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Abstract

In the present paper, a multiserver retrial queueing model is
considered. Primary customers arrive through Poisson process. If an
arriving customer finds one or more servers free then he obtains service
immediately. On the other hand, if the primary customer finds all servers
busy, he joins the orbit and tries to get the service after some random
amount of time. Retrial times also follow Poisson distribution. Service
times for each server are exponentially distributed. Time-dependent
probabilities of exact number of arrivals and exact number of departures
at when all servers are busy or when all servers are free for the system
are obtained by solving the difference differential equations recursively.
Some important performance measures and special cases also discussed.
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1 Introduction

In many queueing systems, it may sometimes happen that a customer that did
not receive service at the first attempt from the server, then he tries again and again
to avail the required service. These types of situations give rise to special types of
queues known as retrial queues. Such queues are characterized by the phenomenon
that a customer if can not get service immediately then he joins the virtual pool of
customers called orbit from where he tries again and again until he gets the service.

The customers retrying for service are known as retrial customers. The retrial
queues are visible in all day-to-day congestion situations from supermarkets to
ATMs, from hospitals to admission counters, etc. wherein the customer tries again
and again for service from the orbit. Queueing models with retrial customers are
suitable for many service systems; e.g. in call centers, if a person is busy on another
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call then we often hear the message ‘the system is busy at this moment, call again
after some time’. Retrial queues have been widely used in data transfer via
telephone networks, LANs under RMA protocols, radio and cellular networks.
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The modeling and analysis of queueing systems, especially of the retrial
queueing systems, have attracted many queue theorists (logicians) since past many
years. The detailed account of retrial queues along with their applications can be
found in the books by Falin and Templeton [3] and Artalejo and Corral [6]. The
elaborate surveys on retrial queues are found in articles by Yang and Templeton
[15], Artalejo [7,8], Artalejo & Falin [9], Artalejo [10] and many more.

Multichannel retrial queueing systems serve as a suitable model in many
queueing situations as in telephone exchanges, toll booths, information processing,
transmission centers etc. Falin and Artalejo [4] considered a multiserver queueing
system with unlimited waiting room. Neuts and Rao [11] considered the numerical
solution of a multiserver retrial queueing model. Chakravorthy et. al. [14]
considered a multiserver retrial queueing model in which customers arrive
according to Markovian process and performed steady state analysis of the model.
Pegden and Rosenshine [2], who analyzed the M/M/1 queueing system in which
the state of the system is given by i and j, where ‘i’ is the number of arrivals in the
system and ‘j’ is the number of departures from the system until time t. This
measure provides the better knowledge of a queueing system such as the probability
of the exact number of units arrived by time t, probability of the exact number of
units departed by time t, and also some other related information.

The present paper studies a retrial queueing model with multiserver. In this

paper, we obtain the time dependent probabilities for the exact number of arrivals
in the system and the exact number of departures from the system when m (m =
0,1, ...c) channels are free or busy.
The present work has been organized in the following manner: Section 2 describes
the model and states various assumptions required to formulate the model. Section
3 defines the two dimensional state model and the difference differential equations
describing the system. Section 4 deals with the time dependent solution of the
model. In Section 5 some important performance measures along with some special
cases are derived. The paper ends with a suitable conclusion.
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2  Model Description

We consider a two-state multiserver retrial queueing system in which calls
arrive according to Poisson process. On finding all the servers busy, calls go to
some virtual place (referred as an orbit) and repeat their request for service from
the orbit after some random amount of time. For distribution of arrivals, service
times and retrials, we make use of the following assumptions and notations:

1) Arrivals of primary calls follow Poisson distribution with parameter A.

2) Repeated calls follow Poisson distribution with parameter 6.

3) Service times are exponentially distributed with parameter p.

4) Stochastic processes involved viz. arrivals of units, departures of units and
retrials are statistically independent.

Laplace transformation f (s) of £(t) is given by
f(s) = f0°°e—5t £(t) dt,Re(s) > 0.
The Laplace inverse of

(») . tmk_l apt dl—l (p)
L2 sy it L (2B (g ),

P(p) =1 (my—-D!1-1)! dp'=1 \P(p)
V p=ay, a; # ay fori # k.
where,
Pp)=(@—-—a)™ (p—a)™ ...... (p — a,)™.
Q(p) is a polynomial of degree < m;+my+ms +............. m, — 1.

: ara,b,c -
The Laplace inverse of an'nz'n3 (s) = T Gin) G 1S

a,b,c N3 vl R G Vi (Tf[_ll)(ﬂlg]‘ilal(nﬁgl))(Hg‘z‘ﬁo(nz+gz))
Ninyn3 (t) - z:l=1 Zm:l (nz—D!(m—-1)! (b—a)"2+m-1 (c—q)n1+l-m
P e~bt gn2=l (—qym+i (Tﬁf_ll)(l'llg]‘;‘o_l(nl+g1))(l'[glz‘=zo(ns+gz))
+ 221 L=t (ny—D!(m-1)! (a—b)"8+m-1 (c—p)n1+l-m
Lymoy emet =l -y (L (T 25 (np +80)) (T8 (s +2))
l=14m=1 (n-D!(m-1)! (a—c)"3tm=1 (h—c)nz+l-m

If LY{f(s)} = F(t) and L {g(s)} = G(¢t), then

L Hf(s) g(s)} = fOtF(u)G(t —u)du=F = G,F =G is called the convolution of
FandG.

3 The Two-Dimensional State Model
3.1 Definitions

P; j o(t) = The probability that there are exactly i arrivals in the system and j
departures from the system by time t when all the servers are idle.
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P; jm(t) = The probability that there are exactly i arrivals in the system and j
departures from the system by time t when ‘m’ servers are busy. 1 <m < c — 1.

P;;.(t) = The probability that there are exactly i arrivals in the system and j
departures from the system by time t when all the ‘c’ servers are busy.
P; ; = The probability that there are exactly i arrivals in the system and j departures

from the system by time ¢.

P j(t) = Py jo(t) + X1 Pijm(t) + Pijc(8), V i,j &i =]
also
Pi,j,c(t) =0 &Pi,j,m(t) =0 fori <j,1<m<c—-1; Pi,j,O(t) =0,i <j.

Initially
Py0,0(0) =1; P;j,(0) =0,
P ;jc(0)=0&P;;n(0)=0,Vi,j #0&1<m<c.

3.2  The difference-differential equations governing the system
are

d .
— Pijo() = =(A+ ({ = )O)P;jo(t) + Py j_1,(0),

i>j=0. Q)
= Pjm(®) = —(A+ mp + (i = j = mOIPy i (£) + AP,y s (£) +
((—j—Mm—=1)0)P;jm1(t) + (M + DuP;j_1m+1(0),
i>j=20,1<m<c. (2
%Pi,j,c(t) =—@A+cw)P;j (&) + AP;_yjc_1(t) + AP;_q j(£) +
(—j—(=DO0)P (1), i>j=0. @)
Using Laplace transformation f (s) of £(t) given by
f()=["et f()dt, Re(s)>0,
in the equations (1) - (3) along with the initial conditions. We have
(s+A+ @ =))O)P;jo(s) =pP;j_11(s), i=j=0. (4)
(s+A+mu+(i—j—m)O)P;jm(s) = AP;i_q jm-1(S)
+(i—j—(m—=10O)P;jm_1(s) + (M + DpP; j_1m4+1(5),
i>j=0,1<m<ec. (5)
(s+ A+ cu)Pyjc(s) = APy jc-1(S) + AP c(S)
+({—j—(c—1DO)Pjc1(s), i>j=z0 (6)
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4 Solution of the Problem

Solving equations (4) to (6) recursively, we have

= 1
0,00(8) = P (7)
Pyjo(s)= ﬁ Pii_14(s), i 2 1. (@)
— 2 —
Pm,O,m(S) = m Pm—l,O,m—l(S)l 1<m<c-—-1. (9)
= _ 5 (m+Du 5
Pri-mm ()= o Pi-tim-mm-1(8) + s Piiem-n m1 (5),
m=1toc—2;i=m+1toc—1. (10)
Po1c-1(s) = ————P (5) + =P, () (12)
¢le-1 (s+a+(c-1p)  ¢-LLe2 (s+2+(c-Du) ©0€
_ 3 cu g
Piie-1(s) = (s+A+(c—Dut(i—j—(c—1))0 (s+A+cu)i=(c=D) Pe-10e-1(),
i>c. (12)

_ Sim(e-1) _ .
Proc(s) = e Pe-t0e-1(8), i 2 ¢ (13)
_ iete-zy( 4 \i-i—(c-Dk _
Pije(s) = | Lkt (m) M (Pt (c-2),j,c-1(5) ),
i>j+cj>1. (14)
1 fork =1
(k=1)0 U
where 1 (s) = ( s+/1+c,u> fork=2toi—j—c+1
(k-1)0 .
Stiten fork=i—j—(c—2)
p

Pi—l,j,((c—l)—l) (s)

Pije-1(s) = (s+A+(c—1)u+(i—j—(c—1))0

(i-j=((c-1)-1))0
(s+A+(c-Dpu+(i-j—(c-1))

gpi,j,((c—l)—l) (s)

+ o
(s+2+(c-Dut(i-j—(c—1))0

T N ) T
( ko1 (m) M (P j-1,6-1(5) ),
i>j+(—-1),j>1 (1)

( 1 fork=1
(k=10 U
( +m) fork=2toi—j—c+?2

where 0y (s) =
L fork=(i—j—(c—3))

S+A+cu
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P, = A p. .. (i-j-(m-1))0 5
Pi,j.m (5) T (stA+mu+(i—j-m)o Pl—l,j,m—l (S) + (s+/1+my+(i—j—m)0pl']'m_1 (s) +
(m+1)u { y) p ' N
(s+a+mut(i-j-m) 6 \(s+2+(m+1)u +(i—j-m)o L~LI~Lm
(i-j-(m-1))6 —
(s+A+(m+1)u +(i—j_m)gPi,j—1,m (s) +
(m+2)p 5 }
(s+A+(Mm+Du+({A—-j—-m)0o Pl,]—Z,m+2 (5) ’
izj+mj=(c-m),m=12..c—2 (16)
———— P, _G-jo_p —
S+A+H+(i—]’)9 Pl—l,]—l,O (S) + 5+l+}l+(l’—j)0 Pl,]—l,O (S) +
(+ D. . A
(m+1) s+A+2u+(i-j)0 Pio1j2mer () +
Pijo(8) = ries (i-j+1)0 ’
10 () = e o ) e Pujame () L
s+A+p+(i—5)0 (m+3)
Tt -ames ()
(s+A+2u+(i—j)6 i,j—3m+3
] . J ]
i>j=>c (17)

Taking the inverse Laplace transform of equations (7) to (17), we have

Pooo(t) = e, (18)
Pio®)=pe ™ x P q4(t), i =1 (19)
Pm,O,m(t) = ﬂe—(}ﬁmu)t * m—l,O,m—l(t)' 1 Smsc-— 1. (20)

P iimm(®)=Ae M0t p, () + (Mt e GHmE
Piticm-nm+1(t), m=1toc—2; i=m+1toc—1. (21)
Poqc-1(t) = A~ (et e—1,1,c-2(t) + cu e~ (e Pooc(t). (22)

Piicq(t) = cu (=) {2+ (c-Du+(i-j-(c-1) )t

i—c
1 —cut )" 1
{(C,u)i_(c‘l) —e~ Zrzor_/ (cp)i—c-r+1 } * PC—l,O,C—l(t):

i>c. (23)
L ti—c _ i
Pi,O,c(t) = (ﬂl (e 1)me (Mcﬂ)t) * Pc—l,O,c—l(t)' [ =c (24)
_ i~j-(c-1) _t'77¢ _z
Py jc(t) = [( A el ( +C“)t) *Piye—1jc-1(8) +

Kk ti—j—k—c+1

e‘(“cﬂ)t)} * Pjike(c-2)j,c-1(8) +

{ ;’c—=j2—0+1(li—j—(c—2)—

(i—j—k—c+1)!
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i—j—c+1( gimj-(c-2)=k ], _ LIk Gt
{ k=2 (ﬂ’ (k 1)9(i—j—k—c+2)!e )}*
Pirice(e—2e-1(8) + (1= = c + 1)BeC+e¥) wpy 1 (6) |,

izj+cj=1 (25

Pi’jlc_l(t):(ﬂe—{ﬂﬁ(c—l)ﬂ +(i-j—(c-1))0)t ) * P12 (t)

+((i —j—(c— 2))68—{l+(c—1),u +(i—j-(c-1)O)t ) % Pi,j,c—Z(t)+

i—j—c+1

(cw) ﬂi—j—0+2 e—{/1+(c—1)y+(i—j—(c—1))9)t { 1 p—cut § " 1

(cp)i-i—c+2 1 (cp)i—c-r+2

r=0
*Piygjo1e-1(0) +

i—j—c+2 ii—j—(c—B)—k

k=2
(cp) e~ (c=Dp+(i-j—(c-1))O)t ) Ceut i=jme=le+2 (g 1
R Zr:@ PN E o=
* Piygj-1,c-1(E)F
( i—j—c+2
Z A==k (. _1yg
k=2
(cp) e—{/1+(c—1)y+(i—j—(c—1))9)t ) i—j—c—k+3
1 z " 1
-~ @ _ p—cut
(Cﬂ)i—j—c—k+4 € r/ (Clu)i—j—c—k—r+4
\ =0 J |
(c)((i — j — ¢ + 2)0)e~ 4+ Du+(imj=(c-D)0)t
* Pj+k,j—1,c—1(t)+ {i _ e—cyt} *
cu cu
Pi_cy3,j-1,-1(0), i2j+(c—-1),j>1. (26)

Py jm(t)=2e~rmutGjmmBit up,_ ) s () + (i—j—(m—

1))Be~HHmiriimmONt « Py 1 (8) + A((m + D

o —(Amut(i-j-m)6}t { 1 _ e-{<m+1>u+<i—f—m>e}r} i
{(m+Du+(i—j-m)6}  {(m+1)u+(i—j-m)6}

Pi_1jm1m(@®) +um+ 1D —j—(m—1))

e—{/l+mu+(i—j—m)9}t{ 1 _ 9_{(m+1)“+(i_j_m)9}t} N
{m+Du+(i-j-m)6}  {(m+Du+(i-j-m)6}

Pj_ym@) +(m+1(m+ 2) e~ UiHmut(i-j-m)o}t
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{ 1 e~ {m+Dp+(i-j-m)ojt

}* P j—2m2(0),
izj+mj=2(c—m)ym=12,..c—2. (27)

1 e~ {n+(i-p63t
Wt DB)  wt (-8} H# Pt jeao® +
1

pt(i-5)6}
o~ (-6}t

2u?

{m+Dp+(—j-m)8}  ((m+Dp+(i-j-m)6)

Pi,j,o(t): [ﬂ.(m + 1)”9—(ﬂ+(i—j)9}t{

[((l —j+ 1)9)(m + 1)Me—(/1+(i—j)9}t{

e~ ut+(i-Nojt

{u+(i-)6} }] * Py j10(t) + [(m +1)(m+ 2)'“2/1{

e—{Atu+(i-)o3t e—{/l+(i—j)9+2u}t

T — | * Prijramn(® + [+ Dm+

2)u?((i—j +16){

—{A+(@-j) o3t e—{i+u+(i—j)6}t e—{/1+(i—j)0+2u}t
: J-

e
2u? u? 2u?

3 (e~ (A+(I=)O}t
P j—2me1(0) + [(m +1)(m + 2)(m + ) {_ZHZ
e—(A+u+(i-NO3t e~ A+ (i=NO+2p3t . .
u? B 2u? }] * i,j—3.m+3(t), I>j=c
(28)

5 Performance Measures of the Model

1. The Laplace transform of the probability P; (t) that exactly i units arrive by time t
is given by:

P, (s) = Zj:opi' § () = s 0> 0. (29)

And its Inverse Laplace transform is
_e M)t
P (t)=——. (30)

il

The assumption on primary arrivals is that it forms a Poisson process and the
above analysis of our solution also verifies the same.

2. The probability that exactly j customers have been served by time t. P; (t) in
terms of P, ; (t) is given by:
Pi®=), Py®
3. From the abstract solution of our model, we verified that sum of all possible

probabilities is one i.e. taking summation over i and j on equations (7) — (17)
and adding, we get

o vi (p 5 5 1
Zi=0 Z;:O{Pi,j,o (S) + Pi,j,‘m(s) + Pi,j,C(s)} = ;, (m = 1,2, W C— 1)

After taking the inverse Laplace transformation, we get

Yizo Z?:o{Pi,j,o O+Pjm@©+ P ()} =1,
which is a verification of results.
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4. Define Q, ., (t) as the probability that there are n customers in the system at
time t and ‘m’ (m = 0,1,2, ... ¢) servers are busy.
The probability of exactly n customers in the system at time ¢t in terms P; ; ., (t):
When m servers are busy, it is defined by probability Q,, ,, (t)

Qn,m (t) = Z 3 0Pj+n+m,j,m(t): (m = 0P1P21 C)
j=

The number of customers i.e. ‘n’ in the orbit is obtained by using the relation:
n = (number of arrivals — number of departures — m)
Using the above relation and letting u=1 in the equations (1) to (3), the set of
equations in statistical equilibrium are:
A+m+n0)Qnm =20 m-1+ M+ 10Qpi1m-1+ M+ DQpmy1,
0<m<c—-1n=0. (31

(/1 + C)Qn,c = AQTL,C—l + (n + 1)9Qn+1,c—1 + /1Qn—1,c (1 - 6110)'

(casem =c),n > 0. (32)
1, whenn =0

where & = {O, whenn > 1

n,0
Now, for generating functions

Qm(2) = Xn=o 2" Qnm,0<m<c.

Letting z = 1, then Q,,(1) = X7-0 Qum = Qm, 0<m<ec.
these equations become
A+ m)Qn(2) + 6zQ(2) = 1 Qi-1(2) + Q1 (2) + (M + D Q41 (2),
0<m<c-1. (33)
(A4 0)Qc(2) = 0Q._1(2) + AQ-1(2) + Az Q.(2), (case m = c). (34)
Now introduce the bivariate generating function
Q(x,2) = Xn=0 X™ Qm(2) -
Then equations (33), (34) become:
A1 —x)Q(x,z) +0(z —x)Q,(x,2) + (x — DQ(x,2) + Ax“(x —2)Q.(2) +
pxc(x — z)Qc(z) = 0. (35)
Which coincide with the result (2.21) of [3].
On putting z = 1 in equation (33) and in equation (34), we get:
1+ m)Qm +0Qn =1Qm-1 t+ HQ'm—1 + (m+ 1)Qm+1'
0<m<c-—-1. (36)
(A4+)Q.=6Q._; +AQ.—1 + A2 Q., (casem = c). (37)
Now consider Q;, = Ny, Q-1 = Nm+1, Q._; = N4, then the equations (36)
and (37) becomes
AQm + Ny, — (m + 1)Qm+1 = AQm—l + ONp—1 —mQp,
0<m<c—-1. (38)
AQc—1 +ON;y —cQ. = 0.
These equations yield that
AQum +ON,, —(m+ 1)Qpny1 =0, 0<m<c-—-1 (39)
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Denote the ratio 9{;’—’” =1, , Which is the rate of flow of repeated calls given that

the number of busy servers equals m.
Then equation (39) can be rewritten as

A+,
=—=0Q 0<mc<c—1.
m+1 m+1 €M —= —=

Now solve this recursively we have:

1) AT p) e (A+70)

m!

From the normalizing condition

i Om = 1.
m=0

A+Tm—1) A+Trm—2) eeereereennn A+1o)\ 1
e e V) (41)

m!
Thus from equation (41), we can say that the steady state distribution of the

number of busy servers in the retrial queue is identical to the steady state
distribution of the number of busy servers in the “ Erlang loss model” with steady
dependent arrival rate(A + 1,,,). The extra load 1, is formed by repeated calls.

Om Qo, 0<m<c-1 (40)

5. Special cases

1. When we considering the units are served singly i.e. (c = 1) and service time of
the server is exponentially distributed with parameter « in equations (18) to (28),
then we get:
Poo0(t) = e . (42)
Py10(8) = e~ (-0 *Pioq.(0), i = 1. (43)

Pyio(t)= [(/1/1)‘3_/“ {i_ e_:t} * P 1-10() + (ud)e=* {i_ e_:t} * i,i—l,O(t)];

i>1. (44)

i-1
on®= e xfh e 3T
Pioa() = e X{(u)i ¢ oo T @FT

}, i>1. (45)

Pii_11(t) = (/I e~ (DL Pi_qi—10(t) + Qe (AL « Pi,i—l,o(t));
i>1. (46)

i . 1 _ E i=j-1 (G4 1
Pi,jjo(t):/lﬂzl ]e (ﬂ.‘l‘(l ])H)t {(lu)_L_] —e ut . y —(#)i—j—r * Pj,j—l.O (t) +
r= ’

.. .. i_j_k T
—Q+3G-) Ot yi—J i—j—k+1 1 _p—Hut @ ___ 1
€ L=z HA {(/l)i_j_k"'l e’ Zrzo R E
Piig-1,j-10(0 +
. . i_j_k+1 T
—(+G= ) Ot yi—J i—j—k+1 1 _—ut Q) 1
€ O Y=o (k) A {(lu)i—j—k+2 e Zr:O PRl

_ i 1 —ut ..
Piig-1j-10() + e (A+(-j)ot {;—87} ((—=Jj+Dub)* Py j_10(t) +
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i—j=1, .,
=] o= (2t ot —ut © !
pA ™ em (300 {w e Zr r! W}*Pj'j_l'l(t)'

=0
i>j>1. (47)

(6) = A e L2 (D) +e~ U+t

l] 1 (l ] 2)/ Pj+1‘j‘0
i-j-1 . . i-j—k-1

i-j—k (t) J-

Zk:z A m* Pj”‘j‘)(t) +
i-j—

_ -k (OF . . _

e (’Hﬂ)tzk , kO™ (i- k)/ Piigjo® + (@ —j)Oe A+t 4

- Gkl
Pyjo(t) + A7 Tt o —x Py 1 (),

(i-j-2)/
i2j+2,j=>1 (48)
and the above equations coincide with that of [12].

2. When there are two parallel servers (¢ = 2), and service time of each server
follow an exponential distribution with parameter x, then we obtained various
probabilities from equations (18) to (28), and these probabilities coincide with the
results of [13].

Poo,0(t) = e~ (49)
Pi1o(t) = Au(te™*)e~ A+t (50)
— 1 —ut _ 1 —ut
Piio(t) = Aue™ (; - eT) *t i-1,i-1,0(8) + e (; - ET) * Piiz1,0(0)
a1 e )
+ 242 e (2= T x Pyaa(0), i> 1. (51)

. = 2 —(A+(i-2)0)t 1 _e-(u+(i—2)6)t '
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We—G-D0 PG00 | =GN O 1)9)] * Pij21(),
i>j>3. (58)
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a4 itz
P2 (O=( A7 i e ()

i=j-1, .. i—j—k-1
i—j—k 7T (42t o
+Zk=2 ( A (i—j—k-1)! e R > Pj+k,],1(t)
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i—j-kp tIk G2t
+Zk=2 (A7 - 10 e )+
Py ji(O+((( —j—1) 6 e=H20tyxp, . (1),

i>j+2j>1 (60)
6 Conclusion

Retrial queues have frequently been used for modeling of computer and
telecommunication networks. This paper presents an extensive analysis of
multiserver retrial queueing systems. The time dependent probabilities of exact
number of arrivals and departures for the system when no, some or all servers are
busy are found by solving difference differential equations recursively. Due to the
two-dimensional nature of the model under study, factors are clearly understood
and well quantified. Expressions for performance measures are also given. This
model would be significant for modeling banking service systems, computer job
processing systems, and many other such systems.

7  Open Problem

In this paper, we have considered primary arrivals of customers follow Poisson
process. Similarly customers from the orbit i.e. secondary arrivals to the system
also follow Poisson distribution but with different parameter. The service times
follow an exponential distribution. The open problem here is to find time dependent
probabilities while considering general distributions for primary arrivals of
customers in the system, secondary arrivals of customers in the system and
departures of customers from the system.
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