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Abstract

The coupling of two finite element parallel softwares is a technique
that has many interests in modeling fluid-structure interaction prob-
lems. The most important challenge however is to achieve an accurate
and efficient coupling. This study makes a contribution to deal with this
issue in vibro-acoustic problems in harmonic mode. The fluid-structure
interaction in this case is described as a term that depends on the pres-
sure in the fluid and the vibrations of the structure. Finite element
method was used to approximate this term on a refined mesh to ensure
a better accuracy of this approximation. An implementation method
has been detailed to optimize the computing cost of this term as well
as the data exchanges that is required for this computing.
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1 Introduction

The apprehension of fluid-structure interaction (FSI) is an important challenge
for research and industry. Nowadays numerical simulation, particularly the
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finite element method, has become reliable and widely employed to model
such issues. This is made possible especially by the coupling codes approach,
which consists in the development of an interface between two solvers, each
one dealing with only a part of the phenomena involved, to numerically model
a multi-physical problem. A general overview of FSI problems can be found
in [1, 2, 3, 4].

The reduction of noise and vibrations in the passenger compartment in
automobiles can be further improved, despite the level of perfection held in
this area. Optimization by numerical modeling of this application is an FSI
problem, which requires modeling both the propagation of sound waves in the
air and structural vibrations resulting from sound waves.

FSI problems can be solved by the monolithic or partitioned approaches.
The monolithic approach [5, 6, 7] treats the fluid and the structure dynamics in
the same mathematical framework to form a single system equation, including
interface conditions, for the entire problem.

The monolithic approach can potentially achieve better accuracy and it is
advantageous in terms of stability [8, 9]. However, it requires a multidisci-
plinary expertise and needs developing a code that incorporats both physical
domains, which results in equations of large sizes difficult to solve numerically
and need substantially more resources.

Conversely, the equations governing fluid flow and structural vibrations in
the coupling approach are solved separately using two different solvers, the
FSI is taken into account in each solver by the addition of a coupling module.
The later approach allows also to take advantage of the numerical algorithms
that have been validated and used for solving many complicated fluid or struc-
tural problems. The coupling approach preserves the independence of the
two solvers, however the most important challenge of this approach is how to
achieve accurate and efficient coupling module. This study makes a contribu-
tion to deal with this issue in the case of a vibro-acoustic problem in harmonic
mode.

The coupling module involves fields derived from the two domains. Ther-
fore data exchanges on the intreface is essential. Moreover, the precision of
the approximations and the computation cost in the coupling module must be
optimized so that this does not negatively affect the accuracy or the cost of
this approach. Besides, meshes of the shared border in the two domains are
non-matching, generally the fluid mesh is finer than the mesh associated with
the structure solver [10]. Accordingly, it is necessary to establish the neigh-
borhood relations between the two meshes in the interface level in order to
extrapolate fields and carry out data exchanges.

In this study, we develop a coupling interface in vibro-acoustic mode of
two parallel finite element softwares, a fluid software and a structure software.
In the next section we briefly expose mathematical models and numerical ap-
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proximations of the solvers. In section 3, at first we describe the coupling as
a term that depends on the pressure in the fluid and the vibrations of the
structure, then we focus on the numerical approximation of this term by the
finite element method. We propose a method that consist in approximating
this term on a refined mesh to have a better accuracy of this approximation.
Afterwards, we focus in the implementation aspects, we detail some implemen-
tation techniques in order to optimize the computing cost of this term as well
as the data exchanges that is required for this computing. Then we expose the
geometric processing on the interface, which is necessary on handling spatially
non-matching meshes. In the last part, we give a conclusion of this work.

2 FSI formulation and approximation

This study concerns the coupling of two finite element parallel codes. Separate
computer codes for the fluid and the structure are coupled to enable numerical
modeling of vibro-acoustic problems in harmonic mode. It is important to ex-
plain the mathematical model i.e. the theoretical background, the numerical
aspects in each code and coupling boundary conditions. The FSI problem in
this study involves a flexible structure excited an acoustic fluid. In the litera-
ture, this type of problems are usually referred to as vibro-acoustic problems
or structural-acoustic problems with fluid interaction.

In the structural acoustics the time harmonic vibration of an elastic struc-
ture are studied in response to incident acoustic waves. The motion of the
structure is modeled by the elasto-dynamic equations for the structural dis-
placements, and the acoustic waves in the fluid are modeled by the Helmholtz
equation for the fluid pressure.

Let Ωs and Ωf denote polygonal or polyhedral bounded domains in Rn

(n = 2 or 3) occupied by the fluid and the solid, respectively, as schematized in
figure 1 in a 2D case. Let Σ the interface between the two media, ∂Ωs = Σ∪Σs

where Σs the part of the structure border that is not in contact with the fluid
and ∂Ωf = Σ∪Σf where Σf the part of the fluid border that is not in contact
with the structure. Vectors nf and ns are respectively the unit normal vector
pointing outwards of the fluid and of the structure.

2.1 Numerical modeling in the structure code

In the context of this study we consider the determination of the motion of
an flexible structure in contact with a compressible fluid. We assume a linear
response of the structure because the displacements are small in this case.
We consider the linear elasticity theory, then the linearized strain tensor ε is
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Figure 1: Geometrical notations.

related to the displacement u as follows

εk h =
1

2
(uk h + uh k) (1)

The behavior of the structure material is considered to be elastic, linear,
isotropic and homogeneous. The constitutive law, linking the Cauchy stress
tensor σ to the tensor of the linearized strains ε, is reduces to the Hooke’s law

σi j = ai j k h εk h (2)

where ai j k h are the elasticity coefficients of the structure.
The stress tensor can be expressed as a displacement function, if one replaces
εk h by its expression in (1) in the constitutive law (2) he obtains

σi j(u) = ai j k h εk h(u) =
ai j k h

2
(uk,h + uh,k) (3)

Under theses conditions, the displacement u satisfies the elasto-dynamic equa-
tion

σi j,i(u)− ρ∂
2ui
∂t2

= 0 on Ωs (4)

In this study, the structure is excited cyclically by a harmonic force that can
be formulated at point M and at time t as follows : F (M, t) = F (M)eiωt,
with ω > 0 the pulsation of the source.
The expected response to such excitation is of the harmonic type u(M, t) =
u(M)eiωt.
Thus, for ω > 0 and F defined on ∂Ωs \ Σs, the problem is written in the
following form 

search u so that
σi j,i(u)− ρω2ui = 0 in Ωs

σ(u).ns = F on ∂Ωs \ Σs

ui = 0 Σs

(5)
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For the sake of simplicity, Dirichlet homogeneous boundary conditions are
considered on Σs

2.1.1 Numerical approximation

The numerical approximation of the problem (5) is done by the finite element
method. We consider that ω > 0 and F ∈ (L2(Ωs))

3, the weak formulation of
the problem (5) is

search u ∈ (H1
0,Σs

(Ωs))
3 so that∫

Ωs

σij(u)εij(v)− ω
∫

Ωs

ρu.v dx =

∫
∂Ωs\Σs

F.v dσ ∀v ∈ (H1
0,Σs

(Ωs))
3

(6)
where H1

0,Σs
(Ωs) is the sobolev space defined by H1

0,Σs
(Ωs) = {v ∈ H1(Ωs) :

v|Σs = 0}.
We approximate the weak formulation (6) by the finite element method. We
denote respectively by U and V the vectors of Rns (ns is the number of equa-
tions of the discretized system) of components ui and vi, by F the force vector.
The discretized expressions of the bilinear and linear forms occurring in the
variational equation (6) lead to the mass Ms and the stiffness Ks matrices,
that are symmetric, regular ns × ns, defined, thanks to linearity assumptions,
by ∫

Ωs

σij(u)εij(v) dx ⇒ V T Ks U∫
Ωs

ρu.v dx ⇒ V T Ms U∫
∂Ωs\Σs

F.v dσ ⇒ V T F

The discretized form of the system (5) is then written:

V T Ks U − ω2V T Ms U = V T F ∀ V ∈ Rns

hence, the resulted system is

Ks U − ω2Ms U = F (7)

2.2 Numerical modeling in the fluid code

Mechanical models derived from physics, which represent the phenomena of
wave propagation in a fluid, are presented in the form of equations or systems
of partial differential equations of hyperbolic type. One of these models, based
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on the theory of linear acoustics, is the scalar equation of acoustic pressure
waves, otherwise known as the Helmholtz pressure equation. This model has
been used in the acoustic code.

We consider a small movements in perfect, compressible, homogeneous
fluid. The perfect fluid condition implies that the description of the stress
tensor is made by a pressure field within the fluid. Thus, under this condition
and under the other hypotheses, linear mechanics tells us that the pressure
field p is related to the displacement vector u as follows

p = ρc2div u (8)

where ρ is the mass density of the fluid at rest, and c is the speed of sound in
the fluid.
The behavior of a perfect fluid is governed by the Euler equation

∇p = −ρ∂
2u

∂t2
in Ωf (9)

As we have mentioned above, it is not the problems in time or transient type
that interest us, but problems in frequency. The time dependence is imposed
a priori through a source for example. So we have{

p(M, t) = p(M)eiωt ω > 0 the pulsation
u(M, t) = u(M)eiωt

The time t is no longer a parameter and the unknown sought is no more than
a function of spatial variables. Thus, the linearized Euler equation becomes

∇p − ρω2u = 0 in Ωf (10)

It follows u = ∇(
p

ρω2
). In other words ϕ =

p

ρω2
represents a displacement

potential such that u = ∇ϕ.
Thanks to this potential, it is possible to re-express (8) and (10) in the form{

∇p − ρω2∇ϕ = 0 in Ωf (a)
p + ρc24ϕ = 0 in Ωf (b)

(11)

Taking the divergence of (11-a) and injecting into it (11-b), one obtains

4p +
ω2

c2
p = 0 in Ωf (12)

This partial differential equation in p gives us the Helmholtz scalar equation
in linear acoustic pressure. For the sake of simplicity, Neumann boundary
conditions are added.{

∆p+ k2p = 0 in Ωf where k = ω
c
> 0

∂p
∂nf

= 0 on Σf
(13)
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2.2.1 Numerical approximation

The numerical approximation of the problem (13) is done by the finite element
method. We suppose that k = ω

c
> 0, the weak formulation of the problem

(13) is written as
search p ∈ H1(Ωf ) so that∫
Ωf

∇p.∇q dx− k2

∫
Ωf

p q dx = 0 ∀q ∈ H1(Ωf ) (14)

This weak formulation (14) is approximated using the standard Lagrange finite
elements. We denote respectively by P and Q the vectors of Rnf (nf is the
number of equations of the fluid system) of components pi and qi. The discrete
expressions of the bilinear and linear forms in (14) lead to the matrices Mf

and Kf , that are symmetric, regular, with dimensions nf × nf , defined by∫
Ωf

∇p·∇q dx =⇒ QT Kf P∫
Ωf

p q dx =⇒ QT Mf P

The discretized form of (14) is then written

QT Kf P − k2 QT Mf P = 0 ∀Q ∈ Rnf

Then the resulting algebraic system is

KF P − k2Mf P = 0 (15)

3 Coupling conditions

Coupling conditions consist in taking into account the effect of the fluid on the
structure and by imposing a slippery condition at the interface. The perfect
fluid condition implies that the description of the stress tensor is made by a
pressure field within the fluid, it is deduced that

σ·ns = − pns on Σ (16)

This kinetic condition relates the structure stress σ on the interface to the
pressure p exerted by the fluid (action-reaction principle). This Neumann
condition links also the fluid pressure p to the displacement of the structure
on the interface Σ, it reflects the effect of the acoustic pressure of the fluid on
the structure.
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The second one is a kinematic condition which states that fluid and struc-
ture are in contact at the interface without friction. It is expressed by

u.nf = uf .nf on Σ (17)

u and uf denote respectively the displacement of the structure and of the fluid.
This slippery condition, due to the equation (10), can be written as follows

∂p

∂nf

= w2ρu.nf on Σ (18)

In order to independently take these conditions into account in each of the two
codes, we introduce the operator C defined by

(C p, u) =

∫
Σ

u.nf p dσ (19)

The effect of the fluid on the structure is then translated by an operator CSF

defined by

(CSF p, u) =

∫
Σ

pnf .u dσ = −(C p, u) (20)

The sliding of a perfect fluid against a moving wall is taken into account by
the operator CFS defined by

(CFS u, p) = −w2ρ

∫
Σ

u.nf p dσ = −w2ρ(p, CTu) (21)

It follows that the fluid-structure interactions is reduced to a one term, which
depends on both of the pressure p of the fluid and the displacement u of the
structure. The most important contribution of this paper is to provide a finite
element approximation of this term, using computational method that is as
accurate as possible and efficient in terms of data exchange and algorithmic
and implementation complexity.

3.1 Coupling term approximation

The precision of the finite element approximation and the related computation
cost of the coupling term have to be optimized so that this does not negatively
affect the accuracy or/and the cost of the coupling approach. A particular
attention has to be made in the treatment of the interaction when the discrete
structure and fluid models do not necessarily match over the interface. Non-
matching meshes can arise for several reasons, for example the fluid or the
structure may require a finer mesh than another for accurate results. It is
necessary, in this case, to establish the neighborhood relations between the



Coupling codes in FSI problems 9

two meshes of the common interface in order to extrapolate fields and carry
out data exchanges.

To ensure an accurate finite element approximation of the coupling term,
we perform this approximation in a refined mesh of the interface; to obtain
an exact numerical integration of the product of a polynomial function on Γ1

and a polynomial function on Γ2 we integrate this product on Γ12 (see figure
2). This method can be easily implemented and only requires knowing how
to interpolate the values of the external fields at the Gauss points of the local
refined surface mesh.

Figure 2: Non-matching meshes of the shared interface in 2D configuration.

3.1.1 Mesh refinement

Without loss of generality, we consider the 3D case where the mesh are made
with hexahedra in each code. Therefore the two meshes of the common inter-
face are made by quadrilateral elements. The coupling term is approximated
in a refined mesh of the interface Γ. To obtain this refined mesh, an artificial
triangulation of the mesh of the shared interface is carried out; each quad-
rangle element is cut into four triangles (figure 3). Then, if necessary, the
triangular mesh is refined; each triangle is divided into four triangles (figure
3). Obviously, this last refinement can be repeated as many times as desired
until a satisfactory mesh is obtained.

From an algorithmic point of view, a mesh is defined by a list of points
(the nodes) and a list of elements (the geometry). The mesh of the interface,
derived from each of the two codes, is formed by quadrilateral elements.

• To triangularize the mesh of the interface, for each quadrangle we in-
troduce a fifth node, which is identic to the barycenter, and then we
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Figure 3: Mesh triangulation and refinement.

construct four triangular elements with this point and two successive
points of this quadrangle.

• To refine the triangular mesh, we first construct the edges of the mesh.
The difficulty in this construction is to avoid - or eliminate - duplicates
(most often an edge belongs to two triangles). Next, for the three mid-
points of the edges of a triangle, we associate three new nodes, then we
cut the element into four triangles as shown in the figure 3.

In the case of the finite element polynomial approximation, the fields are
defined on the nodes. It is therefore necessary to define these fields on the
nodes of the refined mesh using their values in the initial mesh, to do that it is
necessary to perform an interpolation of order 2. First at the nodes constructed
from the barycenters, its value is the average of the values at the four nodes,
and then at the nodes constructed from the edges its value is the average of
values on the nodes of the edge.

The approximation of the coupling term is carried out in each one of the
codes, we will illustrate this in the fluid code for example.

Let’s note, pi, the basis functions related to the finite element approxima-
tion of the pressure on the common interface, we have

(C pi, u) =

∫
∑ u.nf pi dσ

=
J∑

j=1

∫
∆j

pi (u.nf )dσ

summation on the elements ∆j included in the support of the basis functions
pi.

(C pi, u) =
J∑

j=1

Aire(∆j)

3
[pi(u.nf )(∆j1) + pi(u.nf )(∆j2) + pi(u.nf )(∆j3)]
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where ∆j1, ∆j2 and ∆j3 are the nodes of the triangle ∆j.

One can also write

(C pi, u) =
N∑
j=1

coef(i, j) (u.nf )(sj)

summation on the nodes includes in the support of the basis function pi (see
figure 4), where

coef(i, j) = pi(sj)

(
J∑

l=1

Aire(Al)

3

)

Figure 4: The nodes, of the refined mesh, contained in the support of a basis
function associated to the initial mesh.

In order to optimize the later calculations and consequently of the compu-
tation of coupling term, it is therefore necessary, for each node si, to have the
nodes that are in the support of the basis function pi as well as the values of
coef(i, j) and nf (sj). In the following section, we propose a method for this
optimization using a better adapted data structure.

3.1.2 A suitable mesh structure

The conventional data structure of a mesh allows to know directly all the ver-
tices of an element of the mesh, for example. Otherwise, we do not have the
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elements containing a given vertex and a fortiori we do not have the integra-
tion points contained in the support of a basis function, which is a necessary
information in the previous calculation. It is possible to develop algorithms
to search for this information, but their algorithmic complexities are generally
high. The idea we propose here is to create a data structure for the mesh
that contains all the necessary information on the new meshes, which are ob-
tained by the operations of triangulation and refinement of the mesh of the
shared interface, in particular information used in the evaluation of the cou-
pling term. This structure contains especially the unit outer normal defined
on the nodes and on the elements, the area of each element, the elements of
the refined mesh contained in the support of each basis function associated
with the initial mesh, and the elements containing each node.

Having a such rich mesh structure, that contains enough information and
which does not incur any additional cost to build, allows to avoid the use
of search algorithms on the mesh. These algorithms usually require loops
on all vertices or all elements of the mesh, which may impact negatively the
complexity of this approach. Therefore, this computational optimization of the
coupling term is crucial so that coupling term computation does not penalize
the total computation cost.

3.2 Geometric processing on the shared interface

The management of the common interface is a tedious task because the meshes
of this interface are in the majority of cases different. One important point
of the coupling approach is the geometric processing and the establishment
the neighborhood relations between the meshes i.e. the association of the
nodes and the elements of one of the two meshes with nodes and elements
of the other mesh, which is needed to extrapolate fields and carry out data
exchanges. For this geometric processing we distinguish the cases of matching
and non-matching meshes.

The two meshes are matching on the common interface if their nodes are
themselves matching i.e. the two meshes of the interface, resulting from the
two codes, are identical. In this case, pairs (node, node) are created. Each
node of a given mesh is associated with the node of the other mesh that has
the same coordinates.

As previously stated, the discrete structure and fluid models do not nec-
essarily match over the common interface. Therefore, in this case pairs of
(node,element) are created instead of (node,node) pairs used in the matching
meshes case. We associate a node of one of the two meshes of the interface
with the nearest element in the other mesh of this interface. This element
is obtained by projection of the node on the other mesh, it is the one that
minimizes the sum of the normal distance d1 = ‖p − p2‖ and the tangential
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distance d2 = ‖p1 − p2‖, as shown in figure 5.
After exchanging the meshes of the interface. The pairs (node-element) are

formed i.e. for each node, the interpolation element is determined, which is
the one that minimizes the distance d = d1 + d2 (see figure 5).

Figure 5: Interpolation element criterion.

These pairs allow to interpolate the data exchanged between the two solvers,
if the node belongs to the plane of the element, interpolation coefficients are
the barycentric coordinates u, v and (1 − u − v). Otherwise the barycentric
coordinates of its projection p2 are used instead.

3.3 Data exchanges

We consider at first two sequential codes and each one of them is executed
in a separate processor. The processors have to be connected and the MPI
library is used for message transfer and reception. The meshes of the interface
of the two codes are exchanged. Then, the geometric processing, which is
detailed above, is performed in each processor. During resolution iterations,
the interpolation of the exchanged data is carried out thanks to this geometric
processing.
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Let consider now two parallel codes. To distinguish between the processors
of the two codes in the global communicator, the two codes assign a label
to their processors (it must not be the same in the two codes). Thus, to
exchange the meshes of the interface, two processors having two different labels
must exchange their meshes. Then, geometric processing is carried out to
determine both the interpolation element and the interpolation coefficients
from the received meshes.

In a first step, the same strategy can be followed for the communications
between the processors during the resolution phase i.e. exchange the data be-
tween each pair of processors that having two different labels. However, since
these communications occur at each coupling iteration, This may require a
relatively high cost of communication. In the following we propose an opti-
mization method to reduce these communications between processors.

Communication between processors is necessary to exchange their meshes
at the interface, but this is only done at the beginning of the execution. On
the other hand, data exchanges must be carried out at each iteration of the
coupling, to this end it is necessary to reduce these communications as much
as possible. For this purpose the provenance of a mesh received is also pre-
served during the exchanges of meshes. Then, instead of building pairs of
(node,element), we create pairs of (node,(element+provenance)) i.e. we con-
nect a node with the interpolation element together with the provenance of
this element. The use of this additional information makes it possible, for
each processor of each code, to construct a list of processors of the other code
with which data exchange is necessary. By doing so, many unnecessary data
exchanges are avoided, because data exchange will be done only between pro-
cessors that really have a common part of the interface.

4 Conclusion

Codes coupling is an interesting approach for numerical modeling of FSI prob-
lems, this study describes a coupling method of two parallel finite element codes
to model a vibro-acoustic problem. This method ensures the independence of
the two softwares thanks to a coupling module developed symmetrically in
each one of them.

Coupling conditions have been formulated as a coupling term, that depends
on the pressure in the fluid and the vibrations of the structure.

The approximation of this term requires a geometric processing on the in-
terface that enables handling spatially non-matching meshes. A projection
method was used to determine the neighborhood relations in order to extrap-
olate fields and carry out data exchanges between the two solvers.

A refined mesh of the shared interface was employed to have an accurate
finite element approximation of the coupling term. Furthermore, some imple-
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mentation techniques have been detailed to optimize both the computing cost
of this term and the data exchanges necessary for this computing particularly
in parallel environment.

5 Open Problem

The open problem here is to assess the efficiency of the proposed coupling
method in industrial environment. Moreover, some codes have several levels
of parallelism that are not addressed in the current contribution.
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