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Abstract

In this paper, we introduce and study a new subclass of
meromorphic univalent functions defined by Rapid operator.
We obtain coefficient inequalities, extreme points, radius of
starlikeness and convexity. Finally we obtain partial sums and
neighborhood properties for the class Z;(’y,k,)\,u,ﬁ).
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1 Introduction

Let S be denote the class of all functions f(z) of the form

f(2) :z+Zanz" (1)
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which are analytic and univalent in U = {z : z € C and |z| < 1} normalized by
f(0) =0 and f’(0) = 1. Denote by S*(v) and K(v), 0 <~ < 1 the subclasses
of functions in S that are starlike and convex functions of order « respectively.
Analytically f € S*(v) if and only if f is of the form (1) and satisfies

Zf’(Z)}
Re >, zeU.
{ f(z)
Similarly, f € K () if and only if f is of the form (1) and satisfies
Zf”(Z)}
Re<q 1+ >, zeU.
O

Also denote by T' the subclasses of S consisting of functions of the form

f(z):z—Zanz",an >0 (2)
n=2
introduced and studied by Silverman [21], let T*(y) = T'N S*(y),CV(y) =
T N K*(y). The classes T*(y) and K*(v) posses some interesting properties
and have been extensively studied by Silverman [21] and others. In 1991,
Goodman [10, 11] introduced an interesting subclass uniformly convex (uni-
formly starlike) of the class CV of convex functions (ST starlike functions)
denoted by UCV (UST). A function f(z) is uniformly convex (uniformly star-
like) in U if f(z) in CV (ST) has the property that for every circular arc
contained in U with center £ also in U, the arc f(7) is a convex arc (starlike
arc) with respect to f(£).
Motivated by Goodman [10, 11], Ronning [17, 18] introduced and studied
the following subclasses of S. A function f € S is said to be in the class S, (v, k)
uniformly k—starlike functions if it satisfies the condition

() 47

——= -1
f(z)

and is said to be in the class UCV (v, k), uniformly k—convex functions if it

satisfies the condition

21(2)

2f"(2) _ )
e (15750 -0) >
Indeed it follows from (3) and (4) that

, (0<~v<1,k>0),z€U (3)

, (0<~y<1,k>0),z€U.  (4)

feUCV (v, k) & zf € Sp(, k). (5)

Further Ahuja et al. [1], Bharathi et al. [7], Murugusundaramoorthy et al. [12]
and others have studied and investigated interesting properties for the classes
Sp(7, k) and UCV (v, k).
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Let > denote the class of functions of the form

f(z)=z2z"14+ ianz", a, >0 (6)

n=2

which are analytic in the punctured open disk U* = {2z : 2 € C,0 < |2z| < 1} =
U\ {0}.

Let >, "(7) and >, (7)(0 < v < 1) denote the subclasses of ) that
are meromorphic univalent, meromorphically starlike functions of order v and
meromorphically convex functions of order vy respectively. Analytically, f &
>~*(v) if and only if f is of the form (6) and satisfies

“Re (i{é?) >,z €U

Similarly, f € >, () if and only if f is of the form (6) and satisfies

—Re <1+ zj{/((;)) >v,z€eU

and similar other classes of meromorphically univalent functions have been
extensively studied by (for example) Altintas et al. [2], Aouf [3], Mogra et al.
[13], Undegadi et al [24, 25, 26] and others (see [8, 14, 15]).

In [6], Athsan and Kulkarni introduced Rapid - operator for analytic func-
tions and Rosy and Sunil Varma [19] modified their operator to meromorphic
functions as follows.

Lemma 1.1. For f € Y given by (1), 0 < u <1 and 0 < 0 < 1, if the
operator Sz 2y = > is defined by

SOf(z) = G 0 e £ (L2)dt (7)
(1- F (0+1 0/
then .
SZf(Z) = % + Z L(n,0, pn)a,z" (8)
n=1

where L(n,0,pn) = (1 — ,u)”“% and T is the familiar Gamma function.

In order to prove our results wee need the following lemmas.

Lemma 1.2. If~ is a real number and w = —(u +iv) is a complex number
then
Re(w) 2y & |w+ (1= —lw-(1-7)]=0

17
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Lemma 1.3. If w = u + v is a complex number and v is a real number
then

—Re(w) > klw+ 1| +v < —Re (w(l + kew) + +/€ei9) >, -1 <6 <IIL

Motivated by Sivaprasad Kumar et al. [16] and Atshan et al . [5], now we
define a new subclass > " (7, k, A, u, 6) of 3.

Definition 1.4. For0 <y <1,k>0,0<A<3,0<pu<1land0<6<1,
we let Y- (7, k, A\, 1, 0) be the subclass of Y, consisting of functions of the form
(6) and satisfying the analytic criterion

he (z(szﬂz))' 2SR +7) .

ASUE)Y (SR
ST ST () A

507 (2) S07)

(9)

The main object of this paper is to study some usual properties of the geo-
metric function theory such as the coefficient bounds, extreme points, radii of
meromorphic starlikeness and convexity for the class " (v, k, A, u, 0). Further,
we obtain partial sums and neighborhood properties for the class also.

2 Coefficient estimates

In this section we obtain necessary and sufficient condition for a function f to
be in the class > (v, k, A, u, 0).

Theorem 2.1. Let f € Y. be given by (6). Then f € > (v, k, A\, 1, 0) if
and only if

> Ik 4+ 1)1+ (n— 1DA) + (k+)]L(n, 0, pa, < (1—7) —2X(1+ k). (10)

n=1

Proof. Let f € >"(v,k, \, 1, 0). Then by definition and using Lemma 1.2, it
is enough to show that

2(Shf(2)) 2 (Shf(2))" i i
—Re{(w—i—)\z W) (1+ ke )—l—kea} >, -11<6<II

(11)

For convenience

C(z)=— [Z(Szf(z))’ + AzQ(Szf(z))”] (1+ ke) — kewSzf(z)
D(z) = S} f(2)
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That is, the equation (11) is equivalent to

(5

In view of Lemma 1.1, we only need to prove that

[C(2) + (1 =7)D(2)| = [C(2) = (1 =7)D(2)[ = 0.

Therefore

C(2) + (1= )D()| 22—y — 2A(k + 1))

E

= [k + D)1+ (n = D)A) + (k + 5 = D]L(n, 0, p)an| 2"

+Z (k+ 1)1+ (n—1DA) + (k47 + D]L(n, 0, 1)an|z|"

It is to show that

C(z) + (1 =)D <>!—IC(> (1+7)D(2)]
>(2(1 — ) — 4A(k + 22 (k+ 1)1+ (n— DA) + (k+7)]L(n, 0, w)a,|z|"
>0, by the given condition (10).

Conversely suppose f € > (v, k, A, i, 0). Then by Lemma 1.2, we have (11).
Choosing the values of z on the positive real axis the inequality (11) reduces

to

1=y =2X1+ke?)] 5 + S [n(1+ (n— DA)(1 + ke®) + (v + ke?)|L(n, 0, p) 2"
Re =l —

z% + > L(n,0, u)a,z"1
n=1

Since Re(—e) > —|e??| = —1, the above inequality reduces to

1=~ =2X1+ k)% + X [l +E)(1+ (n—1DA) + (v + k)] L(n, 0, p)an,r™!
Re n=1 > ().

&+ 2 L(n, 6, gyt
n=1

Letting » — 1~ and by the mean value theorem, we have obtained the inequal-
ity (10). O
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Corollary 2.2. If f € Y (v, k, A\, 1, 0) then
< (I—7)=2X\k+1)
"T AR+ =N+ (y+E)]L(n,0,u)
By taking A = 0 in Theorem 2.1, we get the following corollary.
Corollary 2.3. If f € Y (v, k, A\, 1, 0) then

2—7
WS TR T () F RIL 6 ) (13)

Theorem 2.4. If f € > "(v,k, A\, 1, 0) then for 0 < |z| =r < 1,

1 (1—7) —2X(k+1) 1 (1—7) —2\(k+1)
ket DA — 2@+ 1)0+2) S (2k+7+1)(1—u82(§+1)(9+2)r'
14

This result is sharp for the function
1 (1—7)=2XEk+1)

I&) = T @y v D0 —pp@+ @+ = @ Fmnr 1Y)

[e.e]
Proof. Since f(z) =14 Y a,2", we have
n=2

| - 1 >
= — nrt < = " 16
(2)| T—l—;ar _T—l—?";a (16)

Sincen > 1, 2k+~v+1) <n(k+1)(k+~)L(n,0, ), using Theorem 2.1, we

have
o0 o0

2k +y+1 Z < n(k+1)(k +5)L(n, 0, 1)

_31:_7)—2)\(164—1)
2 S G T D AR+ 052

Using the above inequality in (16), we have

| (1—7) —2\(k + 1)
< -+
Ol o G D=+ )+
1 (1—9) — 22k +1)
d > — )
md |fG) 2 - G D e D+ o)
The result is sharp for the function f(z) =1 + o ﬂ(jl)(”) 23\(?9111))(9 5% ]
Corollary 2.5. If f € > "(v,k,\, i, 0) then
1 (1—7) —2\(k+ 1) iy 1 (1—7) —2X\(k+ 1)

— <4 :
2 2k+y+ 1)1 —p2@+1)(0+2) — RQIE 2 2k +y+1)(1—p)?@+1)(0+2)
The result is sharp for the function given by (15)
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3 Extreme points

Theorem 3.1. Let fo(z) =1 and

B - (1—7)=2\k+1) .
Jalz) =3 +nz AR+ =T+ Ot Lo "=k 10

Then f € > (v, k, A\, i, 0) if and only if it can be expressed in the form

f(z)= Zunfn(z),un >0 and Zun =1 (18)
n=0

n=1

Proof. Suppose f(z) can be expressed as in (18). Then

f(z) = Zunfn(z) = ug fo(2) + Zunfn(z>

1 (1—7)=2Xk+1) .
27 ;“" L+ &)L+ (n— DX\ + A+ k)L, 0, p0)
Therefore
i (1—7)=2Xk+1) N1+ k) (1+(n—1DXN) +N+k)]|L(n,0,u)
2T k(T4 (n— DA) + (A + £)|L(n, 6, 1) 1—7) —2\(k+1) ‘

:iunzl—uogl.
n=1

So by Theorem 2.1, f € > (v, k, \, 1, 0).
Conversely suppose that f € > "(v, k, A, i, 0). Since

(1=7)— 22(k + 1)
S AR+ (= DN+ Ot WL o) "=

We set u, = [n(1+k)(1-é-l(i;)1z/\2)>\-|(—]g141-;f)]L(n,&u) an, n>1 and ug=1— Z Uy,

n=1
Then we have f(Z) = Z unfn(z) - uOfO(z) + Z unfn('z)
n=0 n=1
Hence the results follows. O

4 Radii of meromorphically starlike and mero-
morphically convexity

Theorem 4.1. Let f € > " (v, k, A\, i, 0). Then f is meromorphically starlike
of order §, (0 <6 < 1) in the unit disc |z| < ry, where

vt [0 =) QR (0= DN + At RIL(0,) ] 7

n [ (n+2-0) (1—7) —2A\(k + 1) , n2 1.
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The result is sharp for the extremal function f(z) given by (17).

Proof. The function f € > *(v,k, A, i, 0) of the form (6) is meromorphically
starlike of order 0 is the disc |z| < r; if and only if it satisfies the condition

2f'(2)

e +1’ <(1-4). (19)
Since . -
e S (4 Dz | 3 (0t Dl 2
+ 1‘ S n=1 < n=1 _
f(z> 1+ Zl anz’"“rl 1— Zl |an||z|n+1

(n+2 5)

The above expression is less than (1 —9) if Z an|z|" < 1.

Using the fact that f(2) € " (v, k, A\, i, 0) 1f and only if

14+ K14 (n—1DA) + (A +E)]L(n, 0, 1)
D (T—7) —2\(k+ 1) an = 1.

n=1

(n+2-9) n n(1+k)(1+(n—1)A k)] L(n,0,
Thus, (19) will be true if (+ 5 J] o[t < [k ’;1(_7)22))3{,21”;))] (8,11

1 n 19 n n n,o,
o cqivalently 11 < gfty Bl

which yields the starlikeness of the family.

]

The proof of the following theorem is analogous to that of Theorem 4.1,
and so we omit the proof.

Theorem 4.2. Let f € >."(v,k, \, i1, 0). Then f is meromorphically convex
of order §, (0 <6 < 1) in the unit disc |z| < ra, where

g [ 0= R+ (= DY) + (3 + DL, 6,
2 n n<n+2—5) (1_7)_2)\(k'—|—1> ’

The result is sharp for the extremal function f(z) given by (17).

n > 1.

5 Partial Sums

Let f € > be a function of the form (6). Motivated by Silverman [22] and
Silvia [23] and also see [4], we define the partial sums f,, defined by

:——l—Zan (m € N). (20)

In this section we consider partial sums of function from the class > (v, k, X, i, 0)
and obtain sharp lower bounds for the real part of the ratios of f to f,, and

f to fl..
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Theorem 5.1. Let f € > "(v,k, A\ p,0) be given by (6) and define the
partial sums f1(z) and fn(z) by

fi(e) =2 and fu(z) =+ Dl me NV (21)

&)
Suppose also that Y d,|a,| < 1, where

n=1

]_7 ifn:1727...’m
n 2 4 [n(0k) (L (DA + (k)] L (.0, 10) Frn—mtlmt 2, (22)

(1—=)—2Xx(k+1) ’

Then f € > (v, k, A\, i, 0). Furthermore
1
Re(f(z))>1— (23)

fm(z) dm+1
fm(z)) dm+1
and Re > . 24
( f(2) L+ dms (24)
Proof. For the coefficient d,, given by (22) it is not difficult to verify that
dpsr > dpy > 1. (25)

Therefore we have

n=1

n=m-+1 n=1

by using the hypothesis (22). By setting

(o.)
~1
Apy1 Y 2"

b (- 1)) 1o

n=1
then it sufficient to show that
Re(g1(2)) 20,(z €U) or &' <1, (z€U)
gi1(z)+1
and applying (26), we find that
dpm an,
0(2) 1] _ o2
CERIR S
o 2_221|an|_dm+1 Z 1|an|
n= n=m-+

<1, (z€0)
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which ready yields the assertion (23) of Theorem 5.1. In order to see that

(27)

gives sharp result, we observe that for

f(Z) _ Tm+2

1— —1—

= as r — 1°.
fm(z) dm+1 dm+1

z = re% that

Similarly, if we takes ¢g2(z) = (1 + dpny1) (f?(S) - 113—:;;>
and making use of (26), we denote that

(1 +dnt) > lag
92(2) — 1‘ < n=mtl
z)+1 S 3
92(2) 2_221 lan| — (1 = dppyr) > 1|an]
n— n=m-+

which leads us immediately to the assertion (24) of Theorem 5.1.
The bound in (24) is sharp for each m € N with extremal function f(z) given
by (27) . O

The proof of the following theorem is analogous to that of Theorem 5.1, so
we omit the proof.

Theorem 5.2. If f € >."(v,k,\, iu,0) be given by (6) and satisfies the
condition (10) then

f’(z)) >1_m+1

dm—l—l

)> dm+1
f'(2) m+ 1+ dnya’
ifn=23-,m

n
where d, > ! .
n = N [p(A+k) A+ =DM +(y+k)] L(n,0,u) : _
{ (1—7)—2>\(I:|—1) Eoifn=m+1m+2,--

The bounds are sharp with the extremal function f(z) of the form (13).

6 Neighbourhoods for the class Z*g(% k1, 0)

In this section, we determine the neighborhood for the class S (v, k, A, 1, 0)
which we define as follows
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Definition 6.1. A function f € 3" is said to be in the class 3" (7, k, A, 1, 0)
if there exits a function g € > (v, k, A\, i, 0) such that

f(2)

g(z) !

<1-=¢ (zeE0<E<]). (28)

Following the earlier works on neighbourhoods of analytic functions by Good-
man [9] and Ruscheweyl [20], we define the d—neighbourhoods of function

feX by
Ng(f):{gEZ:g(z)zi—l—anz” and Zn\an—bn\gé}. (29)

Theorem 6.2. If g € > “(v,k,\, 1, 0) and

B 02k +~y+1)L(1,0, 1)
S BT T DL, ) = (1= ) + 20k + 1) (30)

then  Nj(g) € S2(v, k, A, 1, 6).
Proof. Let f € Ns(g). Then we find from (29) that

o

Zn!an — b, <9 (31)

n=1

which implies the coefficient inequality

i|an—bn| <5 (neN). (32)

n=1

Since g € > (7, k, A, i1, 6), we have

o0

(1—9) —2x(k+1)
nzl = (2k +~v+ 1)L(1,0, 1) (33)
So that
0 “ bn
/1z) -1 < L
9(2) L i b

§(2k +~+ 1)L(1,0, u)
2k +~v+1)L(1,0,u) — (1 —~) +2X(k+1)
=1-¢

provided ¢ is given by (30). Hence by definition, f € Z*g(’y, k, A, 0) for &
given by which completes the proof. O]
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Open problems

Problem : One can define another class by using another linear operator or
an integral operator the same way as in this paper and hence new results can
be obtained.

Acknowledgements. The author is grateful to the reviewer for its remarks
which improve the previous version of the paper.
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