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Abstract

In this article, we present a reliable numerical method for
solving fractional diffusion-wave equations of order 2α ∈ (1, 2].
It is based on an invariant subspaces method. It is an easy
and efficient method to investigate the solution of this type of
problems. The fractional derivative is described in the Caputo
sense. Numerical and theoretical results are presented.
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1 Introduction

Fractional diffusion-wave equations (FDWE) have several applications in physics
and engineering such as electromagnetic, acoustic and mechanical responses
[1]-[2]. Several numerical methods have been used to solve such problems. For
example, finite-difference methods is used to discretize the fractional deriva-
tives [3]-[7]. Low-order finite-elements have also used to solve it [8]-[10]. Spec-
tral methods have been investigated to solve such problems. For example,
spectral Legendre collocation scheme, sinc function approximation for time and
space respectively is used in [11]. Mridula [12] solved it using matrix method
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and in [13], authors investigate the solvability and stability by the matrix
method and fractional Fourier method. In [14], a spectral tau algorithm based
on Jacobi operational matrix is presented for solving FDWE. Bhrawy [15] de-
veloped a numerical method for solving FDWE using spectral shifted Legendre
Gauss-Lobatto collocation method. Recently, the Legendre-collocation meth-
ods and convergence analysis for nonlinear Volterra type integral equations in
[16] and Jacobi spectral-collocation method for fractional integro-differential
equations in [17, 18]. Spectral methods based on the Petrov-Galerkin formu-
lation were also constructed for fractional integro-differential equations in [19]
and Volterra integral equations with weakly singular kernel in [20]. An invari-
ant subspaces method is used to solve this type of problems [21]-[25].

In this paper, we present a reliable solution of time-fractional non-homogeneous
equation of the form

D2α
t w(x, t) = awxx(x, t) + bwx(x, t) + cw(x, t) + g(x, t),

1

2
< α < 1

subject to

w(x, 0) = φ(x),

Dα
t w(x, 0) = ψ(x),

where φ(x), ψ(x), and g(x, t) are continuous functions, a > 0, b, and c ≤ 0 are
contents. The derivative in the above equation is the Caputo derivative. The
Caputo derivative of order ρ > 0 is defined by

Dρ
tw(x, t) =

1

Γ(n− ρ)

t∫
0

∂2w(x, s)

∂s2
(t− s)n−1−ρds, t > 0

where Γ(.) denotes the Gamma function and n is the smallest integer less than
or equal ρ. We use the following property of the Caputo derivative in this
paper which is

Dρ
t t
ν =

Γ(ν + 1)

Γ(ρ+ ν + 1)
tν−ρ

when ν ≥ ρ and Dρ
t t
ν = 0 when 0 ≤ ν < ρ. We organize the paper as

follows. Analysis of the proposed method is presented in section 2. In section
3, three numerical examples are presented. In section 4; drawn conclusions are
presented.
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2 Analysis of the method

Consider the following class of time-fractional non-homogeneous equation of
the form

D2α
t w(x, t) = awxx(x, t) + bwx(x, t) + cw(x, t) + g(x, t),

1

2
< α < 1 (1)

subject to

w(x, 0) = φ(x)

Dα
t w(x, 0) = ψ(x) (2)

where a > 0, b, c ≤ 0 are constants, φ(x), ψ(x), and g(x, t) are continues
functions. Further conditions on g will be added later. Let

Wn = Span{c1(t), c2(t), ..., cn(t)}

where c1(t), c2(t), ..., cn(t) are n linearly independent functions. Let

g(x, t) =
n∑
i=1

ci(t)gi(x).

A finite dimensional linear subspace Wn is said to be invariant with respect to
a differential operator ` if `Wn ⊆ Wn i.e.; `w ∈ Wn, for all w ∈ Wn where

`w = D2α
t w.

Let the proposed problem admits an invariant subspace Wn. Then, there exists
n functions φ1, φ2, ..., φn such that

`

(
n∑
i=1

ci(t)fi(x)

)
=

n∑
i=1

φi(f1(x), f2(x), ..., fn(x)) ci(t),

where {φi}ni=1 are the expansion coefficients of `(w) ∈ Wn in the basis {ci} . Thus,
the solution of the proposed problem has the form

w(x, t) =
n∑
i=1

ci(t)fi(x)

where the coefficients f1(x), f2(x), ..., fn(x) satisfy a system of ordinary differ-
ential equations

af ′′i (x)+bf ′i(x)+cfi(x)+gi(x) = φi(f1(x), f2(x), ..., fn(x)), i = 1, 2, ..., n. (3)
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Using the initial conditions in Equation (2), we get two more equations

w(x, 0) = φ(x) =
n∑
i=1

ci(0)fi(x), (4)

Dα
t w(x, 0) = ψ(x) =

n∑
i=1

Dα
t ci(0)fi(x).

We solve systems 3 and 4 to find f1(x), f2(x), ..., fn(x).

Theorem 2.1 Let Wn be the linear space spanned by n linearly independent
functions {c1(t), c2(t), ..., cn(t)} and assume that Wn is invariant under the
operator D2α

t . Then, there exists n functions φ1, φ2, ..., φn such that

D2α
t

(
n∑
i=1

ci(t)fi(x)

)
=

n∑
i=1

ci(t)φi(f1(x), f2(x), ..., fn(x))

where {φ1, φ2, ..., φn} is the expansion coefficients of D2α
t w ∈ Wn in the basis

{c1(t), c2(t), ..., cn(t)} . Thus, the solution of Equation (1)-(2) has the form

w(x, t) =
n∑
i=1

ci(t)fi(x)

where {f1(x), f2(x), ...., fn(x)} satisfy the following system

af ′′i (x) + bf ′i(x) + cfi(x) + gi(x) = φi(f1(x), f2(x), ..., fn(x)), i = 1, 2, ..., n.

Proof. Direct substitution implies that

D2α
t

(
n∑
i=1

ci(t)fi(x)

)
=

n∑
i=1

ci(t)φi(f1(x), f2(x), ..., fn(x))

=
n∑
i=1

(af ′′i (x) + bf ′i(x) + cfi(x) + gi(x)) ci(t).

Since c1(t), c2(t), ..., cn(t) are linearly independent, we get

af ′′i (x) + bf ′i(x) + cfi(x) + gi(x) = φi(f1(x), f2(x), ..., fn(x)), i = 1, 2, ..., n.



10 M. Syam, M. Alquran, H.M. Jaradat

3 Numerical Results

In this section, we present three of our examples to show the efficiency of the
proposed method.

Example 1 Consider the following fractional diffusion-wave equation

D2α
t w(x, t) = wxx(x, t)− 2wx(x, t)− 4w(x, t) (5)

+
15
√
π

8Γ(7
2
− 2α)

t
5
2
−2α(1 + x2) + t

5
2 (4x2 + 4x+ 2),

1

2
< α < 1

subject to

w(x, 0) = 0

Dα
t w(x, 0) = 0. (6)

Let
W2 = Span{1, t

5
2}. (7)

Then,
w(x, t) = c0(x) + c1(x)t

5
2 . (8)

Applying the first initial condition, we reach to the fact that w(x, 0) = c0(x) =
0. Now, applying the operator D2α

t on Equation (8) to lead to

D2α
t w(x, t) = c1(x)

Γ(7
2
)

Γ(7
2
− 2α)

t
5
2
−2α. (9)

Then, we substitute both Equations (8) and (9) in Equation (5) and we collect
the coefficients of same ti and set them to be zero. This will result in the
following system

0 = c′′1(x)− 2c′1(x)− 4c1(x) + 4x2 + 4x+ 2,

0 = c1(x)− 1− x2. (10)

Hence,
c1(x) = 1 + x2.

Therefor, we get the exact solution

w(x, t) = t
5
2

(
1 + x2

)
.

Example 2 Consider the following fractional diffusion-wave equation

D2α
t w(x, t) = wxx(x, t) +

(
6

Γ(4− 2α)
t3−2α − t3

)
ex,

1

2
< α < 1 (11)
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subject to

w(x, 0) = 0,

Dα
t w(x, 0) = 0. (12)

Let
W2 = Span{1, t3}. (13)

Then,
w(x, t) = c0(x) + c1(x)t3. (14)

Applying the first initial condition, we reach to the fact that w(x, 0) = c0(x) =
0. Now, applying the operator D2α

t on Equation (14) to lead to

D2α
t w(x, t) = c1(x)

Γ(4)

Γ(4− 2α)
t3−2α. (15)

Then, we substitute both Equations (15) and (14) in Equation (11) and we
collect the coefficients of same ti and set them to be zero. This will result in
the following system

0 = c′′1(x),

0 = c1(x)− ex. (16)

Hence,
c1(x) = ex.

Therefor, we get the exact solution

w(x, t) = t3ex.

Example 3 Consider the following fractional diffusion-wave equation

D2α
t w(x, t) = wxx(x, t)− w(x, t)− 12x2 + xt+ t3 − x4 (17)

− 6

Γ(4− 2α)
t3−2α − 2

Γ(3− 2α)
t2−2α sin(x),

1

2
< α < 1

subject to

w(x, 0) = x4,

Dα
t w(x, 0) = 0. (18)

Let
W4 = Span{1, t, t2, t3}. (19)

Then,
w(x, t) = c0(x) + c1(x)t+ c2(x)t2 + c3(x)t3. (20)
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Applying the first initial condition, we reach to the fact that w(x, 0) = c0(x) =
x4. Now, applying the operator D2α

t on equation (20) to lead to

D2α
t w(x, t) = c2(x)

Γ(3)

Γ(3− 2α)
t2−2α + c3(x)

Γ(4)

Γ(4− 2α)
t3−2α. (21)

Then, we substitute both Equations (21) and (20) in Equation (17) and we
collect the coefficients of same ti and set them to be zero. This will result in
the following system

0 = c′′1(x)− c1(x) + x,

0 = c′′2(x)− c2(x),

0 = c′′3(x)− c3(x) + 1,

0 = c2(x) + sin(x),

0 = c3(x) + 1.

Hence,

c1(x) = x+ k1 e
x + k2 e

−x,

c2(x) = − sin(x),

c3(x) = −1,

where k1, k2 are free constants. Therefor, we get the exact solution

w(x, t) = x4 + (x+ k1 e
x + k2 e

−x)t− sin(x)t2 − t3.

4 Conclusions

In this paper, we consider the following class of time-fractional non-homogeneous
equation of the form

D2α
t w(x, t) = awxx(x, t) + bwx(x, t) + cw(x, t) + g(x, t),

1

2
< α < 1 (22)

subject to

w(x, 0) = φ(x)

Dα
t w(x, 0) = ψ(x) (23)

where a > 0, b, c ≤ 0 are constants, φ(x), ψ(x), and g(x, t) are continues
functions. We assume the solution

w(x, t) ∈ Span{c1(t), c1(t), ..., cn(t)}.
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Then, we substitute the series solution in the proposed problem and we collect
the coefficients of same ci(t) and set them to be zero. We produce a system
of algebraic differential equation to find the coefficient functions. We present
three of our example. We get the exact solution in them. This shows that the
proposed numerical method is an efficient. In addition, the proposed method
is easy to impanelment and its complexity is cheap. We will end this section
with the following open problem:

Open Problem

How to generalize this technique for the nonlinear problems?
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