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Abstract

An ideal I is a family of subsets of positive integers N which
is closed under taking finite unions and subsets of its ele-
ments. In this paper we introduce some lacunary ideal conver-
gent double interval valued number sequence spaces defined by
Orlicz function and study different properties of these spaces
like completeness, solidity, etc. We establish some inclusion
relations among them. Also we introduce the concept of ideal
double lacunary convergence for interval numbers and study
some basic properties of this notion.
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1 Background

The notion of I-convergence was initially introduced by Kostyrko, et. al
[11] as a generalization of statistical convergence (see [8], [22] ) which is based
on the structure of the ideal I of subset of natural numbers N. Kostyrko, et.
al [12] gave some of basic properties of I-convergence and dealt with extremal
I-limit points. Although an ideal is defined as a hereditary and additive family
of subsets of a non-empty arbitrary set X, here in our study it suffices to take
I as a family of subsets of N, positive integers, i.e. I C 2%, such that AUB € I
for each A, B € I, and each subset of an element of I is an element of I.

A non-empty family of sets ' C 2V is a filter on N if and only if ¢ ¢ F,
AN B e F for each A, B € F, and any subset of an element of F'is in F'. An
ideal I is called non-trivial if I # ¢ and N ¢ I. Clearly I is a non-trivial ideal
if and only if F# = F(I) = {N—-A: A € I} is a filter in N, called the filter
associated with the ideal I. A non-trivial ideal I is called admissible if and only
if {{n} :n € N} C I. A non-trivial ideal I is maximal if there cannot exist any
non-trivial ideal J # I containing I as a subset. Further details on ideals can
be found in Kostyrko, et.al (see [11]). Recall that a sequence x = (z}) of points
in R is said to be I-convergent to a real number £ if {k € N: v, — (| > e} e T
for every € > 0 ([11]). In this case we write I — limx, = ¢. Further details
on ideal convergence can be found in [21], [26]. The notion of I-convergence
double sequence was initially introduced by Tripathy and Tripathy (see [25]).

Interval arithmetic was first suggested by Dwyer [2] in 1951. Development
of interval arithmetic as a formal system and evidence of its value as a com-
putational device was provided by Moore [15] in 1959 and Moore and Yang
[16] in 1962. Further works on interval numbers can be found in Dwyer [3],
Fischer [9], Markov [14]. Furthermore, Moore and Yang [17], have developed
applications to differential equations.

Chiao in [1] introduced sequence of interval numbers and defined usual
convergence of sequences of interval number. Sengéniil and Eryilmaz in [23]
introduced and studied bounded and convergent sequence spaces of interval
numbers and showed that these spaces are complete metric space. Esi in [4],
[5] and Esi and Esi [29], [30], Esi and Catalbas [31]introduced and studied
strongly almost A—convergence and statistically almost A—convergence of in-
terval numbers and lacunary sequence spaces of interval numbers, respectively.
In [6], Esi and Hazarika introduced the difference classes of interval numbers.
Recently Esi [7] has studied double sequences of interval numbers.

2 Preliminary Results

We denote the set of all real valued closed intervals by IR. Any elements of IR is
called closed interval and denoted by Z. That isT={z € R: a <z <b}. An
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interval number 7 is a closed subset of real numbers [1]. Let x; and z, be first
and last points of T interval number, respectively. For 7,7, €IR, we have
Ty = Tg & T1,=T2,,01,=Ts,. T3 + T2 = {x €R:xy, + a9, < <y, +2.},
and if « > 0, then a7 = {z €R: ar;, <z <ax;,} and if « < 0, then
aZ ={x eR: azr;, <z <ary,},

T1.Ty = {z € R : min {xy,.29,, x1,.Xa,, T1,.T9,, T1,. T2, } <

< max {xy,.29,, T1,.Ta,, T1,.Ta,, T1,.T2, } } -

In [15], Moore proved that the set of all interval numbers IR is a complete
metric space with a metric d defined by

d(Tl,fz) = max{|x1, - $21| ) |x1'r - $2r|} :

In the special case T; = [a,a] and Ty = [b, b], we obtain usual metric of R.
The algebric properties of IR can be found in [1].
Now we give the definition of convergence of interval numbers:

Definition 2.1 ([1]) A sequence T = (Ty) of interval numbers is said to be
convergent to the interval number T, if for each € > 0 there exists a positive
integer k, such that d(Tx,T,) < € for all k > k,. We write limy T, = T, to
denote that T, is the limit of a sequence T = (Ty).

Thus, limy, 7, = 7, & limy, 25, = 2, and limy x5, = z,,.

An interval valued double sequence T = (Zy;) is said to be convergent in
the Pringsheim’s sense or P-convergent to an interval number 7,, if for every
€ > 0, there exists NV € N such that

d(ka,EO) < ¢ for k,l >N

(see [19]) and we denote it by P — limZ; = T,, where d (Ty,,7y,) is the
Hausdorff distance between T = (i) and 7 = () (see [28]). The interval
number 7, is called the Pringsheim limit of T = (Z,;). More exactly, we
say that a double sequence of interval numbers T = (Tj,) converges to a
finite interval number 7z, if 7y, tends to 7, as both k& and [ tend to infinity
independently of each another. We denote by ¢* the set of all double convergent
interval numbers of double interval numbers.

The interval number double sequence T = (Ty;) is bounded if and only
if there exists a positive number B such that d(Ty;,0) < B for all k and .

We shall denote all bounded interval number double sequences by Zio. Let w?
denote the set of all double sequences of interval numbers.

Recall in [18], [13] that an Orlicz function M is a continuous, convex,
nondecreasing function define for > 0 such that M (0) = 0 and M (z) > 0 for
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x > 0. If convexity of Orlicz function is replaced by M (z+y) < M (z)+ M (y)
then this function is called the modulus function and characterized by Ruckle
[20]. An Orlicz function M is said to satisfy As;—condition for all values wu,
if there exists K > 0 such that M (2u) < KM (u), u > 0. Subsequently, the
notion of Orlicz function was used to defined sequence spaces by Tripathy et.al
[24], Tripathyd and Hazarika [27] and many others.

Definition 2.2 (/10/) A lacunary sequence is an increasing integer se-
quence 0 = (k,) such that kg = 0 and h, = k, — k,_1 — o0o. The intervals
determined by 0 will be defined by J, = (k,_1,k,] and the ratio kki will be
defined by ¢,.

Freedman et.al., [10] defined the space Ny in the following way. For any
lacunary sequence 6 = (k,.),

1
Ny = {(xk) : lim — Z |z, — L| = 0, for some L}.

r—oo R, =
i

The space Ny is a BK-space with the norm

1
@l = sup - S Jaal.

keJy,

Nj denote the subset of these sequences in Ny for which L = 0, (N, ||.||e) is
also a BK-space.

Let 61 and 63 be any two lacunary sequences and J, = {k : k,_; < k < k,.},
Js={l:1l;-1 <1 <I}. hys=hhsand kg =0, h, =k, —k,_1 = oo asr —
00; lp =0, hy =15 —1ls_1 — 00 as s — oo. Also we defined 6§ = (h, ;) and
Jps = Jp X Js.

Let p = (pi;) be a double sequence of positive real numbers. If 0 < p; ; <
sup, ;pij = H < oo and D = max (1,2H*1), then for a;;,b;; € R for all
1,7 € N, we have

|aig + bigl™" < D (Jai[™ + [bi;["7).

3 Main Results

We define the generalized double lacunary mean by

In this paper, we define new double sequence spaces for interval sequences
as follows.
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Let Z be an admissible ideal of N x N. Let M be an Orlicz function and
p = (pi;) be a double sequence of strictly positive real numbers. We introduce
the following sequence spaces:

_ 1 d (@i, To) \ |™
20" (0, M,p) =4 T = (Ti;;): {(r,5) ENXN: EZ[M(JE%EJ>] .

(R

for some p > 0,and 7, € IR

9

——

2, (0:M,p) =7 = (@is): (Tas)eNxNihl 2 [M<M)] ler

"3(1,5)ETrs

for some p > O} ,

ngo (@, M,p) = {f = (Ei,j) :dK >0 s.t.

s (] s

(r,s) e NxN:

for some p > 0}

and

_ 5 - = 1 a(z.,0) \ |
2Weo (97 M7p) = Tr = (xi,j) : Sup, Rors Z(i,j)e]m M P < o0,

for some p > 0} ,

where d (T;;,7; ;) is the Hausdorff distance between Z = (7; ;) and 5 = (7).

Theorem 3.1 Let p = (p;;) be bounded and r,s € N. The double sequence
spaces Jwr (9, M,p), WL (6, M,p), T (9, M, p) and oWeo (0, M,p) are com-
plete metric spaces defined by

1
H

— Pi,j

r,s 1 d T; ‘,0

9(Z,y) = inf ,opT: sup M M <1, for some p >0
r,s hr,s (i,j)€J p

where H = max{l,supl-,jpl-,j < oo}.
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Proof. It can be easily verified that the classes are metric spaces. To
prove completeness the class QEW(é,M ,p), let (ff]) be a Cauchy sequence in
2Weo(0,M,p). Then g((75,) — (z!;)) — 0 as s,t — oo. For given & > 0,
choose a > 0 and z, > 0 be such that i > 0 and M(a—”;") > 1. Now

g(@,;)— (@) = 0 as s,t — oo implies that there exists n, € N such that

g((z,) —(xT!)) < .o for all s, > n,. Then
v 1 d(@, -7, 0\
inf< p A M = =l <1 3.1
" SBPM.Z[( p =t 6
’ 7 (69)Edrs

€
for somep>0} < ,
az,

where H is the same as in Theorem 3.1. Now from (3.1), we have
d(@z. —7zt. 0
M < (Iz,] l‘z}]? )) S 1 S M (CL;O> .
p

d(®; ~T;0) _av, e _ ¢

g9 (@) - (=,)) 2 ax, 2
This implies that (77 ;) is a Cauchy sequence of interval numbers. So it is
convergent, let lim,_, T =Tij. Using continuity of M, we have

s =t o\ \ 1P %
Z [M<d($i,j_x§,jvo)>] <1

(4,9)EJrs P

Therefore

lim | sup
t—o0 rs s

and then

d(@, —7,;,0)\ | "
w2 b))

DS (i g)edps P

Let s > n,, then taking infimum of such p's we obtain g (Eij — EM) < e. Now
using 9((@,]')__6) < 9((@s;) =73 5) +9((73) —0), we get (Ti;) € 2Wa (97 M>P)-
Hence >w, («9, M, p) is complete. This completes the proof. m

Thgorem 3.2 (a) ng(g,M,p) C oW (g,M,p), (b) ywZ (5,]\/[,]9) C
2woo (Q,M,p)

Proof. It is easy, so omitted. m
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Theorem 3.3 (a) [fO < infm Di,j < Dij < 1, then QEI (5, M, p) CQ@Z (@, M),
(b) If 1 < pi; < sup,;;pij < oo, then T (5,M) C Juwt (g,M,p), (c) If

0<pij<q,<oo and (Z’—]> is bounded, then yw?* (5, M, p) C Juwt (@, M, q).

Proof. The first part of the result follows from the relation

I (d(f@j,fo)> >
p

(r,s) e NxN:

"% (i,§)€drs

C (r,s)eNxN:hl S [M(mﬂm’jzs

" (1,)€Jrs p

and the second part of the result follows from the relation

(o)

(4,5)€Jrs p

(r,s) e NxN:

T,8

1 d _i ‘7_0

C{(r,s) e NxN: e Z M(%) > e

" (4,5)€Jrs

This completes the proof. The proof of the part three is easy, so omitted. =
Theorem 3.4 (CL) ]fO < infm Dij S Dij < 17 then 2@% (5, ]\47 p) ngg (5, M),

(b) If 1 < pij < sup;;pi; < oo, then ywg (0, M) C 2w§ (0, M,p), (c) If

0<pij<¢q,<oo and (Z”> is bounded, then YW (5, M, p) C Wt (@, M, q).

i,J

Proof of the result follows from the Theorem 3.3.
Theorem 3.5 Let My and My be two Orlicz functions. Then
2wI (57 M17p) N QEZ (av M27p) - QEZ <§a Ml + Mva) .

Proof. Let (Z;;) € sw” (6, My,p) Now” (6, M, p). Then for every e > 0
we have

d _i '7_0 Pig

(r,s) e Nx N: Z {Ml (M)] >c¢c p €1, for some p; >0
TS . . P1
" (4,9)€Jrs

and

1 d Tiis Lo Pig

(r,s)GNXN:h Z [MQ (M)] > e p €Z, for some py > 0.
TS . . P2
A

4,§)EJrs
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Let p = max {p1, p2}. The result follows from the following inequality

) [(Ml + My) (d(%f)ﬂzw

(17]) EJTS

o[ (5] 3 b

o 1
(Zv])EJTs p 2,7)EJdrs

This completes the proof. m
Theorem 3.6 Let My and My be two Orlicz functions. Then
oW (0, My, p) C 2w” (0, Ma o My,p).

Proof. Let inf p; ; = Hy. For given € > 0, we first choose £y > 0 such that
max{el,el°} < . Now using the continuity of M, choose 0 < § < 1 such
that 0 < ¢ < & implies My (t) < £. Let (Z;;) € sw” (0, M1, p). Now from the
definition of ,w* (5, My, p), for some p > 0

A() =< (r,s) e Nx N:

"5 (ig)Edr
d _i iy Lo Pig
- Z {Ml( (Tiy x))} < hy 07
(3,9)€J P

. Di,j
= [Ml (M)} <M foralli,j=1,23,...
p

= M, (M) <o, foralli,j=1,2,3,...
p

Hence from above inequality and using continuity of Ms, we must have
d _’i '7_0 .o
M, (M1 <M)) <eg, foralli,j=1,2,3,...
P

which consequently implies that

d _i ] _o Ps
Z |:M2 (M1 ((x—j,x)>)] < . max{el! ell*} < h, e

(4,9)€Jrs p
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L ()]

(4,9)€Jrs

So,

This shows that

(r,s)eNxN:hl 3 [m(m(m))r’jza c A(5)

"% (i,5)Edrs P

and so belongs to Z. This completes the proof. m

Theorem 3.7 Let My and M, be two Orlicz functions. Then (a) W (5, Ml,p)ﬂ
QE%— (07 M27p) C ZE% (97 Ml + M2>p); (b) QE(]): (97 Mlap) C QEg (97 M2 o M17p) .

The proof of the theorem follows from the Theorems 3.5 and 3.6.

Theorem 3.8 Let My and My be two Orlicz functions satisfying Ag-condition.
If B = limy oo 29 > 1, then (a) swg (0, My,p) = 5wt (6, My o My, p), (b)
W (9> Mhp) = uw’ (9, M; o M17p)-

Proof. It is easy, so omitted. m
The following Theorem is a direct consequence of definition of equivalent

mapping.

Theor;em 3.9 Let Ml and My be two Orlicz functions such that My ~ Ms.
Then Z(0, My, p) = Z(0, Ma,p), for Z = W§, sW", sWh, and ;We.

Let w denotes be the all sequences real or complex numbers. A sequence
space F is said to be solid (or normal) if (zx) € E and for all sequence (ay)
of scalars with |ay| < 1, for all k& € N implies (axy) € E.

Let K = {k; < ky <---} C Nand FE be a sequence space. A K-step space
of E is a sequence space A& = {(x;,) € w: (k,) € E}.

A canonical preimage of a sequence (z3,) € A\ is a sequence (y,) € w

defined as
oz, ifneN;
Yn = 0, otherwise

A canonical preimage of a step space A% is a set of canonical preimages
of all elements in A%, i.e. y is in canonical preimage of A\E if and only if y is
canonical preimage of some x € \Z.

A sequence space F is said to be monotone if it contains the canonical
preimages of its step spaces.

Lemma 3.10 FEvery normal space is monotone.
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Theorem 3.11 The double sequence space 2W* (5, M,p), WL (5, M,p),
T (9, M, p) and 9Ws (5, M, p) are solid as well as monotone.

Proof. We give the proof for only ,w~ (5, M, p). The others can be proved
similarly. Let Z = (%;;) € 2wZ (0, M,p) and (a;;) be a scalar sequence such
that |a; ;| <1 for all 7, j € N. Then for every ¢ > 0 we have

1 d (Oéi, 'EL iy 6) P
h“(Z [M< Jpj >] .

4,§)EJrs

- (r,s)ENXN:hE Z [M(M>] >ep €1,

"% (i,5)Edrs p

(r,s) e NxN:

where E = max{1, |ay,|”}. Hence (aZ) € »wk (6, M,p) . By Lemma 3.10, the
double sequence space W~ (9, M, p) is monotone. This completes the proof.
|

4 Ij -convergence of Interval Numbers

Definition 4.1 A double sequence T = (T; ;) of interval numbers is said to
be -convergent to T, € IR if for every € > 0, there exists a positive integer N
such that

d(t,s(T),To) <€ for all ;s > N.

Definition 4.2 A double sequence T = (T; ;) of interval numbers is said to
be Iz-convergent to Ty € IR if for every e > 0, the set

K.(0) ={(r,s) € Nx N:d(t,,(z),7¢) > e} € T.
or equivalently
{(r,s) e Nx N :d(t,s(T),To) < e} € F(I).
In this case we write Z; — lim ¥ = 7.

Theorem 4.3 Let T = (T;;) be a double sequence in IR. If § —limT = 7,
then Iz — limx = .

Proof. Let § — lim T = Ty, then for every € > 0, there exists N € N such
that
d(t,s(T),Ty) < ¢, for all ;s > N.

Therefore the set
B ={(r,s) e N:d(t,s(T), 7o) > e} C{(1,1),(2,2),...,(N—-1,N - 1)}.

But, Z being admissible, we have B € Z. Hence 7 — limZ =7,. =



Some Lacunary Ideal Convergence of Interval Numbers ... 85

Theorem 4.4 Sequential method I is regular.

Proof. The proof follows from the fact that Z is admissible and Theorem
43. m

5 Open Problem

We introduce some lacunary ideal convergent double interval valued number
sequence spaces defined by Orlicz function and study different properties of
these spaces like completeness, solidity, some inclusion relations among them
and also we introduced the concept of ideal double lacunary convergence for
interval numbers and studied some basic properties of this notion. It is open
problem that these classes have similar properties in three-dimensional space
or not.
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