasay with

A (A) = ( /T At_ld,u(t)> -
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With the above, and as for the functional case, the map A — A*(A) is
called the dual operator arithmetic mean of A — A(A).
As out of pointed and for all operator mean, if a positive operator A is not
invertible we replace A~! by

At = lim (A+el)™",
e—0t

for the sake of convenience. Now, we state an interesting inequality which, as
we will see later, yields immediately various inequalities differently discussed
in the literature.

Proposition 3.5. The functional arithmetic mean A(F) and its dual satisfy
the following inequality
A*(F) < A(F).

Proof. By definition, we can write for all u € F

A*(F)(u) = (A(F?))" (u) = sup {Re < u”,u> —A(F")(u")}.
u*eE*
According to Definition 3.1, we obtain by substituting the expression of A(F™)

vﬁwww=sm>ﬁﬁ%<uiu>—ﬁWﬂmmw

or again
A (F)(u) < / sup {Re < u",u > —f(u")}du(t).
T u*eE*
It follows that

«mmwséﬁwmwszﬁwwwzmmm,

which completes the proof. O]

4 Discrete Means and Continuous Arithmetic
Mean

In this section, we wish to show throughout various examples that the known
discrete operator and functional means can be obtained from the above contin-
uous arithmetic mean by choosing a convenient family (f;);er and a probabil-
ity measure p. Moreover, many other functions involving operators or convex
functionals, discussed in the literature, are also obtained here as particular
cases. To simplify the presentation, we precise that all functionals considered
later, denoted by f, g..., belong to R or, if it is necessary, to ['o(E), and all op-
erators, denoted by A, B..., are bounded linear (eventually positive invertible)
defined from FE into E*.
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Ezxample 4.1. Operator and Functional Arithmetic and Harmonic Means.
Let us consider T = {1,2,....,k}, F = (f1, fo,..., fr) and the discrete probability
measure u(t) = 1/k for every t € T
By Definition 3.1, the arithmetic mean of the finite family F' = (f1, fa, ..., f) is so
given by

Z§:1 f %

A(flana afk) = Ta

which is the functional arithmetic mean of fi, fo, ..., fx, see [1, 4, 15].
By Definition 3.2, the dual arithmetic mean is here given by

k «\ "
A (fr o ) = (Z?f) ,

which is the functional harmonic mean of fi, fa, ..., fx, [15](introduced at the first
time in [1] for k = 2).

If the functional variables f1, fo, ..., fx are quadratic associated with operators Ay, Ao, ...

respectively then A(f1, fo, ..., fr) and A*(f1, fo, ..., fx) are also quadratic associated,
respectively, to the arithmetic and harmonic operator means.

, Ap,

Otherwise, Proposition 3.5 gives here the arithmetic-harmonic functional (resp.operator,

scalar) inequality.

Ezample 4.2. Operator and Functional Geometric Means.
Let T'= (0, 4+o0o[ and the family F' = (f;)ier where

1 t *
VieT LS
< fi <1+tf +1+tg>

With the probability measure

dt
dplt) = V(1 +t)’

A(F) is nothing other than the geometric functional mean of f and g introduced in
[1, 15]. See also [7] for another view-point of this functional mean.

Analogously, considering the quadratic case f = g4 and g = ¢qp, with A, B are
two positive operators, we obtain A(F) = g(4), where A(A) coincides with the
integral representation in Kubo-Ando theory [9] for the construction of the geometric
operator mean.

Ezample 4.3. Power Operator and Functional Means.
This example concerns an extension of the two above ones. Here, p is a real such
that 0 < p <1, T'= (0,+o00], p is the probability measure

sin pr tP~1
T 1+1¢

dt.

vVt >0 du(t) =

The family F' = (fi)ter is respectively defined in the following cases:

e For t € (0,400 we set
1 t
=1l T
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By Definition 3.1, with a computation (see [15]), we obtain
A(F) = (1 =p).f +p9,

which is the power arithmetic functional mean of f and g.
e The power harmonic functional mean of f and g,

H(F) = (1 —=p).f"+pg)",

can be deduced, as in the previous examples, by duality from the above. The details
are here left to the reader.
e Now, let F' = (f;); defined as follows

1 t *
) —(— )
= fi <1+tf+1+tg>

Definition 3.1 gives here the power geometric functional mean introduced in [15]
(and called by the authors, the (1 — p, p)-functional mean of f and g). For p =1/2,
we find the (arithmetic, harmonic and geometric) functional means discussed in the
above examples. The quadratical case yields immediately, in a fast way, the power
arithmetic, harmonic and geometric operator means.

Ezxample 4.4. Operator and Functional Logarithmic Means.
Let T = [0,1], u the Lebesgue measure and F' = (f)ier with

Vt € [0,1] fi=tf+(1—-1t).g.

By Definition 3.2, the dual arithmetic mean of the family F' = (f;)ier is

*

ar = (| e 09)'dt) = £(f.g).

which is the logarithmic functional mean of f and g introduced by the author in
[18]. In the quadratical case, we find immediately

-1

L(A,B) = (/Ol(t.A-f- (1— t).B)_ldt> ,

which for the scalar case yields the classical logarithmic mean,

a—2>
L(a,b) = ———— if b, L =a.
(a7 ) lna_lnb la# Y (a7a) a
Proposition 3.5 yields here the arithmetic-logarithmic functional (resp.operator,
scalar) inequality.

Ezample 4.5. Operator and Functional Means of several variables.
The arithmetic and harmonic functional (and operator) means of several variables
was introduced in Example 4.1. In this example, we will be interested by the
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geometric and logarithmic functional means of several variables.
Let m > 2 be an integer and T' = A,,,_1 given by

m—1
I {t = (t b2y tmo1) € R™H Y 4 <142 0,1 <i<m— 1} :
=1

and we set t,,, = 1 — Zﬁ_ll t;. With this, we investigate the two following situations.
e Consider du(t) = (m — 1)!ldt1dts...dt,—1 the (m — 1)-product probability on A,,_;
and F = (f;) where

Vit e Ap—q fi= th‘fi,
=1

with f1, f2, ..., fm € To(E) such that (;*, dom f; # 0. By Definition 3.2, the dual
of A(F) is given by

.A*(F) == ((m - 1)‘/A (i t1f1> dtldtg...dtm1> N
m—1 \4=1

which is the logarithmic functional mean of fi, fo,..., f;n introduced by the author
in [18]. The quadratic case is immediately obtained by taking f; = fa,,1 < i < m,
where (A4;)!", is a family of positive operators, see [18] for further details.

e Now, let du(t) be defined by

m—1
1 1/m—1

du(t) = ———— t: dtidts...dty, 1,

u(t) T/m))™ g i 1dts 1

and the family F' = (f;) such that

fi = <Ztlfz*) )
i=1

with f1, fa, ..., fm € To(E) such that (-, dom f; # 0. Definition 3.1 gives

_; m » * /m—1 et
A(F) = Tam)™ /Am1 (;tz-fi> (H t )dtldtQ...dtml,

=1

which we propose here as the geometric functional mean involving m variables. If
f1, fo, ---, fm are quadratic, we obtain the Kosaki geometric operator mean from
which we have inspired our functional case.

For m = 2 we obtain respectively the geometric and logarithmic means of two convex
functionals discussed in the above.

We left the reader to say what the type functional (resp.operator, scalar) inequality
can be derived from Proposition 3.5 for this example.
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Example 4.6. Operator and Functional Logarithm.

First, the reader will do well to distinguish the concept discussed here with that of
Example 4.4.

Let E be a Hilbert space, T'= [0, 1], u the Lebesgue measure and

o—((1—t).0+t.f)"
t 9

fr =

where o = (1/2)|.||> and f € T'o(E). By Definition 3.1, the arithmetic mean of

F = (fi)ter is
1 _ _ o f)*
A(F) :/0 il (C ? +t.f) dt .= L(f),

which is the functional logarithm in convex analysis introduced in [13]. If f = fa,
where A : F — F is a positive invertible operator, then we obtain the classical
operator logarithm. As proved in [13], for all f € T'o(E) the functional relation
L(f*) = —L(f) extends that of operator Log A~' = —Log A, and the map f
L(f) is concave (with respect to the point-wise ordering). With this, it is not hard
to deduce that

LIAY(F)) < A(L(F)) < LIA(F)),

for every family F' = (f;)ier with L(F) = (L(ft))ter-

Ezample 4.7. Relative Operator and Functional Entropies.
Let E be a (normed) space, T' = (0,1], u the Lebesgue measure and F = (fi)ier

with
(=01 1)~ f

fr = "

In this case, A(F) is given by

A(F) _ /01 ((1 — t)f* + t-g*)* - fdt,

t

which is exactly the relative functional entropy in convex analysis introduced by the
author in [20]. For the quadratic case A = (A¢)ier we obtain

M a-n.AT e BT - A
A(A) _/0 t dt,

whose the explicit expression, in the hilbertian case, is given by
S(A/B) = A2 Log (A—1/2BA—1/2) A2,

We notice that, as pointed in [19], the functional logarithm presented in the above
Example 4.6, is a particular case of the relative functional entropy.

Ezample 4.8. Function Operator Sign.
Let H be a Hilbert space and P : H — H a linear operator having no pure
imaginary eigenvalues. Let us consider

T =[0,7/2], A= P ((sin®)] + (cos®t)P?)"", dp(t) = (2/7)dt.
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By Definition 3.1, the arithmetic operator mean of the family A = (A;)ier is given
by

2 /2 _
A(A) = 2p / ((sin®6)I + (cos>t)P?) " \dt,
™ Jo
or equivalently, by the variable change s = tan t,

2 oo -1
A(A) = P/ (.1 + P?) " dt,
0

™

which is the known function sign of P known in the literature (see [8] and the
reference therein). The explicit formula of sign(P) is given by

sgn(P) = P(P?)~1/2,

To determine how to obtain the function sign involving functional variable and
extending that of operator is not obvious and appears to be interesting (see [17] for
further open problems). The main difficulty of such extension comes from the fact
that the above function sign was defined for an operator non necessary positive. We
left the reader to say why the next expression

n/
2/ i ((sint).f* + (cos®t).f)" dt
0

™

is not a good extension of the function sign from operator to functional.

5 Chaotic Operator Means

In [11], the authors have introduced a chaotic geometric mean of several pos-
itive invertible operators. In general, this operator mean is different from the
classical one. Precisely, for the case of two positive operators, the chaotic
geometric operator mean,

G(A, B) = exp((1/2)Log A+ (1/2)Log B),
is generally different from the following one
g(A’ B) — A1/2(A71/2BA71/2)1/2A1/2

differently discussed in the literature. To justify this latter point it is sufficient
to say that, for the partial ordering <:

A< B <= A, B are symmetric and B — A is positive,
the arithmetic geometric mean inequality,

G(A,B) < (1/2)A+(1/2)B,
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is well known while the following one

G(A,B) < (1/2)A+ (1/2)B,
doesn’t in general hold. However, for the chaotic order <:

A=XB <= Log A< Log B,
the above inequality remains clearly true, that is

G(A,B) =X (1/2)A+ (1/2)B,

since the maps A —— Log A and A — exp A are mutually reverse and
A+ Log A is concave with respect to the < order.

In this section we wish to introduce, following our above approach, a chaotic
mean of a continuous family of positive operators A = (A;);er with respect to
the probability measure p. Precisely, we state the following.

Definition 5.1. With the above, the chaotic mean of the operator family
A = (Ay)ier is defined by

C(A) = e:cp/TLog Agdp(t).

From this definition the elementary properties of A — C(A) can be stated
in a simple manner. In particular, setting A= = (A4; ")er, it is easy to see
the following result.

Proposition 5.1. For all family A = (Ay)er of positive definite operators,
the following assertions hold true
1. The map A —— C(A) is self-dual in the sense

(c(A)) "t =c(A™).
2. The following chaotic mean inequality holds
C(A) <X A(A).

We end this section by stating two examples whose the first justifies that
our approach extends that of the discrete chaotic geometric mean introduced
in [11] while the second one gives the chaotic identric operator mean.

Example 5.1. Chaotic Operator Geometric Mean.

Let A = (Ay)ter be the discrete family with T = {1,2,...,m} and the discrete
probability measure u(i) = a; for all ¢ = 1,2,...,m, with a = (a1, ag,..., ) is a
probability vector, i.e, a; > 0 for every ¢ = 1,2,...,m and > ;" o; = 1. In this
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case, C(A) defined above is nothing other than the discrete chaotic geometric mean
of Ay, Ao, ..., Ay, given by

i=1

Ga(A1, Agy ..y Apy) = exp (Z a;Log Ai> .

In particular, for m = 2 and a = (1/2,1/2) we find the previous mentioned operator

G(A1, As).

FExample 5.2. Chaotic Operator Logarithmic Mean.
Let A and B be two positive definite operators and set A, = (1 — ¢)A + tB for
t € [0,1]. Then, the associate chaotic operator mean is given by

1
I(A,B) = e:vp/ Log((1 —t)A+tB)dt,
0

which we will call here the chaotic identric (or exponential) operator mean of A and
B. For further details concerning this operator mean we can consult [22].

6 Open Problem

After defining a chaotic mean of a continuous family of operators, we end this
paper by arising a important general question about chaotic functional mean:
What should be the analogue of C(A) when the operator family variables A =
(A;) are convex functionals? In particular, what is the reasonable analogue of
G(Ar, As, ..., Ayy) (resp.I(A, B)) from the case that the variables are positive
operators to the case that the variables are convex functionals? Following
Definition 5.1, such analogue need the extensions of the maps A —— Log A
and A — exp A from linear bounded positive operator variables to convex
functional variables. Note that, the extension of the first map A —— Log A
has been introduced in [13] while that of A —— exp A is not done yet.

References

[1] M.Atteia AND M.Raissouli, Self Dual Operator on Convex Functionals, Ge-
ometric Mean and Square Root of Convex Functionals. Journal of Convex

Analysis (JOCA), Vol.8, No.1 (2001), 223-240.

[2] J.P.Aubin, Analyse non Linéaire et ses Motivations Economiques, Masson
1983.

[3] J.S.Aujla AND M.S.Rawla, Some results on Operator Means and shorted
Operators. Rend.Sem.Mat.Univ.Pol. Torino, Vol 59, No.3 (2001), 189-198.



198 Mustapha Raissouli

[4] A.El Biari, R.Ellaia AND M.Raissouli, Stability of Geometric and Har-
monic Functional Means. Journal of Convex Analysis (JOCA), Vol.10, No.1
(2003), 199-210.

[5] J.I.Fujii, Arithmetico-Geometric Mean of Operators. Math.Japonica, 23
(1978), 667-669.

[6] J.I.Fujii, On Geometric and Harmonic Means of Positive Operators.
Math.Japonica, 24, No.2 (1979), 203-207.

[7] J.I.Fujii, Kubo-Ando Theory of Convex Functional Means. Scientiae Math-
ematicae Japonicae (SMJ), Vol.7 (2002), 299-311.

[8] N.J.Higham, The Matrix Sign Decomposition and Its Relation to the Polar
Decomposition. Linear Algebra and Its Applications, 212/213 (1994), 3-20.

[9] F.Kubo AND T.Ando, Means of Positive Linear Operators. Math.Ann. 248
(1980), 205-224.

[10] P.J.Laurent, Approximation et Optimisation, Hermann 1972.

[11] R.D.Nussbaum AND J.E.Cohen, The Arithmetico-Geometric Means and
its Generalizations for Non Commuting Linear Operators. Ann.Sci.
Norm.Sup.Sci., 15 (1989), 239-308.

[12] M.Raissouli AND M.Chergui, Arithmetico-Geometric and Geometrico-

Harmonic Means of two Convex Functionals. Scientiae Mathematicae
Japonicae (SMJ), Vol.55, No.3 (2002), 485-492.

[13] M.Raissouli AND H.Bouziane, Functional Logarithm in the sense of Con-
vex Analysis. Journal of Convex Analysis (JOCA), Vol.10, No.1 (2003),
229-244.

[14] M.Raissouli AND H.Bouziane, Functional Limited Development in Convex
Analysis. Annales des Sciences Mathématiques du Québec, Vol.29, No.1
(2005), 97-110.

[15] M.Raissouli AND H.Bouziane, Arithmetico-Geometrico-Harmonic Func-
tional Mean in the sense of Convex Analysis. Annales des Sciences
Mathématiques du Québec, Vol.3, No.1 (2006), 79-107.

[16] M.Raissouli, Tsallis Relative Entropy for Convex Functionals. Interna-
tional Journal of Pure and Applied Mathematics (IJPAM), Vol.51, No.4
(2009), 555-563.



Discrete Operator and Functional Means... 199

[17] M.Raissouli, Invitation to Functional Means Some Problems. Interna-
tional Journal of Open Problems in Computer Sciences and Mathematics
(IJOPCM), Vol.2, No.4 (2009), 523-532.

[18] M.Raissouli, Logarithmic Functional Mean in Convex Analysis. Journal
of Inequalities in Pure and Applied Mathematics (JIPAM), Vol.10 (2009),
Issue 4, Art.102.

[19] M.Raissouli, F.Leazizi AND M.Chergui, Arithmetico-Geometrico-
Harmonic Mean of Positive Operators. Journal of Inequalities in Pure and

Applied Mathematics (JIPAM), Vol.10 (2009), Issue 4, Art.117.

[20] M.Raissouli, Relative Functional Entropy in Convex Analysis. Submitted,
20009.

[21] M.Raissouli, Some Product Operations Involving Convex Functionals. In
preparation.

[22] M.Raissouli, Two Identric Means of Positive Definite Matrices. In prepa-
ration.

[23] E.Zeidler, Nonlinear Functional Analysis and its Applications III.
Springer-Verlag 1984.



