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Abstract

In this work, we are concerned with a two dimension frac-
tional Lane Emden differential system with right hand side
depending on an unknown vector function. Using Banach con-
traction principle on an appropriate product Banach space, we
establish some results on the existence and uniqueness of solu-
tions. The existence of at least one solution of the considered
problem is also studied. Some notions of Ulam type stabili-
ties are presented and illustrated. At the end, an example is
discussed.
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1 Introduction
Recently fractional calculus started to attract serious attention in a lot of

scientific areas, such as mathematics, biology and engineering. For getting
a better understanding of the theory we suggest the reader to address the
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following papers [12, 14, 15] and the reference therein. It is also important to
mention how relevant it is to do research on fractional deferential equations.
Nowadays many branches of science and technology are making use of this
theory (see [4, 13, 18]). The existence and uniqueness of solutions for nonlinear
fractional differential equations was studied by many scholars. For getting
further information the reader can address the following papers [6, 9, 20].
Along with that it is needed to mention that the Ulam type stabilities for
fractional differential problems are useful for solving practical problems in
biology, economics and mechanics. The examples of the application of this
theory can be found in [1, 3, 11].

Now we would like to bring to the attention the Lane-Emden model, which
serves as the basis for our research.

It is generally known that the Lame-Emden equations are found in a few models
of mathematical physics and astrophysics, such as aspects of stellar structure,
isothermal gas spheres and thermionic currents [5]. The Lane-Emden equation
has the following form:

"

() + 53 O+ f (L) =g(t), tel0.1],
with the initial conditions:
z(0)=A, z (0) = B,

where A and B are constants, f, g are continuous real valued functions. This
equation and the problems related to it has occupied the minds of a number
of researchers. For getting further information the reader is recommended to
turn to [8, 16, 19].

In [10] the authors studied coupled Lane-Emden equations arising in catalytic
diffusion reaction by reproducing kernel Hilbert space method while giving
consideration to the following problem:

u'(z) + Bl (z) = fi(u,v),0 <z <1

V' (z) + B2/ (2) = folu,v),0 <z <1,
subject to the initial conditions
u'(0) =0,u(l) = ay,
v'(0) = 0,v(1) = ag,
where K and K, are constants, fi(u,v) and fy(u,v) are analytic functions in
u and v. Such boundary value problems arise in catalytic diffusion reaction.

A. Akgl, M. Inc, E. Karatas, D. Baleanu applied the reproducing kernel method
in [2] and suggested a numerical study for the following Lane-Emden problem:

{D%@%nfﬂﬁwﬂ+f@wﬁbzgw,tGNH,

k>0, 1<a<2 0<pB<1,
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with the initial conditions:
y(0)=A, y (0) =B,

where A and B are constants, f is a continuous real valued function and
g€ C([0,1]).

Most recently, in [7] Z. Dahmani and M.Z. Sarikaya studied the following
generalized Lane Emden system:

(t) + fi(t,mi (t), 22 (1)) =
(t) + fz(tl"l() 2()):
0, D%y (1) + brgr(1)zr(1)

DPY (D™ + bygy (1)) 2y
DP> (D 4 bygs (t)) 22

where 0 < B, < 1,0 < oy, < 1,b;, > 0,k = 1,2 and the derivatives D% and
D% are in the sense of Caputo.
Motivated by the above work, this paper considers a more general system of
Lane Emden type by injecting the unknown functions (solutions) not only on
the left hand side of the system, but on right hand side of the problem too.
This injection makes the problem very difficult to study, since basically the
problem is singular. So let us consider the following problem:

hi(t), 0<t<1,
ho (t) 0<t<l,

DY (D + bigr (1) 21 () + fi (21 (), 22 (1) = wi S (21 (1), 22 (1), 0 <t <1,
D% (D2 4 bagy (1)) w2 (t) + fa (t, 21 (1), 22 (1)) = waSa (t, 21 (1), 22 (1), 0 <t <1,
2£(0) = 0, D% (1) + brgi(1)zk(1) = 0,
(1)

where 0 < B, < 1,0 < ap < 1,bp > 0,0 < w, < 00,k = 1,2 and the
derivatives DP and D are in the sense of Caputo. The functions f; : [0, 1] x
are continuous, gy, : |0, 1] — [0, +00) is continuous and singular at t = 0.

2 Preliminaries

Definition 2.1 The Riemann-Liouville integral operator [14]:

JOF(t) = ﬁ/o (t— )" f(s)ds, a>0, t >0, (@)

where T' (a) :== [~ e~ "2 du,

and the Caputo fractional derivative D*

Df(t) = ! ) /Ot (t—s)"" "1™ (s)ds, n—1<a<n. (3)

I'(n—a«

We need the following auxiliary results [12]:
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Lemma 2.2 For o > 0, the general solution of the fractional differential
equation Dx(t) = 0 is given by

w(t) =Y et (4)
=0
where ¢; € R, j=0,...,n—1,n=[a] +1.

Lemma 2.3 Let o > 0. We have

n—1

JOD x(t) = x(t) + Y _ et (5)

=0
where ¢; € R, j=0,1,...,n—1,n=[a]+ 1

Lemma 2.4 Let ¢ > p > 0,9 € L' ([a,b]). Then DPJig(t) = J9Pg(t),t €
[a,b].

Lemma 2.5 Let E be a Banach space and let’s assume thatT : E — E is a
completely continuous operator. If the setV :={x € F:x = uTz, 0 < pu < 1}
18 bounded, then T has a fixed point in E.

To give the integral representation of (1), we need to prove the following
auxiliary result:

Lemma 2.6 Let Hy, Hy € C' ([0,1],R). Then, the problem

DAY (D™ + bygy () 2y () = Hy (t), t €]0,1],

(6)
D/B2 (Da2 + bggg (t)) T (t) = H2 (t) s te [0, ]_]
associated with the conditions

2(0) = 0, D%x(1) + brgr(1)z(1) = 0,k = 1,2 (7)

has a unique solution (x1,xs) given by:

e

t) = JTPRHL(t) — b gy (t) 2 (t) — TP Hp(1) =——. (8
" (0 =T () 00) = () e ()

Proof. We use Lemma 2.3 to obtain:

t

= —(t_T)al_l T—<T_S)Bl_1 s)ds — xq(T T—J"(1l) —c
nin= [ / o () ds = b () (1) | dr =T (1)
o)

0
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Then, by (7) we obtain:
Cy = O,Cl == JﬁlHl(l).

With the same arguments we obtain the component xo(t).
Lemma 2.6 is thus proved. m

Let us now introduce the Banach space (X x X, [[(u, v)||yyxx ) » With [|(u,v)]| x, x =
max{|[ul|x , [Jv]lx} and X := C([0, 1, R), [[-|[x = []-lloc-

3 Main results

3.1 Existence and Uniqueness
We prove the following theorem.

Theorem 3.1 Let gy, go : |0,1] — [0, +00) be continuous, 111%91 (t) = Pr%gg (t) =
— —

00. Suppose that there exist 0 < A\, Ay < 1,t — (t*gy (t), 12 g5(t)) are con-
tinuous on [0,1]. If

2
|f1 (G, @2) — fi (G oy, ye)| < ZLz‘ 75 — vl

Jj=1

2
|fo (t, 21, 22) — fo (L, yn, y2)| < ZlLQ 25 — v,
]:

2
1Sy (t, 21, 20) — Sy (tyn, )| < Rilay — s,

J=1

2
Sy (t, 1, 22) — S (t,y1,92)| < ZR; 5 — wl,

j=1

for allt € 10,1], (z1,22), (y1,92) € R?,
then the problem (1) has a unique solution on [0,1] provided that

Di+ Dy + 2L(K1 + KQ) + 2R(W1K1 -+ CL)QKQ) < 1, (11)
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where
ﬁ<05171_)\1)
Di=bM——=
1= b M, F(al)
,8(0{2,1—A2)
Dy = by My———F———2
2 2 Mo F(Oég)
1 1
K, = +
"D+ B +1) T+ DB+ 1)
1 1
K2 ==

T+ Bt 1)  Tlast D0(B+ 1)

and L := max{ Ly, Lo, L, L}}, R := max{ Ry, Ry, R}, R,}, M} := Maxt€[071]|t)‘kgk )], k=
1,2.

Proof. Let us consider the operator T': X x X — X x X defined by
T(l‘l,xg) = <T1(.’L'1,£EQ),T2($1,£L'2)>, (12)

where

Ti (1, 22) (t) 1= T (w0 Sp(wr, m2) (t) — fulwy, m2) (1)) — beJ “* gi () 21(t)

—JPe (WS (1, 22) (1) — fk(xl,xg)(l))r(iil),k =1,2.
(13)
We need to prove that T is contractive.
Let (z1,x2), (y1,y2) € X x X. We have

Ty (w1, 22) () = T1 (y1, 92) (8) = TP (wiS) (w1, ) () — fuwe, 22)(E)) — brJ* (g () 21 (1))

—JPH (wiSi (@1, 22) (1) — fr(en, 22) (1) weigy — (Jalwl (WSt (w1, 22)(8) — f1(yr, y2) (1))

=i (g1 () 31 (0) = I S 22)(1) = filo 1) (V) ety ).
(14)

Some easy techniques allow us to write

Ty (w1, 22) (t) — Th (Y1, y2) ()]
< e S (S (Y, y2) () — Su(wr, 22) ()] + w17 (S1(y, y2) (1) — Si(z1, 22)(1))]
HIH fi(yn, y2) () = fr(wr 22) ()] + w17 iy, y2) (1) = fiz, 22)(1))]

+b1M1|l’1 — y1|(t)(]0¢1t*)\1‘
(15)
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Thanks to the conditions on f;, S, and tMg;, we obtain

|11 (21, 22) — 11 (Y1, 92) || x

1 1
< (ertrs + i) (Rallos =l + Ballez — )
(16)
1 1
(F(a1+m+1> + F(a1+1)r<m+1>> <L1||$1 — il + Lo||z2 — yzll)
+b1M1H.731 ku’fil))\l).
Therefore,
T3 (21, 22) —Th (v1, 92) ||x
ag,l—X\
< (blMl% + 2L+ wiR) (rmgm + r(a1+1>1rw1+1))> 11 =11, 22 = go)[lxx
(17)

With the same arguments as before we can write

Ty (1, x2) — T (y1,92) || x

« ,1 A
< (bQM Blaz,1-22) ey 2) 4 2(L 4+ waR)(5 a2+152+1) + F(a2+1)1f‘(@2+1))> [|[(x1 = y1, 22 — ¥2) || xxx -
(18)
Using these two inequalities we get

||T <$1, 952) =T (yl, y2) HX><X

< (Dl + Dy + 2L(K, + K;) + 2R(w K + w2K2)> (21 — Y1, 22 — y2)| | xxx-
(19)
Since Dy + Dy + 2L(K; + K3) + 2R(w1 Ky + we K3) < 1, we can state that the
operator T' is contractive. Thus the theorem is proved. m Thus the theorem
is proved.

3.2 Existence

In the case where 0 < A\, < ap < 1, we present the following theorem:

Theorem 3.2 For k = 1,2, suppose that g : |0, 1] — [0, +00) are continuous,

}m&gk (t) = oo, and there exist \y;0 < A\, < ap < 1, — tM g, (t) are con-
ﬁ

tinuous on [0,1]. Assume that fi, : [0,1] x R* = R and Sy : [0,1] x R? - R
are bounded respectively by Iy, and Q. Then the problem (1) has at least one
solution on [0, 1].
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Proof. We will prove the theorem through the following steps:

The continuity of the functions fi, Sk, t g,k = 1,2 implies that 7" is con-
tinuous on X x X.

Step 2: The operator 7' is completely continuous:
We define the set Q, := {(z1,22) € X x X, [[(21,22)||xyx <7}, wherer > 0.
For (zq,x2) € )., we obtain

I + wiQx b Mo, 1 — i) I + wiQx

Tk (21, 22) || x < + .
F(Oék + ﬁk + 1) F(Oék> F(ﬁk + 1)P(Oék + 1)

(20)

This is to say that
[T (21, 22) || xxx < (1)
I 4w @Q rby My B(ag,1— i) I +wiQ
maxkﬂ,?(r(iwﬁifl) + = kr(a:) = F(ﬁkil)Fk(oaerl))'

Hence, the operator T" maps bounded sets into bounded sets in X x X.

Step 3: Equi-continuity of 7'(£2,) :
For t1,ty € [0,1]; t; < to, and (x1, x2) € £, we have:

[Tk (w1, 29) (t2) — T (w1, 22) (t1)]|x

< UkerQ@O(F gk ) b MDA gt ) (Teen@u (3R )
- Iag+BK+1) Dok =Ar+1)I () PBr+1)I(ap+1) -~ -
(22)
In these inequalities the right hand sides are independent of x1, x5 and tend to
zero as t; tends to t9.
In view of the results obtained in steps 2,3 and according to Arzela-Ascoli

theorem, it is seen that 7" is completely continuous.

Step 4: The set
Q= {(1,22) € X x X;(x1,22) = AT (21, 22),0 <A < 1} (23)

is bounded:
Let (z1,xq) € Q, then (z1,22) = AT (x1,x2), for some 0 < A < 1. Hence, for
t €10,1], we have:

I (t) = )\Tl (l’l, $2) (t) , Lo (t) = /\T2 (ZEl, l’g) (t) . (24)

Thus,
(71, 22) || o x = AMT (21, 22) | x o x - (25)
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Since the functions f and S are bounded, then by (22) we obtain
[(1; 22) || < MY+ Co). (26)

Consequently, €2 is bounded.
As a conclusion of Schaefer fixed point theorem, we deduce that 7" has at least
one fixed point, which is a solution of (1). m

3.3 A—Ulam Stabilities

In this section, we will focus our attention on the A—Ulam-Hyers and general-
ized A—Ulam-Hyers stabilities for the problem (1) . We start with the following
definitions:

Definition 3.3 The problem (1) is A— Ulam-Hyers stable, if there exists a
real number R > 0, such that for each ¢, > 0,k = 1,2 and for for each solution
(x1,22) € X x X of the inequalities

| D% (D + bugye (1)) e (8) + fie (t, 21 (8) 22 (1)) — wiSk (8,21 (1), 22 (1))| < e,

t €10,1],
(27)
there exists a solution (y1,y2) € X x X of (1),
such that
(1, 2) = (1)l xx < A+ (a1 + )R (28)

Definition 3.4 The problem (1) is A—generalized Ulam-Hyers stable, if there
exists an increasing function Z € C(RT,RT), Z(0) = A, such that for all
ex > 0, and for each solution (x1,z2) € X X X of (27), there exists a solution
(y1,y2) € X x X of (1) (with the same conditions as in (1)), such that

(21, 22) = (Y1, 92) |3 x < Z(€1 + €2). (29)

Let us consider the equation (1) and the inequalities (27). We prove the
following stability result:

Theorem 3.5 Let the assumptions of Theorem 3.1 hold. If the inequality

1-— 2[[/ + R(w1 + LL)Q)] (Ja1+’81(1> + Ja2+’82(1)> — <ﬁ(0&1, 1— Al)blMl + /B(CYQ, 1— )\Q)bQMQ) >0
(30)
is valid, then problem (1) is A— Ulam-Hyers stable in the generalized sense.
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Proof. By Theorem 3.1, the problem (1) has a unique solution (yi,y2) €
X x X. Let (x1,22) be a solution of (28). By definition, we can state that

there exist l;, (depending on (z1,x2)) that satisfy |lx(t)| < €, such that

() = / r " / T S fot 1) (5)ds — brge () 2a(r) | dr

—ijak(l) — dk, Ck, dk € R.
(31)

So, we have

20(t) = (O] < [T (e, 22)(8) — feoa,2)(0) + 6(6)) — ™ g (6) 0(t) — eI —
— <J"‘k+ﬁk (WrSk(y1,42)(t) = fr(yr,y2)(t))

% g (1) (1) — T (i, 10) (1) — Filn 1) (D) ey ) |
(32)

Therefore,

|z (t) — yi(t)]
< Wil SO (S (g1, y2) (1) — S, 22)(1)) + [T (fi(yr, 92) (8) — fio(1, 22) (1))
a7 (e, y2) (1) + wid %Sy (1, 92) (1))
o My | (t) — yr(8) [Tt + |eg | T (1) + |di| + € J* P (1).

(33)

Consequently,

e — yel|x
2[L + Ry J P (1)] |z, — yil| + moﬂ’“fk(yl,ya)(l)! +wk|JB’“5k(y1,y2)(1)|)

+ B, 1 — Ne) b M| |2 — yiel | + |ex| J% (1) + |di| 4 €, J+ 5 (1).
(34)
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Adding these two inequalities (for k£ = 1,2,) we obtain

H(iﬂla@) - (yl>y2)”X><X

< 2R (o (1) 72 (1) )1, 22) = (91,9 L
LT (1) + 1o (1)) [ 1, 2) = ()
ey (12 o 1) (U] + o 281 (31, 2) (1)) (35)
Frgarn (197 2l 1) (D] + w2l I S, 92) (1))
+(Blons 1 = M)bidy + Blan, 1= Al )| (w1, 22) = (1,92

Hler| 7 (1) + Jdi] + eal T2 (1) + [da] + €T+ (1) 4 Jexta (1)),
Consequently, we deduce that

[1 = 2R (w1 (1) 4 wp o +2(1)) — 2L (T (1) 4 T (1)) -

(6(0&1, 1-— Al)blMl + B(O&Q, 1-— AQ)b2M2>:|
X[|(21, 2) = (Y1, y2)l[xxx
(36)
< i (197 100,00 (D] 4 a1 01, ) (1))

+@(|J52f2(y1,yg)(1)| +W2J'8152(?/1ay2)(1)|>

Fler 7 (1) + Jdi] + ezl T2 (1) + [da] + € J21 (1) 4 Jerta (1)),

Thanks to (36), we deduce that (1) is A—Ulam-Hyers stable. Hence, the
problem (1) is A—generalized Ulam-Hyers stable. m
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3.4 Illustrations

We consider the following system

D (D4 g1 (1)) w1 (8) + f1 (21 (8),22 (1) = 351 (6,0 (), 22 (1), 0 < < 1,

DY (D g0 () 22 (1) + o (tn (8,22 (1)) = §S2 (.21 ()22 (1)), D <t < L,
2,(0) = 0, D% (1) + brgr(1)z1(1) = 0,

(37)
where,
fi(t,u,v) = t*(cosuw), fo(t,u,v)=t*(sin w.v),
S1(t,u,v) = sin(u)sin(v) +t, S (t,u,v) = cos(tv)sin(tv),
1 1
) = - g (t) = —
ACIE WAUEE
and Ay = 5 Ay = 3. Then the problem (1) has at least one solution on [0, 1].

4 Open Problem

We end this paper by proposing the following open questions:

What will happen if the function g admits an arbitrary singularity on the whole
t—positive real line? What about the stability of the associated Lane-Emden
system in this case?
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