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Abstract

Two higher-dimensional Lie algebras H and E are intro-
duced firstly. Then the corresponding loop algebras H and E
are introduced, whose commutation operations defined as sim-
ple as that in the loop algebra A By taking advantage of H
and E, two types of coupling integrable couplings of a hier-
archy obtained. The coupling integrable couplings of the new
hierarchy got in the paper can reduce to two types of the cou-
pling integrable couplings of an interesting equation, which is
different from GBK equation.
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1 Introduction

Search for new integrable (Lax integrable and Liouville integrable) systems
has been of quite interest and importance in soliton theory[1-3]. The notion
of integrable couplings was first introduced when study of Virasoro symmetric
algebras[4,5]. Integrable couplings are coupled systems of integrable equa-
tions which contain given integrable equations as their sub-systems[6]. And
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integrable couplings have much richer mathematical structures than scalar in-
tegrable equations[7-14]. So it is important to study integrable couplings in
solition theory.

Let us consider an integrable evolution equation

ut:K(u) ZK(x,t,u,uz,um,---), (]-)

where u is a column vector of dependent variables. Suppose that it has a zero
curvature representation[15,16]

Ut_v;c‘i‘[UaV]:Oa (2)

where the Lax pair, U and V', belongs to a matrix loop algebra.
Given two integrable couplings of the integrable equation (1)[4,6] as follows

mo=Tim) = (g )om=(4). ®)

we can form a new bigger system

H
Il

and

R K (u) u
u = Ky(ug) = Sw,w) |,u=1 v |. (5)
T(u,w) w

(5) is called coupling integrable couplings of (3) and (4).

In [17] 4 higher-dimensional Lie algebras were constructed. And Zhang gave
two types of coupling integrable couplings of the AKNS hierarchy and the KN
hierarchy with the help of the corresponding loop algebras. In this paper,
we introduce 2 higher-dimensional Lie algebras and their corresponding loop
algebras. With the help of the loop algebras, we obtain two types of a hierarchy,
which can reduce to two types of the coupling integrable couplings of the
interesting equations.

2 higher-dimensional Lie algebras
In [1] Tu introduced Lie algebra A;, whose basis was

— 10 0 1 0 0
=8 5 )e=(00)=(10)

And their commutation operation are defined as follows

[576]267[57]0]:_fv[evf]zzﬁ'
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Letaz(n) = @\ for x = h, e, f. The basis for A; is taken to be {i(n), e(n), f(n)},
for which it holds that

[(m), e(n)] = e(m +n), [A(m), f(n)] = —f(m+n), [e(m), f(n)] = 2h(m +n).

With the help of Ay and its corresponding loop algebras, many integrable hi-
erarchies an be obtained[18-21]. Zhang constructed 4 higher-dimension Lie
algebras in [17]. In this section we introduce 2 of them, whose commutation

operation defined as simple as that in gl.
We set H = span{hy, ha, hs, ha, hs, he, h7}, where

1 0 0 0 0 01000 00000
0 -1 0 0 0 00000 10000
hi=]10 0 1 0 0 |,ho=]l00010/|,ns=(00000],
0 0 0 —10 00000 00100
00 0 0 0 00000 00000
00001 00000 00000
00000 00001 00000
ha=] 00000 [,hs=[00000]|,hg=]00001],
00000 00000 00000
00000 00000 00000
00000
00000
ho=10000 0
00001
00000

The computation in H as [a,b] = ab — ba,Va,b € H. Then we have

[hl, hg] - 2h2, [hl, hg] - —2h3, [hl, h4] - h4, [hl, h5] - —h5, [hl, hﬁ] - hﬁ, [hl, h7] -
_h77

[ha, hg] = ha, [ha, ha] = 0, [ha, hs] = hy, [ha, he] = 0, [he, h7] = he, [hs, ha] = hs,

[hs, hs] = 0, [hs, he] = hy, [hg, h7] = [ha, hs] = [ha, he] = [ha, h7] = [hs, he| =
[hs, he] = [he, hy] = 0.

H is a Lie algebra which is a subalgebra of the Lie algebra sl(5, R).

Set £ = Spcm{el, €92, €3, €4, €5, €4, €7, €3, 69} in which

1 0 0 0 0 0 010000 000000
0 -1 0 0 0 0 000000 100000
o0 0 1000 w_loo0oo0oro0| 000000
! 0 0 0-10 0 |7 0000O0OTO0] " 001000
00 0 0 1 0 000001 000000
00 0 0 0 —1 000000 000010
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00 0O0T1 O 000 0O0 O 0 00
00000 —1 00000 O 000

o) = 00 0O0O0O O o5 — 0 00O0T1T O ep = 0 00
00 0O0O0O O ’ 000O0O0 =117 0 00
00 0O0O0O O 000 0O0 O 0 00
00 0O0O0O O 000 0O0 O 0 00
000000 000000 0000
00 0O0T10QO0 00 0O0O0O0 0 00O

o — 00 0O0O0OQ 0 e — 0 00 O0O01 o — 0 00O

! 000000 | 000000O0]| "™ 0000
00 0O0O0OOQO0 000 O0O0O O 0 00O
000000 000000 0000

The commutation read that

le1,ea] = 2eq,[e1,e3] = —2es,[e1,e4] = [e1,e5] = 0,]e1,e6] = 2e6, [e1,€7] =

—2ey,

[61, 68] = 268, [61, 69] = —269, [62, 63] = €1, [62, 64] = —266, [62, 65] = —268, [62, 66]

0,

lea, €7] = ey, [e2, €3] = 0, [ea, e9] = €5, [e3, e4] = 2e7, [e3, 5] = 2e9, [e3, €6] = —e4,

les, e7] =0, [es, es] = —es, [e3, 9] = [eq, 5] = [es, €6) = -+ - = [es, €9] = 0.

The Lie algebra FE is a subalgebra of the Lie algebra si(6, R).

Let Hy = span{hy, ho, h3}, Hy = span{hy, hs, he, h7}, then we have that H =
HyWH,, [Hy, Hy] C Hy, where Hy, Hy are two subalgebras of H and the symbol
W stands for semi-direct sum [5]. Similarly, £ = Ey W Ey, [E}, Es] C Es, where
Ey = span{ey, ea, e3}, By = spandey, €5, €6, €7, €5, €9}

With the help of Lie algebra H, E/, we can get integrable couplings.

3 Two types of coupling integrable couplings
of the new hierarchy

In this section, we can obtain two types of coupling integrable couplings
of the new hierarchy respectively with the help of the loop algebras H and FE
by using Tu scheme, which can reduce to two types of the coupling integrable
couplings of the interesting equation.

(I)The first type of coupling integrable couplings of the new hierar-
chy
We introduce one loop algebra of Lie algebra H:

H= span{h;(n) = h;\",i =1,2,3,4,5,6, 7},
the resulting commutators are defined as :[h;(m), hj(n)] = [hi, hj] A", m,n €

Zi,70 =1,2,3,4,5,6,7. With the help of the loop algebra H, we introduce a
Lax pair for zero curvature equation as follows

OO oo o

OO RO oo

S OO oo o

O O O O OO

(>l eolNoNollS



30 Y. Wei

U = hi(1) 4+ gh1(0) 4+ h2(0) + rh3(0) + u1h4(0) + uzhs(0) + s1h6(0) + s2h7(0), (6)
V=" (Vimha(2 = m) + ¢Vimhi (1 = m) + Vameha (1 = m) + Vimha(1 = m) + Vamahs(—m)

m2>0

+rVimhs(1 —m) + Vi ha(—m) + Vi hs(—m) + Vehe(—m) + Vi hr(—m)). (7)

A solution to the stationary zero curvature equation

V;c = [U7 V]

for V presents

‘/i,m+2m + (q‘/l,m—i-l):c + ‘/Z,m—l-lxm = V:’immy (8>

Vimt+iz = —2Vo mt1a,

Vamaz + ("Vims1)e = —2Vamt1ze — 2qVame + 20 Vamgia, (9)

Vime = Vam+1 + @Vam + Vam — w1 Vimyo — u1qVim1 — w1 Vama1s — u2Vim1,(10)
Vsme = —Vsme1 — @Vam + 7Vam — w1 Ve — wir Vi + w2Vigngo

+uoqVi i1 + w2Va 1, (11)

Vomae = Vom+1 + @Vem + Vam — 51Vimt2 — 51¢Vim+1 — 51Voms1z — $2Vimt1, (12)
Vime = —Vimer — @Vam +17Vem — 51 Vama — 517 Vimg1 + 52V o

+52qV1m41 + S2Vomt12-(13)

Denote Vin) = > (Vimhi(24n—m)+qViphi(1+n—m)+ Vo hi(1+n—m)
m=0

+ Vimhe(1+n —m) + Vaehs(n —m) + rViphs(1+n—m) + Vipha(n —m) +

Vsmhs(n —m)

+ %mh6<n - m) + ‘/Ymh7(n - m))a

the stationary zero curvature equation

Ve, =1[U,V]
can be decomposed into
v o v = v — o, v,

It is easy to compute that

VI HU VI = Vinioat- (Vi )e + Vot taal 1 (0)4[2Vs 1+ (7Ving o
2r%,n+lx]h3(0)

+ (—Vins1 + 1 Vipge + u1qVipir + u1Vagie + u2Ving1)ha(0)

+ (Vanr1 — u2Vinso + i Vipg — uaqVing1 — u2Vany1a2)hs(0)

+ (—=Vont1 + 51 Vipng2 + 51¢Ving1 + 51V i1z + 52Ving1)he(0)

+ (Vint1 — $2Vipro + 517 Vi1 — $2qVi 1 — $2Vant1a) hr(0).

Taking V) = Vi"), we have
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_vac(n)+[U7 V(n)] = [‘/1,n+2x+(q‘/l,n—{—l)x—i_%,n—{—lxw]hl (0)+[2‘/3,n+1m+(7"/1,n+1):p_
2T%,n+l$]h3(0>

+ (—Ving1 + w1 Vipgo + w1qVipgr + wiVongig + u2Vi 1) ha(0)

+ (Vang1 — waVipgo + uirVingpr — u2qVi g1 — u2Vang12) s (0)

+ (—Vo g1 + 51Vins2 + 51¢Vins1 + 51V g1z + 52Vint1)he(0)

+ (Ving1 — 52Vimgo + 517Vingr — 52¢Vins1 — 82V nt12)h7(0).

Hence the zero curvature equation

U~V + [0,V =0 (14)
gives rise to the Lax integrable hierarchy
q _‘/i,n+2x - (q‘/l,n—‘rl):c - ‘/2,n+1x:c
r _2%,n+1z - (r‘/i,nJrl)x + 27"/2,n+1:1:
w — Uy _ Vzl,nJrl - U1V1,n+2 - Ulqvl,nﬂ - U1V2,n+1x - U2V1,n+1
¢ Us Va1 FuaVipgro — wirVi g1 + u2qVi g1 + u2Vo g
S1 Vﬁ,n+1 - 81V1,n+2 - Squ1,n+1 - 31V2,n+1z - S2V1,n+1
S2 /), ~Vins1 + 52Vingo — s17Vips + 52qVing1 + S2Vontia
_‘/Z%nz

V:’ma: + q‘/Em - 71‘/471 + ul‘/?)nx
‘/6m: - Q‘/Gn - V?n
v?nm + Q‘/WL - T%n + 51‘/37&

When take s; = s9 = 0,(9) can reduces to an integrable coupling of the hier-
archy

q _Vz’mx
r ‘/Snmc + 2Q‘/E’>nx

K Uy V;lnz - quln - ‘/E)n ( )
U2 n V5na: + q‘/5n - 7“/;1” + ul‘/?mr

And when take u; = us = 0,(9) can reduces to another integrable coupling of
the hierarchy

q _VESnz
¢ S1 ‘/Gnaz - Q‘/Gn - Vv7n ( )
59 t Vt?ncc + C]Vm - T‘/ﬁn + Sl‘énx

So we call (9) the first type of coupling integrable couplings of the hierarchy.
When set Vig=Va0="V30="Vio="V50=Vs0=Vio=0,Vi1 =0,

we can obtain

Van = —%a, Vsp = —%ar, Vii = aup, Vi1 = —auir, V1 = asqe, Vo1 = —asyr,
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Vig = —aq,Vas = saq, Vs = aqr + jarg, Vs = atg, — 20sq + Jouyr,

Vso = au,r + %aulm + 2auqr + %augr, V2 = asgy — 20e82q + %04517“,

Vig = asipr + %Ozslrm + 2as1qr + %Ozsy".

When take n = 2 in (9), we can get the first type of coupling of integrable
coupling of the interesting equation

1
@ = —ag.r — agr, = 707, (19)

3 1
Tt = QgeT + 2046]3:7’93 + -aqryy + S QTppe + 20“]%:7” + 2066]2%’ (19>

2 4
U = QUggy — 30U — 20Uy + 20U2q” — QU = %UMT — QUITy — %auy", (20)
Ut = QUL + §aulxm + gaulrm + 3a,qr + 3au1qLr + §Ozu1qrx — %augxr
—|—gau2qr + %auy’z + 2001 ¢°r — §au17’2, (21)
81t = Sozy — 30S9.q — 200S9q, + 2a32q2 — §Ozslqr — %SMT — Q81T — %04327"7 (22)
Sop = S1p.T + 505107 + 1051 a + 3as1,qr + 3as1q,T + gaslqrm — 50452367"(23)

5 1 1
+5asqr + Gasrs + 2as1¢°r — 504317"2.(24)

(12) is an interesting equation

1
Gt = Q7+ qry + Z_lr:mn (25)
3 1 9
Tt = —QgaT — qurx - 5(17’m - Z'r:rx:p - 2qqur - 2(] Tz, (26)
in the case when w1 = uy =51 =5, =0and a = —1,
(13) can be written as
1
g = <QT + Zrm)m (27)
1 1
Ty = —(QT + Zra:)arx - QQ(QT + Zrz)xv (28)
which is different from the famous GBK equation
1
qy = 5((]2 +2r — qgc)xa (29)
1
re = (qr + 57’,,3),,3 (30)

(IT)The second type of coupling integrable couplings of the new hi-
erarchy
We have one loop algebra of Lie algebra E:

E = span{e;(n) = e, \",i = 1,2,3,4,5,6,7,8,9},
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the resulting commutators are defined as :[e;(m), e;(n)] = [e;, e;]A" ", m,n €
Z,i,5=1,2,3,4,5,6,7,8,9.

In terms of the loop algebra E, we introduce a Lax pair for zero curvature
equation as follows

U = 61(1) + qel(O) -+ 62(0) + 7’63(0) + U166(O) -+ U267(0) + 8168(0) + 8269(0), (31)
V= (Vime1(2 = m) + ¢Vimer (1 — m) + Vapzer (1 — m) + Vigea(1 — m)

m>0

+Viamzes(—m) + rVipmes(1 —m) + Vipes(—m) + Vipmes(—m)(32)
+Vomes(—m) + Vimer(—m) + Vames(—m) + Voeg(—m)).(33)

The stationary zero curvature equation
Ve =[U,V]
leads to the following recursive relation

VYl,m—&—Zz + (q‘/l,m—l-l)x + ‘/2,m+133m - ‘/377117 (34)

Vvl,erl‘r = _2‘/2,m+1x7
‘/?),mm: + (T‘/i,erl)m = _2‘/3,m+lx - QQ‘/sz + QT‘/2m+lmy 35

(35)
Vime = Vim — 7™Vem + 11 Vame + w1r Vi i1 — uaVima1, (36)
Vsmae = Vom — 7™Vam + $1Vama + $17Vims1 — $2Vim41, (37)

Voma = 2Vem+1 + 2¢Vem — 2Vim — 201 V1 g2 — 201qV1 1 — 20 Vot (38)
Vime = =2Vz i1 — 2qVam, + 20 Vi, + 2uaVi imro + 2u0qVimt1 + 2u0Va 14, (39)
Vame = 2Vame1 + 2q¢Vam — 2Vm — 251V me2 — 251V mg1 — 251Va g1, (40)
Vomae = =2V mi1 — 2qVom + 21V + 255Vi pyo + 252¢Vi g1 + 252Vo imp10.(41)

Note Vfl) = > (Vimer(2+n—m) + qViper (1 +n—m) + Vopeer (1 +n —m)
=0

+ Vimea(L+n —m) + Vapees(n —m) + rVipes(1 +n —m) + Vigeq(n — m) +
Vsmes(n —m)

+ Vemes(n — m) + Vier(n —m) + Vapes(n — m) + Voeg(n —m)),

the stationary zero curvature equation

Ve =[U,V]
can be decomposed into
v UV =v — o v

It is easy to infer that
_V—i(-z)—i_[U? V—&(-n)] = [‘/1,71+25E+‘/2,n+11x+(qv'l,n+1$)]€1<0>+[(r‘/l,n+1)x+2%,n+1x_
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27“‘/27,1_,_1&;]83(0)

+ (—urrVip + uaVing1)ea(0) + (=s17Vipgr + 52Ving)es(0)

+ (—2Vont1 + 2 Vi g2 + 201GVh g1 + 2u4 Va i1z he(0)

+ (2Vz 1 — 2uaVi pgo — 2u2qVi g1 — 2u2Va i1 )er(0)

+ (—2Vi i1 + 251 Vi 2 + 2519V1 1 + 251 Vo nr1z)es(0)

+ (2Vont1 — 259Vi g2 — 252qV1 1 — 252Va nt12)€9(0)).

Take a modified term An = —uy Vi p11€6(0) — uaVinr1e7(0) — 51V np1e5(0) —
$9V1 nt1€9(0) for Vin), namely take V) = V+‘”) + An,

after a calculation, we get

_Van(n)+[U, V] = Vi nsoe+Vanitee+(qVinsie)]er(0)+[(r Vi) e +2Vaniie —
2r%,n+lx]€3(0)

+H(=2Ve nt1+2u1 Va g 1o+ (U1 Vi g 1) 2) €6 (0) +(2V7 1 =22 Va g 1o+ (42 Vi g1 )2 )e7(0)
+(—2Vs 14251 Va 12+ (51 Vit 1) 2) €8(0) +(2Vo 1 —252Va 12+ (82 Vi g1 )2 ) €9(0).
The zero curvature equation

U, — V" + [U,V™] =0 (42)
admits that

q _‘/1,n+233 - (q‘/l,n—‘rl)x - Vv2,n+lﬂn

r _2%,714—1&: - (T‘/l,n-‘rl)w + 27“/2,71—&—130
Uy = Uy _ 2V6,n+1 - 2U1VZ,n+1x - (U1V1,n+1):c

U —2Ving1 + 2u2Vapi1e — (U2Vips1)s

S1 2‘/8,n+1 - 251‘/2,n+1x - (Sl‘/l,n+1)x

s2 ), 2V 1 + 252V 1z — (52Vimt1)s

_‘/?mac
_ 2V6,n+1 - 2U1V2,n+1x - (U1V1,n+1)x (43)

—2Ving1 + 2uaVa pi1e — (U2Vin1)s
2V8,n+1 - 231‘/2,n+1x - (51V1m+1)x
_2‘/9,n+1 + 232‘/2,71-1-133 - <82‘/'1,n+1>x

When take s; = so = 0,(17) can reduces to an integrable coupling of the new
hierarchy

q _VE’),TL;U
U = = ’ ’ 44
! Uy 2‘/vﬁ,n+1 - 2“1‘/2,n+1x - (ul‘/l,nJrl)a: ( )
Ug —2Vz 1 + 202 Va i1 — (U2Ving1)w

t
And when take u; = ug = 0,(17) can reduces to another integrable coupling of
the new hierarchy

q _‘/?),nm
Up = = ’ ' . 45
! 51 2V8,n+1 - 281V2,n+1z - (81V1,n+1)x ( )

S9 —2Vons1 + 252Va ng12 — (52Vims1)s

t
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So we call (19) the second type of coupling integrable couplings of the new
hierarchy.

When set Vi o= 3, Va0 = V50 =Vio=V50=Vs0=Vzpo =0, we can obtain
Vipg=0,Vo1 =20r, V31 =28,Vi1 = V51 =0,Vs1 = —=2Bu1, V71 = —2Pus,
Vei = —28s1, Vo1 = =285, Vio = 201, Voo = 28qr — 281, Vo = 28q, Vi =
2Busr — 2Puq,

Vso = 2Bsor — 2as1, Voo = 2Bu1, — 2Puiq, Via = —2Busy — 2Puzq, Vo =
255133 - 2BSIQ7

Voo = =289, — 2Bs2q, Vi3 = —20r, + 48qr,

Vos = 20700 — 28qur — 4Bqr. + 2B¢%r + 4ar?, Va3 = 2Bq, + 4671 + 26¢°,

Viz = 2Pui, — 48quy + 48qrug + 2Bus,r — 2Busr,,

Vi3 = 2081, — 4B8qs1 + 4Bqrsy + 20,7 — 28591,

Vo3 = =8z + S8at1,q + 4oty gy — 2011 ¢% 4 8o, — 4oy + datiorsy,
Vig = —8auay, — Savue,q — 4auaq, — 2au9q? — 8au, — dausr,

Ve = —8aS14y + 8asi1,q + 4as1q, — 2a051¢% + 8aso,r — dasir + dasory,
Vo3 = —8aSape — 8us2,q — 4ausaqy — 20089¢% — 8s1, — 4asor.

When take n = 2 in (17), we can get the first type of coupling of integrable
coupling of the DLW equation

qy = _2/8qu - 46%0 - 4/8qqxa (46)
Ty = 26Tzw - 45Qw’r - 46(]7}’

Uy = 26“1:01’ - 45“1&:(] - 4ﬁu1ql‘ + 45U1T - 45'&27’2, (47)
S1t = 2551901 - 455196(] - 4ﬁ81Qx + 4ﬁ817’ - 45827’2, (49)
Uot = —4532%3 - 4532wq - 4ﬂ827’ + 4681' (50)
(20) is exactly the DLW equation
1
qt = —Oé((]?" + Zrac)ma (51)
1 1
re = o(qr + Jre)as + 20(g7 + J70), (52)

in the case when u; =uy =s1 =sy=0and § = —%.

Open problem.The loop algebras presented in this paper can be used to
obtain coupling integrable couplings of other known integrable hierarchies. But
how to deduce the Hamiltonian structures of the coupling integrable couplings
of the DLW equation is one open problem which is worthwhile studying in the

future.
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4 Open Problem

Open problem. The loop algebras presented in this paper can be used to
obtain coupling integrable couplings of other known integrable hierarchies. But
how to deduce the Hamiltonian structures of the coupling integrable couplings
of the DLW equation is one open problem which is worthwhile studying in the
future.
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