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Abstract

In this article, we give sufficient conditions on the elements
of continued fractions A and B which will assure us that the
continued fractions A, B, A+ B, AB and A/B are all transcen-
dental numbers. The used method also permits us to calculate
an approximate measure of a continued fraction A.
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1 Introduction

In 1844, J. Liouville showed that a real number admitting very good ratio-
nal approximation can not be algebraic, then it gives the first examples of

transcendental n S So 1t ossible to ved by an elementar way the
transcendence ofUZQ% }3 Ic))r generall yp zr 1/b"), where zls a};l in-

teger number > 2 and (un)nZO is an extremely lacunary sequence.

From this point of view, the transcendence of the continued fractions having
partial quotients that increase rapidly have been studied by several authors
such as P. Bundschuh [1], A. Durand [2], W. Lianxiang [4], G. Nettler [5], T.
Okano [6]. Let A and B be two continued fractions which are defined by

1 1
A=ag+—+ —+---



2 K. Belhroukia and A. Kacha

and

11
B=by+ TART

where a; > 0, b; > 0 are integers for any ¢ > 1.

In 1981, Nettler [5] proved that if a,, > b, > agl__ll)Q for all n sufficiently
large, then A, B, A+ B, and AB*! are all transcendental numbers.

Similarly, in 1987, T. Okano [6] proved the same result, if we have a, >
by > a?*" V) where 7 is a real constant > 16 and in 1993, A. Kacha [3] proved
the transcendence of the six numbers if a, > b, > a)_; where « is a real
constant > 7.

In the present paper, we improve Okano’s Theorem by using a direct ap-
proach and by studying the link between partial quotients and the convergents
denominators of A and B. It is proven in this article that A, B, A £ B, and
AB*! are transcendental numbers if a,, > b, > a>¢ for any € > 0 and for any
sufficiently large n.

The second main result of this article is to calculate an approximate mea-
sure of a continued fraction A.

2 Preliminaries and methods

In this section, we provide the description of the used method. To prove the
transcendence of continued fractions, we will use the Roth’s Theorem which
gives a sufficient condition of transcendence of real numbers. In order to cal-
culate an approximate measure in subsection 3.2 of the continued fraction A,
we need the theorem of Liouville.

Theorem of Roth [7]. Let £ be a real number, 0 a real number > 2, if there
exist an infinity rational numbers § with ged(p, q) = 1 such that

1
ko3
q q

then & is a transcendental number.

Theorem of Liouville [8).  Let £ be a real algebraic number of degree

d > 1 and H is its height, then there exists a positive constant C' = C (§) =
-1

(d 2(1+ |£Dd_1 H) such that the following inequality is verified for every

rational number p/q, (p/q # &) :

C
> —.

P
‘6 q] ¢
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3 Main results
3.1 Transcendence

With the same notations as above for A and B, we put

1 1 1 ap.
An:a0+_|_|__|_|_.._|__|: p’
la;  |az la, “qn

1 1l 'p,
By=by+—+—+ +—=—.
T b, g,

The principal result of transcendence is given in the following theorem.

Theorem 1. 1) If there exists a real constant o > 1 and an integer ng > 1
such that for every n > ng,a, > ai_, then A is a transcendental number.

2) If there exists a real constant o > 3 and an integer ny > 1 such that
ap > b, > al_ | for alln > ny, then A, B, A+ B, A— B, AB and A/B are

all transcendental numbers.

The proof of this theorem is based on some lemmas that express the link
between partial quotients of the mentioned reals in Theorem 1 and the de-
nominators of their convergents.

Lemma 1. Let a > 1 be a real number. If a, > al_, for any sufficiently large
n, then for any € > 0 we have

e
Y < an!

for any sufficiently large n.
We recall that Lemma 1 is an improvement of Lemma 3 of Okano [6].
Proof of Lemma 1. We have

gn = Qap Ganl + GQn72 < (an + 1) Ganl

n

< “qnl_l H (Cbk + 1) .

k=nq

This yields that
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However, for all £ > n, we get

k—n
ax+1 > ap and a,, >2 then a; > 2 '

Hence, there exists a positive real constant C(«) such that
M) <11(r+-t) <cw.
a 2al€—n1
k=n1 k=n1
Finally, we obtain

aQn < C(Oé) aQn1—1 H ag

k=nq

R e R =
—-n1
< C(a) “gn1an © ° o

Which gives

-1 P
n < C(a) -1 “an * < ap!

Lemma 2. Let o > 1 be a real number. If
an, > b, > a,_4
for any sufficiently large n, then for any e > 0

a, l+e a, a—e

(‘Zn > an > (:Zn—l
for any sufficiently large n.

Remark. i) This part of Lemma 2 is an improvement of Lemma 2.2 of
Nettler and it is also an improvement of Lemma 1.3 of [3].

ii) The improvement comes from the fact that we do not use the most difficult
and long formulas of Nettler which are used by Okano to express A, + B,,
A, — B, A,B, or A,/B,.

Proof. One can easily show that
an = bn anfl + bQH72
> bn bqn—l Z az_l an—l

n—1
> 1_[0L§1 because bql =b > 1.
i=1
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By the same arguments as in the proof of Lemma 1 we also have

n

aqn < ﬁ (1‘}‘@1) HCLZ'
i=1 t

i=1
for any sufficiently large n. Therefore
n 1 -1
b a o a, oa—
Gni1 > q”.Hl<1+a_i) > g

for any sufficiently large n.

The left side of the inequality of Lemma 2 can be proved in a similar way, we
observe that b, > 05_,, so

n

- 1

i=1

and

aQn>||ai>||bia
i=1 i=1
whence
u 1
b a a l+e
n < “Qn 1+—) < %,

for any sufficiently large n.
Proof of Theorem 1.

i) We first prove the transcendence of A. We have

a

n 1 1
b < 7
“Gn “Gn*Gn+1 n+1°q;,
Since a,+1 > ai for any sufficiently large n, by virtue of Lemma 1 for any
€ > 0 we have

A —

a, o—1

_in
e(a—1)"
e

An+1 >

for any sufficiently large n. So, for any € > 0 the inequality below becomes
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a e(a—1)

DPn an
'A B aq, a %Jrl :
Now by choosing € — 0, we get
“Pn 1
‘A o aq, a %Jrl :

Since a + 1 > 2, by Roth’s Theorem, we conclude that A is a transcendental
number.

From b, > a, > b)_, it follows, again by Lemma 1, that B is transcendental
as well.

ii) To prove that A + B is transcendental, let

(Cpn) - (“pn bpn)
c — a + b, |-
dn qn Qn

The set (°p,/°qn) is not stationary. In fact, for all even positive integer n, we
have

c a b
AtB-Tr—pa-Pryp Proy
“Gn “Gn Gn
It is not hard to show that one has
“p “p ’p
‘A+B— 2l < ‘A— "+‘B—b—”
“n “qn n
1 1
<

+ .
aqn aQnJrl an anJrl

Then one can observe that, by Lemma 2, °q, = %¢,’q, < “¢>™¢ and for any
n

e>0

b1 1
aQn aQn—i—l aQn a :4:: &++61 (+€O;(+21+6)

q aqn CQn

Similarly, ¢q2~¢ = 2¢2 ¢~ < °q,,1°¢2 ¢, whence

n

1 1 b a—1—¢ 1 1
< d =

1
— —1— a—1l—c¢ *
an an+l CQ% ° ch GQS © cquz'i_ 2+e

for any sufficiently large n. By choosing ¢ — 0, we obtain
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[

Pn
“Un

‘A—i—B— < —=

for any sufficiently large n. Theorem of Roth implies that A 4+ B is transcen-
dental.

iii) We will prove that AB is a transcendental number.

We begin by justifying that the sequence

c a b
(22) = (22i8) = (At
“Gn “Qn n

is not stationary. Suppose that

Aan - An—an—l = An—QBn—Q = An—BBn—S.
Then

0= Aan - An—an—l = (An - An—l)Bn + An—l(Bn - Bn—l)
(_1)n+1 bpi N apnil (_1)n+1
U Qo1 Gn “Gn1 PG PG

whence, by appropriate iteration,

bPﬁ _ _apnfl _ bpn72 _ _apnf?)

aqn an—l aqn—Q an—S
and similarly

apn o _bpn—l o apn—2 o _bpn—3

an aqn—l an—Q aQn—?)

On the other hand,

0=A,B,— A, 2B, o = (A,— A, 2)B,+ A, 2(B, — B,_2)
(_]-)na'n bpn apn—Q (_]-)nbn
a a b, + a b b ’

n "qn—2 "dn An—2 "qn "qn—2

hence

bpn bn apn72 o . bpnfl bnfl apnfB
— = —— and similarly - = —

aQn ap anf2 Gn—1 Ap—1 anfB
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It follows that a,a,_1 = b,b,_1, against a,, > b, > 0 for any sufficiently large
n. Therefore (A, B,,) is not stationary. Since |A,| < 2|A| and ﬁ < |B,|, we
have

C

Prn

n

B, 204

aqn aQn—H bQ’n an+1

NER

<|A—A,||B|+|B - B,||A.| <

for any sufficiently large n. It follows again that AB is a transcendental
number.

iv) The sequence

c a b
DPn DPn , " Pn
<an> (“qn bqn> (40/B1)

is not stationary. This can be proved along the same lines as in the proof in
i11). Suppose that

An o An—l o An—2 o An—S

Bn - Bn—l B Bn—2 B Bn—3.

Then, from (A,, — Apm-1)/Bm = Apn-1(1/Bp_1—1/By,) form =n,n—1,n—2
one gets

E _ _apn—l _ an—Z _ _apn—?)

aQn bpn—l GQn—Q bpn—3
and similarly

P _ et _ Paz _ CGn-s

bpn aanl bpn72 aani’)

On the other hand, from (A, — An-1)/Bm = An—2(1/Bn—o — 1/B,,) for
m = n,n — 1 one obtains

E - bn apn—2 bpn—l o bn—l apn—?)

= , .
aQn ap, bpan aanl Ap—1 an73

That gives a,a,_1 = b,b,_1, however a,, > b, > 0 for any sufficiently large
n. Therefore (A, /B,) is not stationary.
Then, we have

A “Dn 1 bpn “Dn “Dn bpn
— = | /(A - + — — B)|.

‘B dn| | Bl|°Pn/ | bqn< “qn) “qy, (bqn )
As 1/2b; < |bpn/bqn‘ for n > 2, then we have
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4 Alby
|B|

'

B
b

A e .
B

Pn
“Un

1 “Pn
i [/
|l3|‘ aq,

1 1

a a + b b
dn “qn+1 dn "dn+1

for any sufficiently large n. Therefore A/B is transcendental.

v) The sequence (A,, — B,,) is not stationary. Indeed, suppose that

An - Bn = An—l - Bn—l = An—Z - Bn—? = An—3 - Bn—3.
From A,, — A,,_1 = B,, — B,,_1 for m = n,n — 1,n — 2 one obtains
% _ aanl o anfQ _ GQn73
aQn an—l aqn—Z bqn—3

On the other hand, from A,, — A,,_2 = B,, — B,,_2 for m = n,n — 1 one gets

b_nGQn—Q an—l bn—l aQn—?)

b

G
a - a b ) a - a b :
Gn n Qn—2 Gn—1 n—1 {n—3

Once again, it follows that a,a,_1 = b,b,_1, against a,, > b, > 0 for any
sufficiently large n. Therefore (A,, — B,,) is not stationary.

So, one has

b
+|p-
4n

a

“Dn
“Qn

Pn
“Gn

4-p-

“Qn “n
1 1

aQn GQnJrl an anJrl

< |a-

Hence A — B is transcendental.
Example. Let

a, =2" n>1

We can see that

an, > b, > aifl for all n > 4.
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By Theorem 1, the continued fractions A, B, A+ B, and AB*!' are all tran-
scendental numbers.

Remark. It is worth mentioning that, by the same arguments, the numbers
A, B, A+ B, and AB*! are irrational under the weaker assumption a > 1.

3.2. Approximation measure of a continued fraction A
In this subsection, we give the second main result of this article.

Theorem 2. Let k be a real number > 1, (o), be an increasing sequence
of real numbers > 1 and extending to +oo such that

a(n—1)
n—1

ka(n—1

a 1 ), for all n > 2.

<ap, <a

Then, for every algebraic number & of degree d > 2 and height H > q3* there
exists a positive real constant C = C (A, d, k,coq) > 0 such that

)%

aq

|A—¢| > C - H™ where v = 2kd(

041—1

Throughout this section, we adopt the following notations p, = “p, and ¢, =
®@n. To prove Theorem 2 we need the following lemma:

Lemma 3.
i) With the above hypothesis of Theorem 2, if a, > ai@fl) for all
n > 2, then

]

Gn < 2a57".

ka(n
n—1

it) The hypothesis a, < a — for all n > 2 implies that

k
0111 a(nfl)

qn < 2%211

Proof. By the same method as in Lemma 1, we prove Lemma 3. Details
are left to the reader.

Proof of Theorem 2. Let £ be an algebraic number of degree d > 2 and
height H > ¢5*. By Theorem 1, part i) A is transcendental, whence for any
large n

|A_£|>’£_An‘_‘A_An|

To obtain an approximation measure of A, it is sufficient to minimize |A — ¢|
by function of H and d.
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According to Liouville’s Theorem, it is not hard to see that

1
— Hd?max(1, [§] + §4-1)gd

an

It follows from lemma 3, that

1 2“;;1a(n>

A—A,l < < .
| 'I’L| an+1q% 2+a1 1 (n)
dn

Now, we will search the smallest integer n such that

1 ok oln)
2Hd2qg 71a(n)

n

are of the same order.

Due to inequalities (1) and (2) we obtain

1= a(n)

1 2 e @
Hd?q¢ 2+ —a(n)’

n

|A—¢| >

In order to prove

1

it is sufficient to have

aq—1
1 9 ar @M .
Hd?q? q2+°‘1 “—am) ~ 2Hd?q?

n

Which is equivalent to the following inequality

alfla(n)

1 - 2 >
2Hd2q? ~ 2+ ta(m)’
q

n

that is

ay—1 (Tl

ag
dn

) - 2Hd2q;‘f‘22a51°‘(").

To realize the inequality (4), it suffices that the integer n satisfies

11
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The first part of (5) is at once clear, because ¢, > 2 for n > 2.

Therefore, the second part of (5) is equivalent to

Lan +2—d
qn2a1 " > 2Hd>.
Now, let n; be the smallest integer > 2 which verifies
azlalla(m +2-d U= a(n)+2—d

<2Hd* < nﬁ"‘l

ni1—1

The integer n; exists because we have assumed that

o
H > qg@) > gy

and that the sequence

aglal )+2_d . . . .
qn is increasing and extending to + oo.

Using again ii) of Lemma 3 and the left part of (6), we obtain

1 1 1 1
— >—————— and > ,

kdaq 7
qn1 ta(ni—1) Qni—1 L o(n;—1)+2—d

2dqn1

(2Hd?) %

Therefore, we shall have

1 1 1
A— -~ =
| &> 2Hd?q¢, ~ 9 . (’if a(n—1)

1-

(2Hd2) ot

2
- o _d-2
1+2kd(a1*1) <1+ 1= 1a(n1)+2 d)]

> 279 (2Hd)
Then, we have

1 _ log (2Hd?)
alo(n —1)+2—d log2

2001

Introducing the inequality (7) in the above relationship, we found

1

1
|A—§|>ﬁ

(QH® H)szd(a?ll)?( +f§gé);;g2§)

This yields that
1 1

’A - 5’ > o \2°
(2Hd2)1+2kd(ﬁ>

4
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Which proves the result.

Example. Let us consider the following example

(2n)!

&n:22",n22

a,=2n+1)(n+1), n>2.
We can see that

(2n)(2n—1)
@n_2)! 2 n(2n—1)
a, = (2277 =a,; .
So, for all n > 2, we have
QAn—1 2047171
a,"7 < a,<a,

Then, there exists a positive real constant C' such that for every (p,q) € NxN*
with ¢ > (g2)'?, we have

‘A - \/523‘ > Og 122,
q

4 Open Problem

1. In 2 of Theorem 1, in order to have the transcendence of the six continued
fractions A, B, A+ B, A— B, AB and A/B, the real constant a > 3 that

intervenes in the hypothesis a,, > b, > a;_; is not optimal.

Can we improve this exponent a (to lower the exponent) by taking for
example a > 17 Knowing that, according to the result 1 of Theorem 1, we
note that we must have o > 1.

2. In order to prove the algebraic independence of the continued fractions A
and B, can we find a positive real constant a such that a,, > b, > ag_, for all
n>ng?!
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