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Abstract

In this paper, we propose the answer to an open problem
recently posed. In addition, we derive some inequalities by
introducing certain parameters \, p and q.
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1 Introduction

Some results involving open problems of F. Qi were established and proved
earlier by K. Tibor Pogany (cf. [6]). Other results were obtained for positive
operators in Hilbert space (for details, see [2]). Then, B. Belaidi et al. (see
[1]) were particularly interested in the following two problems posed in [3]:

Problem 1.1 For x; > 0,7 = 1,2,..,n,n € N, n > 2, determine the best
possible constants o, A\, € R and B, > 0, p, < oo such that

8,30 <exp (Z> <Y )
=1 =1 =1

Problem 1.2 What is the integral analogue of the two-sided inequality (1)?

In the following theorems and lemmas were recently given the answers to
open Problems 1.1 and 1.2 (for details Seel[1]):



36 A. Senouci

Theorem 1.3 Letp>1xz; € (0,00),i=1,2,...,n, n € N and n > 2, then

St < Zexp (Z ) (2)

=1 =1

The factor p_z is the best possible in this inequality (the smallest constant in-

e
dependent of x;).

Theorem 1.4 Let 0 < p < 1uz; € (0,00), 7= 1,2,....n, n € N andn > 2,

then
1—p PP
;xfg n pe—pexp (Z xl) (3)

i=1
The constant nl_pp—z is the best possible in (3).
e

Lemma 1.5 Let p > o z € (0,00), then

aP < i—ie’:. (4)

The constant p_z is the best possible in (4).
e
Lemma 1.6 Letp >0, z; € (0,00), 1 =1,2,....,n, n € N and n > 2, then

(i) For p>1

Z 2 < ( xz> : (5)

=1

(ii) For o<p<1

np_lz b < <Z :EZ> : (6)

Theorem 1.7 Letp >0 n > 2, then
n pp o n Y
exp Z x| < e Z x; (7)
i=1 i=1

holds for 0 <x; <p, 1 <i<mn. The constant p—pe”p 1s the best possible.
n



On an Open Problems of F. Qi 37

In [4] the following lemmas and theorem were proved.

Lemma 1.8 Let (x;) be a sequence of non negative real numbers and let 0 <
p < q < oo, then

1 1
(520) = (S <t (35) 8
i=1 i=1
Theorem 1.9 Let 0 <p<gq, andx; >0,1=1,2,..,n, n € N, then
- p 1-2 p¥ - q !
ing n qe—pexp<2xi> : (9)
i=1 i=1

42

ep

The constant n' 15 the best possible.

Lemma 1.10 Let 0 < p < ¢ < 00, and f,w be non negative Lebesgue mea-
surable function on [a,b] such that ff flwdr < oo, then

([res s (fos ([ res) o

In [5] was proved the following theorem.
Theorem 1.11 Letp >0, 2, >0,1=1,2,...n,n e N, n>2 )\ > 0.

1) If p>1, then
Z)\p pg—eXpZAxl (11)

2) If 0<p<1, then

z”: iz < Z—Z (i )\i> exp z”: AiT;. (12)
i=1 i=1 i=1

The constant 7;—5 is the best possible.

In [5], the following problem is posed: let p, ¢ be real parameters such that
O<p<g<oocandz; >0, \; >0,72=1,2,....,n, n > 2. Give the integral
analogue of inequalities (11) and (12) for two parameters p and ¢ with the best
possible constant.

The aim of the present article, in one hand, is to give an answer to this open
problem and on the other hand, to generalize some inequalities obtained in [1]
and [4].
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2 Main results

In the following theorem, we give an answer to the proposed open problem
3.1 in [5]. The sharp constant (best possible) is determined only for the case

p=gq

Theorem 2.1 Let 0 <p < g <00, 0< )\ < o0, f be anon negative Lebesque
measurable function on [a,b] such that ff fldx < oco.

1) If p>1, then

1

b b q
/Apfpdxg(b—a)éép—zexp (/ Aqfqu) . (13)

a e

2) If 0 <p <1, then

b b
/Afpdxg(b—a)i—éfe’—zexp (/ Aquda;) . (14)

Proof 2.2 1) p>1.

Q

1

Let g = \f. By applying Lemma 1.5 with © = (fab qux> E; we get

b L b H
</a qux> SZ—Zexp (/a qu:v> . (15)

Now, taking into account (10) with w = 1 and inequality (15), we conclude

that
b . b L
(/ gpdx> <(b—a)a (/ qua:)
b D
1—2pP !
< (b—a) " eXP (/a qux> .
Thus

b b :
(/ Aquda;) S(b—a)lgi—ZeXp (/ Aqudx) .

2)0<p<l1.
1
By setting g = \a f, similar arguments lead to the inequality (14).

If in (13) and (14) we put ¢ = p, we obtain the following corollary.

Corollary 2.3 Let 0 < p <00, 0 < A < o0, f be a non negative Lebesgue
measurable function on [a,b] such that fab NP fPdy < oo.
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1) If p>1, then

b P b :
/ N fPdr < o &XP (/ )\pfpdx> . (16)

Equality in (16) holds if f(z) = p(b_;) . Thus the constant . is the best
possible (the smallest constant independent of function f).

2) If 0 <p <1, then

b b .
/a AfPdr < Z—Zexp (/a )\fpdzv) . (17)

=

Thus the constant ZZ—Z 1s the best

Equality in (17) holds if f(z) = 2*=¢
A

Sl

possible.
By putting y; = \;x; in inequality (8), we have the following corollary.

Corollary 2.4 Let (z;) be a sequence of non negative real numbers and 0 <
p<<qg<oo, \;>0,1=1,2,...,n, then

(i )\3932) q < (i Afxf) <nr <z”: )\gz;l) q : (18)

=1 =1 =1

Theorem 2.5 Let 0 <p<qg<oo,z; >0, \; >0i=1,2,....,n, then

Z)\p P < p! Iq)p—p exp (Z(Afxf)) ‘1 : (19)

i=1

pP
eP

The constant n*~ 12 is the best possible.

Proof 2.6 By using the right hand side of double inequality (18) and Lemma

1.5, we obtain
(S < (S0
i=1 i=1

p P “ ‘
<niTe p(Z(V!ﬂ?)) :

=1

D
q

_D
1 qpp
P

By taking in (19) z; = pT;\ ;

15 the best possible constant.
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Remark 2.7 1) Ifin (19) \; =1, i =1,...,n, then we have inequality (9) of

Theorem 1.9 with the best constant n' EZ—Z.

2) If in (19) ¢ = 1, we get the following Corollary.

Corollary 2.8 Let0 <p<1<o0,2; >0, \;>0,1=1,2,....n, n € N, then
Z)\p P <l ppexpz i (20)

Remark 2.9 Ifin (20) \; =1, i=1,...,n we obtain inequality (3).
Theorem 2.10 Letp>02;>0,0<z; <p, A\, >0,1=1,2,....,.n, n > 2.

1) If p>1, then

n

Z/\p pg p2pz i) 7P, (21)
1=1

2) If 0 <p <1, then

S <Y
=1 =1

— ) n

PPy (Niwi) . (22)

i=1

Proof 2.11 1) p > 1. If in (7) we put y; = \jx;, we have

eXpZn:yi < %pe"pzn:yfp,
i=1 i=1
thus .
epo)\iacZ < —e"pz Niz;) 7P, (%)
i=1

By (11) and (*), we get

Z Na? <expY A < Ze S () 7
n
i=1 i=1
Consequently
" ep(n=1)p2r.
L — )P
Z)\le < - Z(Azxz) :
i=1 i=1
2)0<p<1.

By using (12) and (*) we obtain inequality (22).
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The proof is complete.

Theorem 2.12 Let p>0x; >0, \; >0, i =1,2,....,n, such that

1) If p>1, then

400 pp 400
Z Nl < —p &XP Z ;. (23)
i=1 i=1

2) If 0 < p <1, then
+00 P +00 I=p +o0
g izt < — ( E )\i> exp g AiZ;. (24)
e
i1 i=1 i=1

The constant i—i 18 the best possible.

Proof 2.13 Letting n — +oo in Theorem 1.11, we obtain (23) and (24).
If in (28) x; = £, we get equality, then the constant 2 s the best possible.

i’ ep

3 Open Problems

Problem 3.1 FEstablish a relation between the inequalities (13) and (14) of
the Theorem 2.1 and the well-known Tchebychev inequality.

Problem 3.2 Let E C R", 0 < mesFE < oo.
If 0 < p1 <p<py < o0, then

1 gty < P, o 1A (25)

where a € (0,1). Under what conditions on the parameters py, p, ps and o
does the inequality (25) hold?
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