Int. J. Open Problems Compt. Math., Vol. 11, No. 2, June 2018
ISSN 1998-6262; Copyright ©ICSRS Publication, 2018
WWW. 4-CSTS. 0Tq

On triple sequence spaces of Bernstein operator of y*
of rough A-statistical convergence in probability of
random variables defined by Musielak-Orlicz function
A. Esi and N. Subramanian

Department of Mathematics, Adiyaman University, Adiyaman, 02040 Turkey
e-mail: aesi23@hotmail.com

Department of Mathematics, SASTRA University, Thanjavur, 613 401 India
e-mail: nsmaths@yahoo.com

Received 12 January 2018; Accepted 28 February 2018

Abstract
We introduced the triple sequence spaces of Bernstein poly-
nomials of x* of rough \— statistical convergence in probability
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1 Introduction

The idea of rough convergence was introduced by Phu [12], who also intro-
duced the concepts of rough limit points and roughness degree. The idea of
rough convergence occurs very naturally in numerical analysis and has inter-
esting applications. Aytar [1] extended the idea of rough convergence into
rough statistical convergence using the notion of natural density just as usual
convergence was extended to statistical convergence. Pal et al. [11] extended
the notion of rough convergence using the concept of ideals which automat-
ically extends the earlier notions of rough convergence and rough statistical
convergence.
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A triple sequence (real or complex) can be defined as a function = : N x
N x N — R (C), where N, R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions of
triple sequence was introduced and investigated at the initial by Sahiner et al.
[18, 14], Esi et al. [2, 3, 4, 5], Dutta et al. [6],Subramanian et al. [15], Esi et
al. [19, 20, 21], Debnath et al. [7] and many others.

A triple sequence © = (Zp,x) is said to be triple analytic if

1
SUp |k | "R < 00.
m,n,k
The space of all triple analytic sequences are usually denoted by A3. A
triple sequence x = (x,,,x) is called triple gai sequence if

((m+n+k) |xmnk|)m+£+k — 0 as m,n, k — oo.

The space of all triple gai sequences are usually denoted by 3.

Let K be a subset of the set of positive integers N x N x N and let us denote
the set Kijpe = {(m,n,k) € K :m >i,n < j, k </{}. Then the natural density
of K is given by

K
d(K)= lim M

ijl—oo  1J0

)

where |K;j¢| denotes the number of elements in K.
The Bernstein operator of order (r, s, t) is given by

Bra(f,x Z Z Z f (T:tk) ( > <fz> (lﬁ:) gtk (] — x)<m*r)+(nfs)+(k7t)

m=0 n=0 k

where f is a continuous (real or complex valued) function defined on [0, 1].
Throughout the paper, R denotes the real of three dimensional space with
metric (X, d). Consider a triple sequence of Bernstein polynomials (B (f, x))
such that (B (f,2)) € R, m,n, k € N.
Let f be a continuous function defined on the closed interval [0,1]. A
triple sequence of Bernstein polynomials (B,.s (f,x)) is said to be statistically
convergent to 0 € R, written as st — lim x = 0, provided that the set

Ke = {(m,n,k) € N’ |Bpui (f,2) — f (z)| > €}

has natural density zero for any € > 0. In this case, 0 is called the statistical
limit of the triple sequence of Bernstein polynomials. i.e., 6 (K.) = 0. That is,

lim — [{(m,n, k) < (5,) | Bowi (f.) — (f,2)] > €}| = 0.

rst—oo 1St

In this case, we write & — im Byui (f,2) = f (z) or Bk (f, ) =5 f ().
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Throughout the paper, N denotes the set of all positive integers, x4— the
characteristic function of A C N, R the set of all real numbers. A subset A of
N is said to have asymptotic density d (A) if

d( - z]lﬁlinoo Z]£ Z Z Z XA

m=1n=1 k=1

2 Preliminaries

Definition 2.1 An Orlicz function ([see [8]) is a function M : [0,00) —
[0, 00) which is continuous, non-decreasing and convez with M (0) = 0, M (z) >
0, forx >0 and M (z) — oo as x — oo. If convexity of Orlicz function M is
replaced by M (x +y) < M (z) + M (y), then this function is called modulus
function.

Lindenstrauss and Tzafriri ([9]) used the idea of Orlicz function to con-
struct Orlicz sequence space.

A sequence g = (Gmn) defined by

Jmn (V) =sup{|v|u — (fonk) () 1w >0}, m,n, k=1,2,...

1s called the complementary function of a Musielak-Orlicz function f. For a
given Musielak-Orlicz function f, [see [10]] the Musielak-Orlicz sequence space
ty is defined as follows

tp = {x e w® : Iy (|2pi)) ™ = 0asm,n, k — oo} )

where Iy is a convex modular defined by

Z Z Z fmnk ‘mef' 1/ ) y U= (xmnk) € tf'

m=1n=1 k=

[y

We consider ty equipped with the Luzemburg metric

0o oo 00 |£an |1/(m+n+k)
o = 2373 s P2

m=1 n=1

1s an extended real number.

Definition 2.2 Let X,Y be a real vector space of dimension w, where n <
m. A real valued function dy(x1,...,z,) = ||(di(z1,0),...,dy(zs,0))], on X
satisfying the following four conditions:

(1) || (d1(21,0),...,dn(zs,0))|l, = 0 if and only if di(x1,0), ..., d,(x,,0) are
linearly dependent,
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(11) ||(d1(x1,0),...,dn(2n,0))|, is invariant under permutation,

(iti) [[(adi(21,0), ..., dn(2s,0))|lp, = [af [[(di(z1,0), ..., dn(zn, 0))]p, @ € {R

(iv) dp(21,91),(22,92) - - (@) = (dx(@1, 22,0« 20)P+dy (Y1, s ya)?) 7
for 1 <p < oo; (or)

(U) d((xlayl)a(x27y2)v‘ ) (xn7yn)) = Sup{dX(xlaer i) xn)7 dY(yber SR y’rL)};
for xy,xo, ... 2y € X, Y1,Ys, ..., yn €Y is called the p product metric of the
Cartesian product of n metric spaces (see [16]).

Definition 2.3 Let n = (Awpe) be a non-decreasing sequence of positive real
numbers tending to infinity and A1 = 1 and Agyprers < Aasprers + 1, for all
a,b,c € N. The collection of all such triple sequences of Bernstein polynomials

of A is denoted by &
The generalized de la Vallée-Poussin means are defined by

tabc (ank (.f ZIZ' abc Z ank f ZIZ'

m,n,k€l pc

where Iyp. = [abc — Agpe + 1, abc]. A triple sequence space of Bernstein polyno-
mials of (B (f,x)) is said to (V,\) — summable to a real number f(x) if
tave (Bunk (f, 7)) — f (), as abc — o0.

Definition 2.4 Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B (f,)) of real num-
bers is said to strong (V,\) summable (or shortly : [V, — convergent) to

f(x) if lim ﬁ Y omel, 2met, 2uker, | Bmnk (f, @), f(x)] = 0. In this case write
ank (f7 [L’) _>[V7)\] f (J])

Definition 2.5 Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials ( Bk (f,x)) of real numbers
is said to be \— statz’stz’cally convergent (or shortly: Sx— convergent) to f (x)
if for any € > 0, liMgpe_yoo +—— )\ {(m,n, k) € Lppe : |Bunk (f, ), f (z)] > €}| =0.
In this case we write Sy — hm Bk (f,2) = f () or by Bk (f, ) =5 f (2).

Now we introduce the following main definition:

Definition 2.6 Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials ( Bk (f,x)) of real numbers
of random wvariables and o« be mon negative real number is said to be rough
[V, A] = summable in probability to By (f,z) : W x W x W = R xR xR
with respect to the roughness of degree o (or shortly: o — [V, ] — summable in
probability) to f (x) if for any € > 0,

lim

Jim 3 S S T P (B (1) f @) a0 =0,

mé&l, nely kel
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In this case we write B (f, x) —>Q/’)‘]P f(x). The class of all rough [V, \] —
summable triple sequence spaces of Bernstein polynomials of random variables
in probability will be denoted simply by o[V, \]* .

Definition 2.7 Let f be a continuous function defined on the closed inter-
val [0,1]. A triple sequence of Bernstein polynomials (B (f,)) of real
numbers of random variables and o be mnon negative real number is said to
be rough A\— statistically convergent in probability to B (f,x) : W x W x
W — R x R x R with respect to the roughness of degree o (or shortly:
a — A— statistically convergent in probability) to f(x) if for any €,6 > 0,
litmgpeso0 5= [{(m, k) € Lape 2 P (| Bk (f, ), f (2)] > a4+ €) >0} = 0. In

P
this case we write By (f, ) A f(x). The class of all « — A\— statistically
convergent triple sequence spaces of Bernstein polynomials of random variables
in probability will be denoted simply by a.ST .

Note 2.8 Let f be a continuous function defined on the closed interval [0, 1].
A triple sequence of Bernstein polynomials (Bynk (f,x)) of real numbers and
M be an Musielak-Orlicz function,

s (d (1) o d () - d ()| =
[ank (HHmnk (X) ) (d (1’1) ,d (xg) o ,d (xnfl))’|p):| )

where fynk (X) = (((m + 04 k) B, (f, )0 p (:c))

3 Main results

Theorem 3.1 Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials ( Bk (f,x)) of real numbers
of random variables are equivalent:

(i) 137 (Bonk (fy 1)), (d(z1),d (xs),...,d (xn_l))Hp is a—[V, ] — summable
in probability to f (z).

(i) X3 (Bani (f,2)) 5 (d (1) ,d (22) , ..., d (wn1))||,, is o= A— statistically
convergent in probability to f (x).
Proof. Similar to the proof of Theorem (3.1) in (see [18]). m

Theorem 3.2 Let f be a continuous function defined on the closed inter-

val [0,1]. A triple sequence of Bernstein polynomials (B (f,2)) of real
P

numbers. If ||X3; (Bmnk (f, 7)), (d(x1),d (z2),...,d (@n-1))l, —5 f(x) and

X Bk (f,9)) + (d (21) ,d (2) ., d (w-1))l, =5 f (y) then

POP@MOmmﬂXLM@Qﬁugwwd@WMMﬂ‘2a+a:0
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Proof. Similar to the proof of Theorem (3.1) in (see [17]). m

Theorem 3.3 Let f be a continuous function defined on the closed interval

[0,1]. A triple sequence of Bernstein polynomials ( Bk (f, ) of real numbers.

If X € S s such that ()l‘l“b”cc) =1 then aSY C aS”.

Proof. Let 0 < n < 1 be given. Since limgpe_soo ()\:Tbcc) = 1, we can choose
(u,v,w) € Nx N x N such that “"C) — 1| < 2 for all (a,b,c) > (u,v,w). Now,
for €,0 > 0
{ (mnk) < (abe) :
abc

(|| mnk(|un”m (X). (@d (@) d (@) . d (@), ) || 2 a+e) = 0}
_ 1 {(mnk) (abc) — Aape -

= abe

Q[mmommmxxwunnmgwwdwwmmﬂ\za+Qzaﬂ
= — H(mnk) € Lope :

~ abc
P(pumommmx,<<> d(ws) .o d (@)l ) || = ate) =0}
= mbc(izbc ”’bc abc (mnk) € ase

v,

| [ Mo ([l (X) (@ (1) d (@2) .. d (i), )| | 2 4 €) = 6

(-9

Mo (ot (X), (@ (1) d (12) .. d (@), ) || 2 a4 €) = 6

)
)
{ (mnk) € L. :

IN

NS /NS /N =
+

e

= 221’60 )\ibc {(mnk) € Lope:

P (|[ Mot (1t (X) (@ (1) d (2) ..o d () )| | = @+ €) = 6
< =4 )\albc {(mnk) c I :

P (| [ Moo (1t (X)  (d (@1)  d (2) ... d o)), ) | | 2 @ €) = 5

holds for all (a,b,c) > (u,v,w). =

Theorem 3.4 Let f be a continuous function defined on the closed interval
[0,1]. A triple sequence of Bernstein polynomials (B (f,)) of real numbers

and aST C aSY if and only if lim (a‘;)”cc) > 0.
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Proof. Let limgpe—oo % > 0. Then for ¢, > 0, we have

aibc H(mnk) < (abc) :
P (| [ Mo (lmna (X)  (d (@1)  d (@2) ... d o)), ) | | 2 @ €) 2 0
ic {(mnk) € Lupe :
P (|| Mot (1t (X) 1 (@ (1) d (@) - d o), ) || 2 04 €) > 6]
= abc Aibc {(mnk) € Lope :

P (| [ Mo (it (X) (@ (@1) d (22), .. d 2] ) || 2 @) = 6}

Taking limit abc — oo we get
X (Bunie (f ), (d (1) ,d (22) ... d (2nn))]|, =3 f ()

P

— [ (Buunk (£,)),(d (21) 1 d (23) . d ()|, =2 f ().

Conversely, let
)\abc
lim

abc—o00 (abC) =0

au by,cw
then we can choose a subsequence (ay, by, Cw)uvweNxNxN such that s <

— for all u, v, w € N. Define a triple sequence spaces of Bernstein polynomials
of (ank (f, x)) of random variables whose probability density function is

1, fo<X<1

0, otherwise, where (abc) € Iy, for some (uvw) € N

Habe (X) = {

Let 0 <¢€,0 < 1. Then

Q[mmommuxmmwn@@gf~@@%ﬂwQH21+Q
1, if (abc) € 14 for some (uvw) € N
( 5) , otherwise.
We have
1
o {(mnk) € L :

P (| [Mne (s (X, (@ (@1) d (22) -+ d ), )| | 2 1+ €) 2 6

)1, if (abc) € Iap for some (uvw) € N
B 0, otherwise. '

Hence X3, (Bt (f,2)), (d (21) ,d (2) -+ d (2 1)|, ¢ m
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4

Open Problem

We introduced triple sequence spaces of Bernstein polynomials of rough A—
statistical convergence in probability of random variables with respect sequence
of Musielak-Orlicz function. It is open problem that these spaces of Bernstein
polynomials whether Banach spaces or not.
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