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Abstract
The purpose of the present paper is to derive the Fekete-Szeg6 inequality
for the class M j*s (¢) of normalized analytic functions f (z) defined on
the open unit disk for which z (®%°f (z))'/@%°f (z) lies in a region

starlike with respect to 1 and symmetric with respect to the real axis.
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1 Introduction

Let U ={z:z C |z|<1} be the open unit disk and A denotes the class of
functions f normalized by

f(z)=2+Yaz", (L1)

which is analytic in the open unit disk U and satisfy the condition
f (0)=f '(0)—1=0. We also denote by S the subclass of A consisting of
functions which are also univalent in U . Let V denote the class of Schwarz
functions, ie. w eV if and only if w is analytic in
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U,w(0)=0and|w(z)|<lonU. Further, let P denote the class of analytic
functions inU suchthat h(z)=1+p,z +... , h(0)=1 and Rh(z) >0,z €U,

14w (z)

h(Z)_l—w(z)

forsomew (z) eV ,z €U. For f, € A given by
fiz)=z+>a,z%, (i =1,2),
k=2
the Hadamard product (or convolution) f, =f, of f,and f, is defined by

(f,xf,)(z)=2 +Zak,lak,22 .
k=2

Let F and G be analytic functions in the unit disk U. The function F is
subordinate to G, written F <G if G is univalent, F(0)=G(0) and

FU)cGU). In general, given two functions F and G which are analytic in
U, the function F is said to be subordinate to G, if there exist a function W
analytic in U with

w(0)=0 and (VzeU): |w(z)| <1,

such that

(Vz eU):F(z)=G (W (2)).

Let ¢(z) be an analytic function with positive real part on A with
#(0) =1, ¢'(0)> 0, which maps the unit disk U onto a region starlike with respect

to 1 and symmetric with respect to the real axis. Let S*(¢) be the class of
functions f €S for which
zf '(2)
f(z)

<¢(z) z€U,

and C (¢) be the class of functions f €S for which

1 zf "(z)

+ 2) <¢(z) zeU,
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where < denotes the subordination between analytic functions. These classes
were introduced and studied by Ma and Minda [6]. They have obtained the
Fekete-Szeg0 inequality for the functions in the classC (¢) . For a brief history of

Fekete-Szeg“o problem for the class of starlike, convex, close-to convex functions
and extended classes, see for example ([3], [7]-[12], [17]-[20]). Of course the
main result shall refer back to Fekete and Szeg6 [13] in the year 1933. After 30
years or so, Keogh and Merkes [14] solved the problem for certain subclasses of
univalent functions. Then Koepf [15, 16] gave excellent results for the class of
close-to-convex functions. These articles ([13-16]) gave valuable results which
inspired many to solve related problems for other extended classes.

For £eN ,A,s e N U{0} the authors [1] introduced the operator @fﬁ defined
by

O (2) =1 +i (k;! (}l“( _+1ij(f12;!1)!k 82", (1.2)

In the present paper, we obtain the Fekete- Szegd inequality for functions f €A
in the class M j's (¢) defined as follows:

Definition 1.1. Let ¢(z) be a univalent starlike function with respect to 1 which

maps the unit disc U onto a region in the right half plane which is symmetric
with respect to the real axis, ¢(0)=1 and ¢'(0)>1. A function f A s in the

class M ;* (¢) if
2(0,°f (2))'

0:°f (2) “9e) (s €N ueN).

We state the following lemmas that will be used in this paper.

Lemma 1.1 [4]. If p,(z)=1+c,z +c,z* +... is an analytic function with positive
real partin U , then
—4v+2 if v<0

¢, —vef| <42 if 0<v <1,
4v-2 ifv>0
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whenv <0orv >1 the equality holds if and only if p,(z)=@0+z)/(1-z) or
one of its rotations. If 0<v <1, the equality holds if and only if p,(z) is
(1+z%)/(1—z?) or one of its rotations. If v =0, the equality holds if and only if

11 Vi+z (1 1 )i-z
= Z+oy 24 2-2y 22 (0<y<D),
h(2) (2 27j1—z [2 27/}1+z O<r=1)

or one of its rotations. If v =1, the equality holds if and only if p, is the reciprocal
of one of the functions such that the equality holds in the case of v =0. Also the
above upper bound is sharp, it can be improved as follows when 0<v <1:

‘ c, —vcf‘+v ‘ 012‘32 (O<v <1/2)

and
‘cz—vcf‘+(1—v)‘ cf‘sz (1/2<v <1).
Lemma 1.2 ([5]). If p(z)=1+c,z +c,z*+... is a function with positive real
part, then for any complex number g,
| ¢, —uct|<2max {1,241},

and the result is sharp for the functions given by

1+2° 1+2
7) = or p(z)="—"--.
p,(2) 17 p,(2) -

Lemma 1.3 ([2]) Let K Dbe analytic in U with SRK (z) >0 and be given by
K(z)=1+czz +c,z°+... for z €U, then

CZ

1
C,— =~

2

¢,

<2- .
2




Aabed Mohammed and Maslina Darus 514

2 Main Results

Our main result is the following:

Theorem. 2.1. Let ¢(z) =1+B,z+B,z* +...,and Let

o = (A+D)(u+1)2* | (B,-B,)+B/
Y 2u(A+2)3 B2

o _(A+)(u+1)2% | (B, +B,)+B/
2T 2u(A+2)3 B/ !

_ (A+D(u+1)2” {BZ +Bf}

O3 S 2
20(2+2)3 B
po_ Hu+DB, cu’Bl | p(u+D)B!
200+)(A+2)F  (A+D)22F  2(A+1)(A+2)3
__ Mu+DB,
200+ (A +2)F

If f (z) given by (1.1) belongs to M j's (9), then

n, ifr<ao,

2
‘ —7a ‘S .
% o, if o <r<o,;

-n, if 72>0,.
Further, If o, <7 <0, then

2s-1
A+ (u+1)2 : [81_812
u(A+2)3 B,
N T u(A+2)3 —(A+1)(u+1)2="
(A+D)(u+1)2%"

‘a3 —ra22‘+

Bf}|a2|235.

If 0,<7<0,,
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(A+1)(u+1)2%1
u(A+2)3B;
N T u(A+2)3 —(A+D)(u+1)2%"

(A+D)(u+1)2%"

‘ag—ra22‘+ [B,+B/

Bf}|a2| <6
The result is sharp.

Proof. If f (z)eM j*s (@) , then there is a Schwarz function w (z ), analytic in U
with w (0) =0 and|w (z)| <1 in U such that

2(0;°f (2))'
A8
0,°f (2)
Define a function p,(z) by

=pW (2)).

1+w (z2)
1-w(z)

pl(z)=

Since w (z) is Schwarz function, we see that Rp,(z) >0 and p,(0) =1. Define a
function p(z) by

2(07°f 2))'

p(z) 0T ) =1+bz +b,z? +.... (2.1)
From (2.1), we obtain
Gt g b, ang 220G+ 5,y 4D o 2 2.2)
uo 0T p(p+1) i ’ i
Since
_1+¢7(p(2))
P )
then
_ pl(z)_l
p(Z)—¢(pl(Z)+1),

and
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2
1+b,z +b222+...:¢( GZ TCZ oo ]

2+C,Z +C,2°% +...
1

1 1 2y, 2
:¢[§C12 +E(C2_§Cl )2 +..] (2.3)

1 1 1 1
=1+ Blzclz JFBIE(C2 —ch)z 24t Bzchz 2+
Then we obtain
1 1 1 1
blzzBlc1 and bzzzBl(cz—ch)+ZBch. (2.4)

From (2.2) and (2.4) we get

a = 4B, C,

224+
2.2

p(u+1) {Bl(cz—lcz lg 2, B cl}

+_ _ =
21) 2 2

%0+ (1+2)3

Therefore we have

Lo M(u+DB, [cz_c{l(l_B_z +w(ﬂ+2)35—(z+1)(u+1>2251Blm

BT T AA+D(A+2)F 27 B, (A+D(u+D2%™
_ H(u+1B [C_ 2]
AA+(A+2)3eL 7 L

where

1 B, ru(A+2)3 -(A+)(u+1)2*"
V=—|1-—+ ] B, |
B, (A+D)(u+1)2

If 7<0o,, then by applying Lemma 1.1 and Lemma 1.3, we get

a,—ra’|< p(u+l)B,  Tp’BY  p(u+D)B
217 24+D)(A+2)3  (A+D%2%  2(A+D(A+2)F



517 On Fekete-Szego Problems for Certain Subclass of Analytic Functions

This is the first part of Theorem 1.1.

Similarly, if 7 >0o,, we get
p(u+1B, | Tu’B! p(u+1)B/

‘ag—razz‘S— L
2A+D)(A+2)3 (A+D)°2° 2MUA+D(A+2)3F

If o, <7<0,, we see that

az‘_ 1(u+1)B,

_ vl < p(p+1)B,
2142 +D)(1+2)3°

2T 20 +)(A+2)3

2.
Further, If o, <7 <a,, then

‘ag - Tazz‘ +(r-0,) |a2|2

__ Hu~+1B, C, -V Cz‘+ T_(/1+1)(ﬂ+1)22571 (B,—B,)+B/ /“2|312|Cl|2
AA+D(A+2)3 72 1(A+2)3 B? 4(A+1)%2%
__ #u+1)B, ED C, -V c2‘+v|c ﬂ
2+1)(A+2)3 2L 2 '
pp+1)B,
C2(A+)(A1+2)F

Finally, we see that

‘a3—1a22‘+(02 _T)|a2|2

u(u+1)B, o [ (u+D25 [ (B, +B,) + B/ 1Bl ey’

T A D(A+2)F | 1‘{ L(A+2)3 { B }TJ4(/1+1)2225

(u+1)B, 1 , 2
) 2(/1#+/f)(/1 +2)3° {E D €, ~VGy ‘+ (1-Vv)[cy| }}

#(u+1)B,
T2A+)(A+2)3

To show that the bounds are sharp, we define functions K /(n =2,3,...) by
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2(0,°KJ @)’

@/1,SK¢(Z) =¢(Z ”—1), Kf(0)=0=(Kf(O))'—L

and the function F, and G (0<y <1) by

2(0°F,@) (2 +7) o 3
and

2(0,°G,@)) 2(z+y) o .

©.°G,(z) = 1+yz ) 6,(0=0=6,0)-1

Clearly, the functions K/, F andG,eM *(g) . We write K’=KJ If
r<o,0ort>o,, then the equality holds if and only if f is K? or one of its
rotations. When o, <7 > o, then the equality holds if and only if f is K or
one of its rotations. If 7 =0,, then the equality holds if and only if f is F, or
one of its rotations. If 7 =o,, then the equality holds if and only if f isG, or
one of its rotations.

By making use of Lemma 1.2 we can easily obtain the next theorem.

Theorem. 2.2. Let ¢(z)=1+B,z +B,z* +...... If f (z) given by (1.1) belongs to
M ¢ (#), then

pu+B, )y
201+ (1 +2)3 ’

Tu(A+ D3 (D2 o B, |}
l_ .
B, |

_ 2| «
‘ag e ‘_ (A+1)(u+1)2%*

1

3 Open Problem

Considering the class M j's (@), can we obtain the sharp bounds for the functional

|a,~aa,a,.[a,~a,a, 78| and |a, - Caja;|,  where  the  parameters
a,n and ¢ are all real numbers?
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