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Abstract

In the paper, we prove some conjectural new algebraic-
trigonometric inequalities of Laub-Ilani type with n terms.
The inequalities were posted as the conjecture 2.12 and 2.13
in the paper A.,Y., ézban, ”New Algebraic-Trigonometric In-
equalities of Laub-Ilani type”, Bull. Aust. Math. Soc., 2017,
doi 10.1017/50004972 717000156. We also find optimal bounds
for one power-exponential function of two variables and prove
the conjecture 2.10 proposed by Y. Nishizava in the paper:
?Symmetric Inequalities with Power-Exponential Functions”,
Indian J. Pure Appl. Math., 48(3): 335-344, 2017, doi. 10.10
07/513226-017-0230-y.
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1 Introduction

The Luab-Ilani inequality was introduced in the ” Problems and Solutions” sec-
tion of the American Mathematical Monthly as Problem E3116 [3] by Laub.
Several years later a solution of the problem was done. The Laub-Ilani in-
equality states:
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if x,y > 0, then

"yl > ¥ 4y (1)

The more general form of the inequality states:
if {x1, 29, ..., x, } is a sequence of non negative real numbers and {y1, o, ..., Yn }
is any permutation of this sequence, then

ot as? i >l a4+ 2 (2)
The inequalities were proved in the papers [3],[4].
Many other similar inequalities were proved by Cirtoaje, Matejicka, Miyagi

and Nishizawa,... (see [1], [5], [6], [8], [9], [10]).
The goal of the paper is to prove the following conjectures.

Conjecture 1.1. (2.12, [10]) If x1, 22, ....,x, € (0,1] and if {y1,y2, ..., Yn} is
any permutation of the finite sequence {xq,xs, ..., T, }, then

a)
sin(z]") + sin(z3?) + ... + sin(zy") > sin(z¥") + sin(z5’) + ... + sin(z¥"),
b)

cos™ x1 4+ cos™? x9 + ... + cos™™ x, < cos?t 1 + cos? xy + ... 4+ cos" x,,,

cos™ x1 + cos’? 29 + ... + cos™ z,, < cos't 1 + cos? xg + ... + cos'™ z,,,
where r; = sinx; and t; = siny; fori=1,2...,n.

Conjecture 1.2. (2.13, [10]) If x1, 29, ...,x, € (0,7/2] and if {y1,y2, .-, Yn}
is any permutation of the finite sequence {x1,xs, ..., T, }, then

a)
cos(z{") + cos(x5?) + ... + cos(zpm) < cos(z¥") 4 cos(z§?) + ... 4+ cos(z¥),
b)

sin® xq + sin*? x9 + ... + sin”" x,, > sin¥* x; + sin¥? x5 + ... + sin?" x,,,

xlslnxl —’—I‘Qsme + .. +xn51nxn > :L_lslnyl _I_l,QsmyQ + o+ xnsmyn'
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Conjecture 1.3. (2.10, [9]) If a and b are non negative real numbers with
a+b=1/2, then the inequality

% < a®* 40" <1,
holds for 0 < k <1.

We also prove the following assertion:

Let a,b > 0 such that a +b=1/m, m > e‘/i, then the inequality

/2
_Samb+bma§1
m

holds, where \/% , 1 are the best possible constants.

2 Main results

In this section we prove the conjectures 2.12 (see [10]), 2.10 (see [9]), Lemmas
2.1, 2.2 and partially the conjecture 2.13 (see [10]).

2.1 Lemmas and theorems

Lemma 2.1. Let a,b > 0 such that a +b = 1/m, m > eV2, then the

imequality
2
V= <a™+bm <1 (3)
m

holds, where \/%, 1 are the best possible constants.
Proof. Let m be fixed such that m > eV2, Put

F(a,m) =a'""" + (% — a) " Ma,m) + X(1/m — a,m)

where \(a,m) = a'~™*. We get

a

() ) )

1
F!(a,m) = a'"™ (—mlna + - — m) +
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It is evident that

F! <i,m> =0, lim F/(a,m)=1—mlnm <0,

2m a—0t
1 1 2
F! (—,m) =mlnm-1>0, F (—,m) =4/ —
m 2m m
1
lim F(a,m)=1 F (—,m) =1.
a—0*t m
If we show that F, > 0 for 0 < a < L the proof will be done. We have

1 2 1
Fl(a,m) = a'™™ (—mlna + - - m) + gl7me <_@ — —) +

a a a®
) ()
m° | ——a In{——-a)— +
m m 1—ma
ml—a e om m
m l—ma (1—ma)?)’

It can be rewriting as

1 ma
F! (a,m) = a~' "™ (a, m) + (_ - ) w(a,m),
m

where
v(a,m) = (-malna+1—ma)® —am—1,
(a.m) 1 1 m2a \’ m? m?
w(a,m) = (mln|——-a) — — — .
’ m 1—ma 1—ma (1—ma)?

To prove F” > 0 it suffices to shove v(a, m) > 0. It follows from
F! (a,m) =N (a,m) 4+ N/ (1/m — a,m). Put t = ma, then 0 <t < 1 and

a(t) =v(a,m) = (1 —tlnt+tlnm—1t)> —t — 1.
Let Inm > v/2. Then, it suffices to prove

ot (t) = <1+(\/§—1)t—tlnt)2—t—1 > 0.

From a*(0) = 0, a*(1) = 0, it suffices to show a*"(t) < 0.
We have

. > ¢t \Bt+tlnt—1
o (t):2<2—\/§+1nt) 42 \/_t el
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o (t) < 0 is equivalent to

2
s(t) =2In*t + (10 — 4V2) Int + 2(7 — 5V2) — - <0

We have s(0) = —oo, s(1) = —2.1421. So it suffices to prove

1 Int 1 2
S (1) = 5p(t) = 4“T +(10—4v2)7 + 5 > 0.

p(t) > 0 is equivalent to

q(t) = 4tInt + (10 — 4v/2)t +2 > 0.

L. Matejicka

But, it follows from ¢(0) = 2, ¢(1) = 12 — 4v/2 > 0, q(to) = 1.5031624, where

to = V2735 = (.12420939 because of
¢(t)=4(Int+1)+10—4v/2 =0

only for ty. The proof is complete.

]

Lemma 2.2. Let a,b > 0 such that a + b = ¢ where 5¢7 < ¢ < e and

m > e°/5, then the inequality

2(%)T <am™ g pme <1

holds, where 2 (%)% , 1 are the best possible constants.

Proof. Let m be fixed such that m > €°/5. Put

(4)

Fla,m) = a™* 4 (c — a)™ = Ma,m) + A(c — a,m).

Then

F!(a,m) = a™9 (—mlna + M) +(c—a)™ (m In(c — a) — C”iaa) .

a

It is evident that F'(0,m) =1, F(¢,m) = 1, F.(c/2,m) = 0. If we show that
F! (a,m) > 0 the proof will be done. To prove F (a,m) > 0 it suffices to
show N/, (a,m) > 0 which is equivalent to v(a,m) > 0 for 5¢™° < ¢ < e~ ! and

m > ¢e5/5 0 < a < c. It follows from

F!' (a,m) = X! (a,m)+ N (c—a,m) = am(c_“)v(a, m)+ (c—a)™v(c—a,m),

where
v(a,m) =m(alna —c+a)® —a—c
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To prove v(a,m) > 0 it suffices to show v/, (a, m) < 0 because of
v(0,m) = ¢(mec—1) >0,

v(c,m) = c(mecln®c — 2) > ¢(e’cln®¢/5 — 2) = ck(c) > 0.
It follows from k(5e™°) = 9.4959, k(e ?) = 14.0684, k(e ') = 8.9196 and from

5
K'(c) = 6glnc(lnc—l—Q)) =0

ifc=1orc=e2

Now we show v”_ (a,m) < 0. This inequality is equivalent to
K(a,c) =5a+5alna +aln*a — ¢ < 0.

It is evident that extreme points of K lie on the boundary of
M = {(a,c);0 < a < ¢,5¢° < ¢ < e '} because of K'(a,c) = —1. Next we
have K(0,¢) = —c < 0.

Easy computations give

K(a,e™)=5a+5alna+aln*a—e™!
and
K!(a,e™) = (Ina+2)(Ina + 5).

From K(e % el) = —0.3342, K(e 2, ¢71) = —0.5032, K(e ', e”!) = 0,
K(0,e7') = —e™! we obtain K(a,e™!) < 0. Similarly we get K(e™®,5e7%) =
~1.3878 % 10717, K (5¢75,5¢7%) = —0.0491, K (=2, 5¢ %) = —0.1690,
K(0,5¢7°) = —5e~°. So K(a,be™?) < 0.

Next

K(c,c) =4c+5clnc+cln*c=c(lnc+ 1)(Inc +4).

Because of 5¢7® > e™* and K(e™',e™!) = 0 we obtain K(c,c) < 0 for ¢ €
(5e?,e71). The proof is complete. O

Now we prove the conjecture 2.10 (see [8]).
Theorem 2.1. Let a and b be non negative real numbers, 0 < k < 1. Then

@)

< a(Qb)k + b(ga)k <1 for a+b= 1/2,

N | —

< gm* 4 pma)* <1 for a+b=1/m, m> ev?,

DO | —
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1,1/2 are the best possible constants.

Proof. First we show «). Let a and b be fixed non negative real numbers such
that a + b= 1/2. Put
F(k) = a®" +p29",

We get
F'(k) = a®"(20)* In a In(2b) + 59" (2a)* In bIn(2a) > 0.

So
F(0) = % =a+b<a® £ < F(1) = a®) 450 <1,

The inequality a®) + b2 < 1 for a + b = 1/2 was proved by Nishizava in [9].
Proof of g) follows from Lemma 2.1 and from

G' (k) = a"™" (mb)* In aIn(mb) + 67" (ma)* In bIn(ma) > 0,

where
G(k) = a(mb)* + pima)®

]

Remark 2.2. We note that Lemma 2.2 implies: if a and b are non negative
real numbers with a + b = ¢, where 5e™> < ¢ < e™! and m > €°/5, then the
imequality

c< CL(2b)’c + b(2a)’C <1

holds for 0 < k <1.

Now we prove the conjecture 2.12 (see [10]).

Theorem 2.3. Let z1,xs,...,x, € (0,1] and let {y1,yo,...,yn} be any permu-
tation of the finite sequence {xy,xs, ...,x,} where n > 1, n € N, then

a)
sin(z{") + sin(z3?) + ... + sin(z5") > sin(z¥") + sin(ay?) + ... + sin(z"),
b)

cos™ x1 4+ cos™? x9 + ... + cos™™ x,, < cos?t 1 + cos”? xy + ... 4+ cos" x,,,

cos’™ 1 + cos’? xg + ... + cos™ x,, < cos't z1 + cos'? xy + ... + cos' z,,,

where r; = sinx; and t; = siny; fori=1,2....n.
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Proof. We use mathematical induction. The inequalities a), b), ¢) were proved
for n = 2 (see [10]). Let n > 3. Without lost of generality suppose 0 < z; <
min{xzsy, ..., x,} < 1. Let {y1,v2, ..., yn} be a permutation of the finite sequence
{z1,%2,...,z,}. We can suppose y; = x;, y; = x1 where ¢ # j # 1. (It is
evident that if j =1 or if ¢ = 5 or + = 1 the proof follows from an inductive
hypothesis.) Let a) be valid for all 2 < k <n — 1. Put

F(t) = sin(t") + sin(25?) + ... + sin(z5") — sin(t*) — sin(z}) — Z sin(z}")

1=2,1£4,1#1

for 0 < ¢t < max{w;,z;}. From the inductive hypothesis it follows

n

F(x;) = Zsin(cclx’) —sin(z]") — Z sin(zj") > 0.

1=2,l#j

Similarly, the inductive hypothesis gives
F(x;) = Zsin(:c;”) — sin(z}*) — Z sin(z}") > 0.
1=2

The proof of a) will be done if we show F} < 0 for 0 < ¢ < min{x;, z,}.
Simple computation gives F} = v(t) + w(t) where

and
w(t) = cos(t')t Int — cos(xf)x;" nz;.

In the paper [10], page 90, it was shown that v(¢) < 0 for 0 <t < z; <1 and
w(t) <0 for 0 <t <x; <1.So, the proof of a) is complete.
Similarly, we prove b) and c). Really, in the case b)

let
n
G(t) = cos' t + cos™ xg + ... + cos™ x,, — cos™ t — cos' x; — Z cos? a;
1=2,1#4,1#1
for 0 <t < max{z;,z;}. Easy to see
n n
G(z;) = Zcosxl x; —cos" x; — Z cos?' x; < 0.
1=2 1=2,1#]

It follows from the inductive hypothesis. Similarly, the inductive hypothesis
gives

n n
G(xj) = g cos™ x; — cos™ x; — E cos” x; < 0.
1=2

1=2,1#]
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The proof of b) will be done if we show G} > 0 for 0 < ¢t < min{x;, x;}.
Differentiation of G(t) yields G} = «(t) + tan(t)5(t) where

B(t) = tan(t) (cos™ (t)z; — cos'(t)t),

and
a(t) = cos'(t) In(cost) — cos'(x;) In(cos z;).

In the paper [10], page 92, it was shown that o(t) > 0 for 0 < ¢ < z; <1 and
p(t) > 0 for 0 < t < z; <1 which completes the proof of b).

The case c).
Let
H(t) — COSSintt+ Cossin:cz To+ .. + COSSinxn T, — Cossinxi t—
n
cos™ ! x; — Z oSSV 1,
1=2,1£5,1#1

for 0 < ¢t < max{z;,z;}. We see that

n n
H(z;) = g cos™ " x; — cos™ " x; — E cos™™¥ x; < 0.
1=2 1=2,1#]

It follows from the inductive hypothesis. Similarly, the inductive hypothesis
gives

n n
H(z;) = g cos™ ! x; — cos™ " x; — E cos™™ ¥ 1 < 0.
1=2 1=2,1#]

The proof of ¢) will be done if we show H; > 0 for 0 < t < min{z;, z;}.
Differentiation of H(t) yields H, = cos(t)y(t) — tan(t)o(t) where

§(t) = cos™(t) sint — cos™™ i () sin z;,

and
v(t) = cos®™!(¢) In(cos t) — cos™!(x;) In(cos x;).

In the paper [10], page 91, it was shown that y(¢) > 0 for 0 < ¢ < z; <1 and
d(t) < 0 for 0 <t < x; <1 which completes the proof of c). O
Now we partially prove the conjecture 2.13 (see [10]).

Theorem 2.4. Let x1,x9,...,2, € (0,1] or z1,29,....,x, € (1,7/2] and let
{Y1,y2, ..., yn} be any permutation of the finite sequence {x1, s, ..., x,} where
n>1,néeN, then
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b)

sin® x1 + sin”? x5 + ... + sin®" z,, > sin’* 1 4 sin”? 19 + ... + sin’" z,,,

c)

xlsmxl +$2SIIIII72 N xnsm:pn > xlsmyl +x231ny2 Lo+ xnsmyn.

Proof. The proofs of b) and c¢) are the same as in the theorem 2.3. It suffices to
use mathematical induction, the same method of calculations and inequalities
from the paper [10], pages 94-95. ]

Remark 2.5. We note, that in the paper, the software MATLAB was used for
some computations.

3 Open Problem

The conjecture 2.12, [10] is still open for the case a). The cases b) and c)
are only partially proved. To prove the conjecture 2.12; [10] completely it is
necessary to show that:

Let 1, xa, ..., x, € (0,7/2] and let {y1,ys, ..., Yo} be any permutation of the
finite sequence {x1,zs,...,z,} where n > 1, n € N, then

(a)
cos(x]") + cos(x3?) + ... + cos(zir) < cos(z¥') + cos(z¥’) + ... + cos(z¥™).
Let 1,9, ...,x, € (0,7/2] such that there are i,j € {1,2,...,n}, i # j, 0 <

r; <1< x; <7/2and let {y1,y2,...,yn} be any permutation of the finite
sequence {xy, s, ..., T, } where n > 1, n € N, then

(b)

sin® x1 + sin®? x5 + ... + sin®" x,, > sin?' x; + sin¥? 19 + ... + sin?’" z,,,

(c)

xlsmxl _|_$2smxg 4o+ xnsmxn > xlsmyl +x251ny2 4o+ xnsmyn'
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