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Abstract

In this paper, we discuss some questions about Krasner hy-
perrings and Krasner hypermodules. In this regard, we intro-
duce some classes of Krasner hypermodules and obtain some
results to give some approaches to answer the questions. Fi-
nally, we state some open problems as the enriched version of
the questions.
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1 Introduction

The theory of hyperstructures was introduced by Marty in 1934. Hyperstruc-
tures have many applications to several sectors of both pure and applied math-
ematics (see [2, 6, 7, 20]). Many books and papers have been published related
to the applications of hyperstructures in the fields of hypergraphs, binary re-
lations, geometry, lattices, fuzzy sets and rough sets, automata, cryptography,
combinatorics, codes, artificial intelligence, probabilistic, etc., for example see
3, 4, 5, 13, 14, 15, 19, 21]. Marty introduced hypergroups as a generaliza-
tion of groups during the 8th Congress of the Scandinavian Mathematicians
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n [10]. Some time later, the notion of hyperring was studied by Krasner [§]
as a generalization of classical ring. Then some researchers followed him and
studied this kind of hyperring named ” Krasner hyperring”. Naturally, one can
define hypermodule to generalize the concept of module. Up to now, several
kinds of hyperrings and hypermodules have been introduced and studied by
many authors in [1, 9, 20]. In this paper, we fix a Krasner hyperring R and
discuss an important type of hypermodule named ”Krasner R-hypermodule”
(see [16]). In fact, we consider some questions and suggest some helpful hints
to find some answers to these questions.

2 Preliminaries

Here we state some basic definitions related to hyperstructures theory.
Let H be a non-empty set and P(H) denote the family of all subsets of H. If
P*(H) = P(H) \ {0}, then every map

o: Hx H— P*(H)

(a,b) > aob

is called a hyperproduct or hyperoperation on H and the couple (H, o) is called
a hypergroupoid. For convenience, we may use H instead of (H,o). For any
two subsets A, B C H, the set A o B means U(a,b)eAxB a o b. For simplicity,
the notations A ob and a o B are used for Ao {b} and {a} o B, respectively.
Generally, the singleton {a} is identified with its member a. Also, we may use
ab instead of a o b for a,b € H.

A hypergroupoid (H, o) is called a semihypergroup if (xoy)oz =z o (yo z2)
for all z,y,z € H. The semihypergroup (H,o) is called a hypergroup if
xoH =Hox=H for every x € H.

Let e be an element of semihypergroup (H,+) (resp., (H,-)) such that
e+rx=x+e=u2a (resp, e-x =x-e=ux) for all x € H. Then e is called
a scalar identity (resp., scalar unit). Every scalar identity (resp., scalar unit)
in a semihypergroup is unique. We denote the scalar identity (resp., scalar
unit) of (H,+) (resp., (H,-)) by Oy (resp., 1y). Let Oy be the scalar identity
of hypergroup (H,+) and x € H. An element z’ € H is called an additive
inverse of x in (H,+) if 0Oy € v +2' Na’ + x.

Definition 2.1 ([11]) A non-empty set H together with the hyperoperation
+ is called a canonical hypergroup if the following axioms hold:

1. (H,+) is a semihypergroup (associativity);

2. (H,+) is commutative (commutativity);
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3. there is a scalar identity Oy (existence of scalar identity);

4. for every x € H, there is a unique (additive) inverse denoted by —x such
that Oy € x + (—x), which for simplicity we write Oy € x — x (existence
of inverse);

5. Vr,y,z€ H: x€y+z=—y€x—z (reversibility).

Definition 2.2 A non-empty set R together with the hyperoperation + and
the operation -, denoted by (R,+,-), is called a Krasner hyperring if the fol-
lowing azxioms hold:

1. (R,+) is a canonical hypergroup;

2. (R,-) is a semigroup including O as a bilaterally absorbing element, that
1sO0gp-x =x-0g =0g forall x € R;

3. (y+z2)-z= @y x)+(z-x) andx-(y+2)=z-y+x-z forallz,y,z € R.

If there is no confusion, we may use R instead of (R, +,-). We say the Krasner
hyperring R has the unit element 1 if the semi(hyper)group (R,-) has the
(scalar) unit element 1g, ie., lg-r=r-1g =7 for all r € R.

Now we introduce the concept of Krasner hypermodule over a Krasner hyper-
ring. First, we start with the following concept:

Definition 2.3 Let X and Y be two non-empty sets. A map *x : X XY —>
Y sending (z,y) to xxy € Y is called a scalar multiplication on'Y and extended

to all non-empty subsets U C X and V CY asx*xV :={z*xv|v eV} and
Uxy:={uxy|ueU}.

Definition 2.4 Let (R,+,-) be a Krasner hyperring. A canonical hyper-
group (A, +) together with the scalar multiplication x : RXx A — A (on A) is
called a Krasner hypermodule over R, for short a Krasner R-hypermodule, if
for all r1,79 € R and for all ay,as € A the following axioms hold:

1. ri* (a1 4 ag) = ry * ag + r1 * ag;

2. (ri+mr)*xa; =1y xay +rexay;

3. (ry-m)xa; =1 % (rexay);

4. OR*a1 IOA.



Some Unavoidable Questions about Krasner Hypermodules 41

The name " Krasner” has been given to this kind of hypermodule by the authors
in [16]. In Definition 2.4, the map * is said to be trivial if r x a = 0,4 for all
(r,a) € R x A.

A Krasner hypermodule A over a Krasner hyperring R with 15 is called unitary
if 1 xa = a for all @ € A. In the sequel, for simplicity, we use ra instead of
r* a. We say a Krasner hyperring R (resp., hypermodule) is proper if there
exist r, s € R (resp., z,y € A) such that r + s (resp., z + y) is not a singleton.
We denote every singleton Krasner hyperring or hypermodule by 0.

3 Questions and Results

In this section, we ask some questions and introduce some classes of Krasner
hyperrings and hypermodules.

First, notice that the concept of canonical hypergroup in hyperstructures the-
ory is a generalization of the concept of abelian group. As every abelian group
(A, +) can be considered as a Z-module, one may ask the following question:
Can we say that every canonical hypergroup (A, +) is a unitary Krasner hy-
permodule over the ring Z with the usual scalar multiplication? It is clear
that the answer is negative since mxz C A and the scalar multiplication * is a
map into A. So this problem can be a motivation to introduce another kind
of hypermodule like ”general Krasner hypermodule” (see [17, 18]). Also, as an
another problem, assume there is a canonical hypergroup (A, +) with x € A
such that x — x € A has more than one element. If A is a unitary Krasner
hypermodule over the ring Z, then x —x = lxx—1xx = (1—1)*2z = 0%z =0
is a contradiction. So we state the following question:

Question 3.1 Is it possible to define any hyperoperation and multiplication
on Z to be a proper Krasner hyperring so that every canonical hypergroup can
be considered as a Krasner Z-hypermodule with nonzero scalar multiplication?

We continue with the following questions:

Question 3.2 Are there any proper hyperring R and any Krasner R-hypermodule
A # 0 such that rx +y is a singleton for allr € R and all x,y € A?

Question 3.3 Are there any proper hyperring R and any unitary Krasner
R-hypermodule A # 0 such that rx 4+ y is a singleton for all v € R and all
x,y € A?

Question 3.4 Are there any proper hyperring R and any Krasner R-hypermodule
A # 0 such that (A,+) is an abelian group?

Question 3.5 Are there any proper hyperring R and any unitary Krasner
R-hypermodule A # 0 such that (A, +) is an abelian group?
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Definition 3.6 Let R be a Krasner hyperring. A Krasner R-hypermodule
A is called

1. linearly pointed if rx + y is a singleton for all r € R and all x,y € A.

2. pointed if (A, +) is an abelian group.

In the sequel, when we speak of a unitary Krasner R-hypermodule, authomat-
ically R is supposed to have the unit element 1g.

Notation 3.7 For an arbitrary Krasner hyperring R, we denote the class
of all (resp., unitary) linearly pointed Krasner R-hypermodules by rRLPKHM
(resp., RLPKHM"). Also, we denote the class of all (resp., unitary) pointed
Krasner R-hypermodules by RkPKHM (resp., RPKHM'). The notation rM
(resp., gM') is used for the class of all (resp., unitary) modules over a ring R.

Remark 3.8 Let A be a unitary Krasner R-hypermodule. Then clearly
re+y is a singleton for all v € R and all x,y € A if and only if (A,+) is an
abelian group. So we have the following straightforward observations.

Proposition 3.9 Always
1. RPKHM C RLPKHM.

2. x)LPKHM! = ,PKHM".

Clearly, if the Krasner hyperring R is not proper, then R is indeed a ring.
Thus the following result is straightforward and we omit its proof.

Proposition 3.10 Let R be a Krasner hyperring that is not proper.
1. If R=0 or R does not have 1g, then gRM = rPKHM C rLPKHM.
2. If 0 # R has 1g, then pM' = RPKHM' = RLPKHM'.

Let R be a Krasner hyperring. So we have R = U,cgr—7 or R # U,cgr—r. In
the first case, the family {r —r},cr forms a cover for R with the property O €
Nyerr —7r. So we call the first kind of hyperring zero-pinned and naturally, the
latter is called non-zero-pinned. Similarly, for an arbitrary Krasner hyperring
R, a Krasner R-hypermodule A is called zero-pinned if A = U,c4a — a. Also,
a Krasner R-hypermodule A is called non-zero-pinned if A # Uycaa — a.

Example 3.11 [12] Let (G, -) be a group with |G| > 4, and define a hyper-
addition and a multiplication on R = G U {0}, by:

a+0=0+a=a foral aé€R;



Some Unavoidable Questions about Krasner Hypermodules 43

a+a={a,0} foral acG,
a+b=b+a=G\{a,b} foral abeG:ab;
a®0=00a=0 foral ac€cR;
a®b=a-b forall a,beQq.

Then it is easy to check that (R,4+,®) is a Krasner hyperring with the scalar
tdentity 0. Since 0 € r +r for every r € R, r is the inverse of itself in
(R,+), i.e., —r = 1. Clearly, R = U,cgr +1r = Uperr — . Thus (R,+,®) is
zero-pinned.

Notation 3.12 Let R be a Krasner hyperring. The class of all zero-pinned
Krasner R-hypermodules and non-zero-pinned Krasner R-hypermodules are de-
noted by gZPHM and rZPHMS, respectively.

The following result gives a partial answer or an assistance to find any example
as answers for the Questions 3.2 to 3.5 if they exist.

Proposition 3.13 Let R be a zero-pinned proper Krasner hyperring. Then

1. the scalar multiplication of every element of RkLPKHM or kRPKHM s
trivial.

2. there is no any unitary Krasner R-hypermodule A # 0. Consequently,
rLPKHM' = rPKHM' = {0}.

Proof. Suppose R is a zero-pinned proper Krasner hyperring.

1. Let A be a Krasner R-hypermodule in which rx + y is a singleton for all
r € Rand all x,y € A or (A, +) is an abelian group. By assumption, if
t € R, then t € r — r for some r € R. On the other hand, (r — r)a =
ra+ (—r)a for every r € R and a € A. Let t,t' € r — r. Since the right
side of the latter equality is clearly a singleton, we have ta = t'a. Setting
t' = 0 implies ta = 0. This means the map * in Definition 2.4 is zero.

2. This follows by applying the proof of the first part, since the map * can-
not define a nonzero unitary Krasner R-hypermodule on every canonical
group A # 0.

Thus when a Krasner hyperring R is zero-pinned, having trivial scalar

multiplication is a necessary condition for every Krasner R-hypermodule in
rRLPKHM or RPKHM. So if R is zero-pinned, then there is no any Krasner
R-hypermodule with non-trivial scalar multiplication.
Hence, in order to find any example as an answer to Questions 3.2 to 3.5, we
should either look for a zero-pinned proper Krasner hyperring R together with
a nonzero Krasner R-hypermodule with trivial scalar multiplication or find a
non-zero-pinned proper Krasner hyperring R together with a nonzero Krasner
R-hypermodule having the mentioned properties.
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4 Open Problems
According to the previous section, we state the following open problems:

Problem 4.1 Is it possible to define any (non-trivial) hyperoperation on the
set Z so that it 1s a proper Krasner hyperring and any canonical hypergroup
can be a Krasner Z-hypermodule as every abelian group is a Z-module?

Problem 4.2 1. Are there any zero-pinned proper Krasner hyperring
R and any Krasner R-hypermodule A # 0 contained in gkLPKHM or
rPKHM (with trivial scalar multiplication)?

2. Are there any non-zero-pinned proper Krasner hyperring R and any Kras-
ner R-hypermodule A # 0 contained in gLPKHM or gkPKHM ?

3. Are there any non-zero-pinned proper Krasner hyperring R and any Kras-
ner R-hypermodule A # 0 contained in rkLPKHM' = pPKHM!?

Also, according to Propositions 3.9, we settle the following problem:

Problem 4.3 1. Let R be a zero-pinned proper Krasner hyperring. Is
there any Krasner R-hypermodule A # 0 (with trivial scalar multiplica-
tion) in kLPKHM which does not belong to RPKHM ¢

2. Let R be a non-zero-pinned proper Krasner hyperring. Is there any non-
unitary Krasner R-hypermodule A # 0 in gLPKHM which does not be-
long to RPKHM ¢

ACKNOWLEDGEMENTS. The authors sincerely thank the referees
for their careful reading of this paper and valuable suggestions and comments.

References

[1] R. Ameri, "On categories of hypergroups and hypermodules”, J. Discrete
Math. Sci. Cryptography, Vol.6, No.2-3, (2003), pp.121-132.

[2] P. Corsini, Prolegomena of Hypergroup Theory, Second edition, Aviani
editore, Tricesimo, (1993).

[3] P. Corsini, "Hypergraphs and hypergroups”, Algebra Univ., Vol.35,
(1996), pp.548-555.

[4] P. Corsini and V. Leoreanu, ”Hypergroups and binary relations”, Algebra
Univ., Vol.43, (2000), pp.321-330.



Some Unavoidable Questions about Krasner Hypermodules 45

[5]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

P. Corsini and V. Leoreanu, Applications of Hyperstructures Theory, Ad-
vanced in Mathematics, Kluwer Academic Publisher, Dordrecht, (2003).

B. Davvaz, Polygroup Theory and Related Systems, World Scientific,
(2013).

B. Davvaz and V. Leoreanu-Fotea, Hyperring Theory and Applications,
International Academic Press, USA, (2007).

M. Krasner, ”A class of hyperrings and hyperfields”, Internat. J. Math.
and Math. Sci., Vol.6, (1983), pp.307-311.

Ch. G. Massouros, ”’Free and cyclic hypermodules”, Ann. Mat. Pura
Appl., Vol.150, No.1, (1988), pp.153-166.

F. Marty, ”Sur une generalization de la notion de groupe”, 8th Congress
Math. Scandenaves, Stockholm, (1934), pp.45—49.

M. Mittas, ”Hypergroupes canoniques”, Math. Balkanica, Vol.2, (1972),
pp-165-179.

A. Nakassis, " Expository and survey article of recent results in hyperring
and hyperfield theory”, Internat. J. Math. Math. Sci., Vol.11, (1988),
pp-209-220.

J. Nieminen, ”Join Space graphs”, J. Geom., Vol.33, (1988), pp.99-103.

[.G. Rosenberg, "Hypergroups and join spaces determined by relations”,
Ital. J. Pure Appl. Math., Vol.4, (1998), pp.93—101.

[.G. Rosenberg, "Hypergroupes induced by paths of a direct graph”, Ital.
J. Pure Appl. Math., Vol.4, (1998), pp.133-142.

H. Shojaei and R. Ameri, ”Some results on categories of krasner hyper-
modules”, J. Fundam. Appl. Sci., Vol.8, No.3S, (2016), pp.2298-2306.

H. Shojaei, R. Ameri and S. Hoskova-Mayerova, ” Pre-semihyperadditive
categories”, An. St. Univ. Ovidius Constanta Ser. Mat., (to appear).

H. Shojaei, R. Ameri and S. Hoskova-Mayerova, ” On properties of various

morphisms in the categories of general Krasner hypermdules”, [tal. J.
Pure Appl. Math., Vol.39, (2018), pp.475-484.

S. Spartalis and C. Mamaloukas, ”On the hyperstructures associated with
binary relations”, Comput. Math. Appl., Vol.51, (2006), pp.41-50.

T. Vougiouklis, Hyperstructures and their Representations, Hadronic
Press, Inc., Palm Harber, USA, (1994).



46 H. Shojaei, R. Ameri

[21] J. Zhan, ”Fuzzy Regular Relations on Hyperquasigroups”, J. Math. Res.
FEzposition, Vol.30, No.6, (2010), pp.1083-1090.



