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Abstract

In this paper, we present the basic Dunkl wavelet theory. Next, we prove several un-
certainty principles for this transform such as Heisenberg type inequalities, Shannon’s
uncertainty principle, Faris-Price type uncertainty principle and local uncertainty prin-
ciples.
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1 Introduction

We consider the differential-difference operators 7';, j = 1, 2, ..., d, associated with a root system
R and a multiplicity function k, introduced by Dunkl in [15], and called the Dunkl operators in
the literature.

During the last years, these operators have gained considerable interest in various fields
of mathematics and also in physical applications, especially in conformal field theory. In fact
these operators they are naturally connected with certain Schrodinger operators for Calogero-
Sutherland-type quantum many body systems. A good bibliography is contained in [14, 27].

The Dunkl theory is based on the Dunkl kernel K(4,.), 1 € C?, which is the unique analytic
solution of the system

Tiu(x) = Au(x), j=1,2,...4d,

satisfying the normalizing condition u(0) = 1.
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With the kernel K(4,.), Dunkl have defined in [16] the Dunkl transform .%p. For a family
of weighted functions, wy, invariant under a finite reflection group W, Dunkl transform is an
extension of the Fourier transform that defines an isometry of L?>(R?, wi(x)dx) onto itself. The
basic properties of the Dunkl transforms have been studied by several authors, see [13, 15, 16,
53] and the references therein.

Very recently, many authors have been investigating the behavior of the Dunkl transform
to several problems already studied for the Fourier transform; for instance, Babenko inequality
[7], uncertainty principles [8, 25], real Paley-Wiener theorems [29], heat equation [43], Dunkl
Gabor transform [30, 31, 33], Dunkl wavelet transform [30, 32, 34, 54], and so on.

In quantum mechanics, the Heisenberg uncertainty principle states that the position and
momentum of a particle described by a wave function in L2(R) cannot be simultaneously and
arbitrary small. Motivated by this principle in 1946, D. Gabor, who won the 1971 Nobel Prize in
physics, first recognized the great importance of localized time and frequency concentrations in
signal processing [20]. In order to incorporate both time and frequency localization properties
in one single transform function, Gabor introduced the windowed Fourier transform (or Gabor
transform) by using a Gaussian distribution function as window function. Subsequently, various
other functions have been used as window functions instead of the Gaussian function that was
originally introduced by Gabor. The Gabor transformation has been found to be very useful
in many physical and engineering applications, including wave propagation, signal processing
and quantum optics [10, 11]. The major drawback of the Gabor transform is the fixed width of
the analysing window. Indeed, in many applications, the high frequency content of a signal is
more time/space-localized than the low-frequency one. Removing of the rigidity of the window
function is one of the motivations for continuous wavelet transform.

In the classical setting, the notion of wavelets was first introduced by Morlet, a French
petroleum engineer at ELF-Aquitaine, in connection with his study of seismic traces. The
mathematical foundations were given by Grossmann and Morlet in [22]. The harmonic analyst
Meyer and many other mathematicians became aware of this theory and they recognized many
classical results inside it (see [9, 26, 38, 52]). Classical wavelets have wide applications, ranging
from signal analysis in geophysics and acoustics to quantum theory and pure mathematics (see
[12, 23] and the references therein).

Next, the theory of wavelets and continuous wavelet transform has been extended in the
context of the Dunkl seeting (see [54]).

Very recently, many authors have been investigating the behavior of the Dunkl wavelet trans-
form to several problems already studied for the classical wavelet transform; for instance, Un-
certainty principles [21, 30, 32, 34], Localization theory [32], Reproducing kernel theory [50],
and so on.

This paper is a continuation of the papers [30, 32, 34] in the study of the quantitative un-
certainty principles for the Dunkl wavelet transform on R¢. In the classical setting, the no-
tion of the quantitative uncertainty principles for the wavelet transform was first introduced by
Wilczok [56]. Next, this subject has been extended for the generalized wavelet transforms (see
[1,4,5, 30,32, 34, 42, 45, 46] and others).

We recall that the classical quantitative uncertainty principles is just another name for some
special inequalities. These inequalities give us information about how a function and its Fourier
transform relate. They are called uncertainty principles since they are similar to the classical
Heisenberg uncertainty principle, which has had a big part to play in the development and
understanding of quantum physics.

The quantitative uncertainty principles have been studied by many authors for various Fourier
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transforms, for examples (cf. [3, 25, 28, 55]) and others.

To date, several generalizations, modifications and variations of the harmonic based uncer-
tainty principles have appeared in the open literature, for instance, the logarithmic uncertainty
principles, Benedick’s uncertainty principle, Amrein’s and Berthier’s uncertainty principles, lo-
cal uncertainty principles and much more [2, 6, 17, 18, 19, 24, 39, 40, 41, 48, 49]. Thus, it is
therefore interesting and worthwhile to investigate these kinds of uncertainty principles for the
Dunkl wavelet transforms in arbitrary space dimensions.

The aim of this article is to formulate some novel uncertainty principles for the Dunkl
wavelet transform. In fact, the main contributions of this article are as follows:

e To obtain the Faris-Price uncertainty for the Dunkl wavelet transforms.

¢ To derive the Heisenberg uncertainty principle for the Dunkl wavelet transforms by using
the Dunkl entropy.

e To obtain some L”-Heisenberg’s uncertainty inequalities for the Dunkl wavelet transforms.

¢ To study some local-type uncertainty principles for the Dunkl wavelet transform.

e To derive some generalized Heisenberg-type inequalities for the proposed transform.

We note that recently in [34] we have established an analogue of the well-known Pitt’s
inequality, Beckners uncertainty principle, Benedick-Amrein-Berthier’s uncertainty principle
and Dunkl logarithmic Sobolev uncertainty inequality for the Dunkl wavelet transforms.

The remaining part of the paper is organized as follows. In §2 we recall the main results of
the harmonic analysis associated with the Dunkl operators and we present the basic results for
the Dunkl wavelet transform. §3 is devoted to give many versions of Heisenberg’s inequalities
for this transform. In §4 we present the L” local uncertainty principles for the Dunkl wavelet
transform.

2 Preliminaries

This section gives an introduction to the Dunkl theory. Main references are [13, 15, 16, 44, 51,
53, 54].

2.1 The Dunkl operators

We consider R? with the Euclidean scalar product (,) for which the basis {e;, i = 1,...,d}
is orthogonal and ||x|| = V{(x, x). For a in R%\{0}, let o, be the reflection in the hyperplane
H, c R? orthogonal to a, i.e.

(@, x)
llerl[?

A finite set R ¢ R%\{0} is called a root system if R(Ra = {+a} and o(R) = R for all
a € R. For a given root system R the reflections o, @ € R, generate a finite group W c O(d),
called the reflection group associated with R.

We fix a positive root system R, = {a €eR :{a,B) > O} for some B € Rd\UHa. We

@€R
will assume that (@, @) = 2 for all @ € R,. A function k : Z — [0, ) is called a multiplicity

function if it is invariant under the action of the associated reflection group W. For abbreviation,
we introduce the index

og,(x)=x-2 a. (2.1)

y=yk) = ) ka). (2.2)

a€ER,
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Moreover, let wy; denotes the weight function

wi(x) = | | Ka, P, 2.3)

a€R;

which is W-invariant and homogeneous of degree 2y. We introduce the Mehta-type constant

Ck :f e_%wk(x) dx. 2.4)
R4

In the following we denote by
CP(RY) the space of functions of class C? on R¢.
&(RY) the space of C*-functions on R?.
7 (R?) the Schwartz space of rapidly decreasing functions on R%.
D(RY) the space of C*®-functions on R¢ which are of compact support.
The Dunkl operators T, j =1,..., d, on R¢ associated with the finite reflection group
W and multiplicity function k are given by

6 B a
T (= an(x) + > ka2 <ajj§c(>r -

, f e C'RY, (2.5)

J a€R;
where a; = (a, ¢).

We define the Dunkl-Laplacian operator A; on R by

(Vf(),a)  f(x)-f (O-a(x)))

(@, x) {a, x)?

d
8 f(0) 1= ) TH) = af(x) +2 ) k@)
j=1

a€eRt

where A and V are the usual Euclidean Laplacian and the gardient operators on R? respectively.
For y € RY, the system

yju(x,)’), j: 1,...,d,

{ Tju(x,y) 1 2.6)

u(0,y)

admits a unique analytic solution on R¢, which will be denoted by K(x,y) and called Dunkl
kernel. This kernel has a unique holomorphic extension to C¢ x C.

The function K(x, z) admits for all x € R¢ and z € C“ the following Laplace type integral
representation

K(x,2) = f e Idp(y), 2.7)
R4

where 1, is the positive probability measure on R?, with support in the closed ball B,(0, ||x||) of
center 0 and radius ||x||. (cf. [44]).

2.2 The DunKkl transform

Notation. We denote by L; (RY) the space of measurable functions on R? such that

1 ey
111 |L;°(Rd)

( f [f@F dy(x))” < oo, if 1<p<o,
R4

ess sup |[f(x)| < oo,
x€R4
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where
dyi(x) := wi(x)dx.

For p = 2, we provide this space with the scalar product
(f. 82 = f F0g@)dyi().
R
If .7 is a space of a C-valued functions on R¢, denote by

Fraa={f €F : foA=fforall A€ Od,R)

the subspace of those f € .%# which are radial. For f € .%,,, there exists a unique function
F : R, — C such that f(x) = F(]|x|)) for all x € R%.

Remark 2.1. By using the homogeneity of wy it is shown in [44] that for a radial function
f € Ly(RY) the function F defined on [0, c0) by f(x) = F(||x|l), for all x € R? is integrable with
respect to the measure r**4='dr. More precisely,

f S)dyi(x) = dyi f i F(ryr"*dr, (2.8)
R4 0

where
Ck

dk = . -
2410y + 9)

(2.9)
The Dunkl transform of a function f in L} (R%) is given by

1
Fp(Hy) = C_k Ld f()K(—ix,y)dyi(x), forallye RY, (2.10)

In the following we give some properties of this transform (cf. [13, 16]).
i) For f in L}(RY) we have

1
||ﬁD(f)||L;°(Rd) < C_”f”L,i(]Rd)' (2.11)
k

ii) Inversion formula: Let f be a function in L;(R?), such that Zp(f) € L,(R?). Then

T (X)) = Fp(f)(=x), ae. xR’ (2.12)
Proposition 2.1. The Dunkl transform %, is a topological isomorphism from . (R¢) onto itself.
If we put for f in /' (R?) L
Fp(H) = Fp(f)=y). yeR, (2.13)
we have

gZDﬁD :J?DJD :Id

Proposition 2.2. i) Plancherel’s formula for %p.
For all f in . (R?) we have

f fPdyx) = | [ Fo(HEPdyi&). (2.14)
R4 R

d
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ii) Plancherel’s theorem for Fp.
The Dunkl transform f — Zp(f) can be uniquely extended to an isometric isomorphism on
LE(RY).

iii) Parseval’s formula for Fp.
For all f,g in . (R?) we have

fﬂ&@mmiﬁ%m@%@QM@ (2.15)
Rd d

Definition 2.1. ([44]) Let x € R The Dunkl translation operator f +— T.f is defined on
LY(RY) by
Fp(f) = K(ix, ) Fp(f). (2.16)

Using the Dunkl translation operator, we define the Dunkl convolution product of func-
tions as follows (see [51, 53]).

Definition 2.2. For f, g in D(R?), we define the Dunkl convolution product by

1
WeW,fmgm:—L;ﬂwmwmw. 2.17)

Ck

2.3 Basic Dunkl wavelet theory

In this subsection we recall some results introduced and proved by Trimeche in [54].
Let b > 0. The dilation operator A, of a measurable function 4, is defined by

Yy e R Ah(y) = b;gh(%). (2.18)
This operator satisfies.
Proposition 2.3. (i) For all a, b in (0, o), we have
AN, = Ay (2.19)

(ii) Let b > 0. For all h in L,%(Rd), the function Aph belongs to L,%(Rd) and we have
||Abh||L§(Rd) = ||h||L§(Rd), (2.20)

and

FoAh)(€) = D Fp()(bé), ¢ R (2.21)
(iii) Let b > 0. For all h, g in Li(Rd), we have

(Aph, g)L,{(Rd) = (h, A%8>L,§(R“’)- (2.22)
(iv) Let b > 0 and y € R?. We have

ApTy = Tpy Ap. (2.23)
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Definition 2.3. A Dunkl wavelet on RY is a measurable function h on R? satisfying for almost
all y in RA\{0}, the condition
« ,dAd
0<Cy:= |- Zp(h) ()] - < oo, (2.24)
0

Example 2.1. The function a,, t > 0, defined on R by

a(y) = : - e‘% (2.25)
(20)r2
satisfies
VEERY, Fp(a) (&) = e P, (2.26)

d 1
The function h(y) = _Eat(y) is a Dunkl wavelet on R? in . (R?), and we have C), = vt

Let b > 0 and h be a Dunkl wavelet in L7(R?). We consider the family #,,, y € R?, of
functions on R? in LZ(RY) defined by

hpy(x) 1= T (Aph)(x), x € R, (2.27)

where 7,, y € RY, are the Dunkl translation operators given by (2.16).
We note that we have

Yb>0,YVye Rd, ||hb,y||L§(Rd) < ||h||L§(Rd)- (2.28)

Notation. We denote by
o R4 = {(b,y) = (b.y1,...ya) €R¥! 2 b >0},
o LI RTY), p € [1, o], the space of measurable functions f on R%*!' such that

1
”f”LZk(Rgf*l) = (fl 1 |f(ba)))|pd,uk(b,y)) <oo, 1 <p<oo,
R+

esssup |f(b,y)| < oo,
(by)eR%H!

”f”L;j((Rfi*l)

where the measure y is defined by

dyi(y)db

V(b,y) e R, duy(b,y) = Layedil

Definition 2.4. Let h be a Dunkl wavelet on R? in Li(Rd). The Dunkl continuous wavelet
transform ®2 on R is defined for regular functions f on R? by

1 S 1

@) (f)(b,y) = - f ) FOhp () dyi(x) = C—(f s Ty(Aph)) 2ray, D> 0, y € RY. (2.29)
t JR k

This transform can also be written in the form

P ()D,y) = frp Aph(y), (2.30)

where f (x) := f(—x), and *p is the Dunkl convolution product given by (2.17).
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Remark 2.2. Let h be a Dunkl wavelet in L;(R?). Then from Cauchy-Schwarz’s inequality, the
relations (2.29) and (2.28), for all f in L;(RY) we have

1
||(D;,D(f)||LZ(Rg+1) < c—kllflng(Rd)llhlng(Rd)- (2.31)

Theorem 2.1. (Plancherel’s formula for d)hD ). Let h be a Dunkl wavelet on R? in L,%(Rd). For
all fin L,%(Rd) we have

1

f If(x)lzdyk(X)=C— f O ()b, y)Pdp(b, y). (2.32)
R4 h JR!

Corollary 2.1. (Parseval’s formula for (DhD ). Let h be a Dunkl wavelet on R? in L%(Rd) and fi, f>
in LA(R?). Then, we have

— 1 -
fR , S H(wi(x)dx = Fo f o D5 (f1)(b, I (f)(b, Y)dp(b, y). (2.33)

n JRrd
By Riesz-Thorin’s interpolation theorem we obtain the following.

Proposition 2.4. Let h be a Dunkl wavelet on R in Li(Rd), fe Li(Rd) and p belongs in [2, «].
We have
||h||L§(Rd) p-2

)THf”Lz(Rd)' (2.34)

”q)g(f)”Lﬁk(Riﬂ) < (Cp)r(
Ck

Theorem 2.2. (Inversion formula for CDhD ). Let h be a Dunkl wavelet on R¢ in L,%(Rd). For all f
in L,i(Rd) (resp. L,%(Rd)) such that % p(f) belongs to Li(Rd) (resp. Li(Rd) N LZ“(R")) we have

1 (oo}
£ = —— f f OP(F) (b, Yoy (b y), e, (235)
aCh Jo Jre

where for each x € RY, both the inner integral and the outer integral are absolutely convergent,
but possible not the double integral.

Proposition 2.5. Let h be a Dunkl wavelet on R? in Lﬁ(Rd). For any f in Li(Rd), and for any
t > 0, we have

b
1(by) €RIL QNG = QYA §>. (2.36)

Henceforth, the function & will denote an arbitrary Dunkl wavelet on R? in L2(R?).

3 Heisenberg types uncertainty inequalities for the Dunkl
wavelet transform

In this section, we establish many versions of Heisenberg-type inequality for the Dunkl wavelet
transform.
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3.1 Heisenberg types uncertainty inequalities via the Dunkl Entropy

A probability density function p on R%! is a nonnegative measurable function on R%*!
satisfying

f p(b, )dui(b,y) = 1.
Rz+l
Following Shannon [47], the Dunkl entropy of a probability density function p on R%*! is
defined by

E(p) := - f ., In(o(0, y))p(D, y)dpi(D, y).

R+

Henceforth, we extend the definition of the Dunkl entropy of a nonnegative measurable function
p on R%*! whenever the previous integral on the right hand side is well defined.

The aim of this part is to study the localization of the Dunkl entropy of the Dunkl wavelet
transform over the space R%*!, indeed we have the following result.

Proposition 3.1. Let f € L,%(Rd) be nonzero function, then

If IILg<Rd>||h||L,§(Rd>)

E(Q) (NI > —2Ch||f||:3(Rd) In( o (3.1
Proof. Assume that || f]| L]%(Rd)”h” L2(Rd) = Chs then by Relation (2.31) we deduce that
1
V(b.y) € RO < Izl = 1. (32)
k

In particular E k(I(I)hD (f)I*) > 0 and therefore if the entropy Ek(l(Df (f)I?) is infinite, the inequality
(3.1) holds obviously. Suppose now that the entropy Ek(ICDhD (f)?) is finite. We return now to the
general case, so let f € L7(R?) and h € L7(R?) be nonzero functions and let

h
Well 2

@ and ¢ =

||f||L§(Rd)
Then, ¢ € L;(RY), ¢ € L;(R?) and [|l| 2ze) 141l 22y = cx, hence

El(®)(p)) > 0.

D _ Ck D
However, ®)(¢) = rm—Hm— iz Pz ®,'(f) and
c? Nl 2@allbll2gey  2C,c?
E®)@)) = —m— = BN + In(— )
VIR o 1 o VIR

So,

||f||L%(Rfl)||h||L2(Rd)
B3 (NP) 2 =2Cillf 3y In(——————).

O

Using the Dunkl entropy of the Dunkl wavelet transform, we can obtain the following
Heisenberg uncertainty principle for @2 .
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Theorem 3.1. Let p and q be two positive real numbers. Then, there exists a positive constant
M, (k) such that for every function f € L¥(R?) we have

p
p+q

(f ||y||”|<D,?(f)(b,y)lzduk(b,y))w (f b=IOP(f)(b, y)Pdu(b, y))
R:l_+1 R(H
My RICHT 2 g (3.3)

where 5
d+ 'y Arath)

M, 4(k) =
p p+q q p+q

Pq
(G dfhr(%))

here

Ap4(k) := pq

(d+2y)p+9q)
Proof. Assume that || f]| L%(Rd)”h” L2®d) = Cr- For every positive real numbers ¢, p, g, let n, , , be
the function defined on R4*! by

_ ||,v||"+b-‘7

pPq e
dkr( d+2’}/)1—~( d+2’)/) (d‘*'z?;));P‘H])

nt,p,q(b’ y)

So by simple calculus we see that

f nt,p,q(b, y)d,uk(b, y) =1
R{HI

+

in particular the measure do ) ,(b,y) = 1:,4(b,y)dui(b,y) is a probability measure on Rﬁ“.
Since the function ¢(¢) = tIn(¢) is convex over (0, o), hence by using Jensen’s inequality for
convex functions, we get

f ()b, y)IP In ( ()b, y)IP
R4+ nt,p,q(b, y) nt,p,q(b’ y)

)da,,p,q<b, M >0

which implies in terms of Dunkl entropy that for every positive real numbers ¢, p, g, we have

Pq
Ek<|d>,’3<f>|2>+ln{dkr(dﬂ)r(ﬂ))chnfnig(Rd)

d+2y)(p+q)

<In@@ )Ch”f”Lz(Rd) f Ull” + b~ DID7 (f)(B, y) (b, y).
Therefore, by Proposition 3.1 we get

(Il + b™DIOL ()b, y) P dus(b, y) >

Rz!' +1
d+2y)(p+q)

D
(l NG ey ~In )”q) P e

However, the expression

M ( pPq ) | (t d+2y)(p+q)
n — In rq
AT (D22

IO,
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(k)

attains its upper bound at #, = ¢*»®_ and consequently

f (yll” + b=DID, ()b, y)Pdui(b, y) > pq(k)Chllflle(Rd),

where

C, (k) = (d+ 27];)q(P +q) eAra®

Now, the general formula follows from above by substituting f by cf/{||f ||L£(Rd)} and h by
h/lIAll 2 ). Therefore, for every f € Li(R?) and h € L} (R?), we get

f IPIOPC )b, y)Pdsae b, )+ f B2 ()b, P dia(b,y)
Rci+l Rriﬂ

> Cpqg(R)Cllf IIiz(Rd)- (3.4)

Now, for every A > 0 the dilates A% fe Li(Rd). Then by Relation (3.4), we have

f MR B, P, y) + f B0 ) b )
Rd* Rd*
CpaRICHIAL FI: s

Thus using the fact that ||A flII? = I L) and (2.36), we get for every positive real number

A

L2RY)

ﬂ‘p”fl lHyH”kDf(f)(b,y)Fa&u(b,y)+-ﬂqbfl N0 (B, (D, )
R4+ R+
CpaICHI I o
In particular, the inequality holds at the critical point
P f VPR ). )b, y)
R +1

A= : :
q f b= NP (f)(b, y)Pdu(b, y)
R:I_H

which implies that

P
ptq

( L Ll |7 ()b, )P dp(b, y))p ( fR N b0 (f )(b,y)lzd#k(b,y))

p q(k)C/‘l”f”LZ(Rd)a

where
pragr d+2y
Mp,q(k) pq(k) = e qu(k).
+ q p prq qp+q

Remark 3.1. When p = g = 2, we get

I PP e, 27 T3 o = € o ch||f||Lz e

d <r<‘”2’>>2
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3.2 LP-Heisenberg’s uncertainty principles for the Dunkl wavelet trans-
form

Letr > 0. We put
E.(b,y) := eGP forall (b,y) € R,

By simple calculations it is easy to prove the following.

Lemma 3.1. Let 1 < g < coandt > 0. There exists a positive constant C, such that we have

d+2y

”Et”L‘f R = Ct .

d+2y

Lemma3.2. Letl < p<2and0<s<
forall f € L,%(Rd) andt >0,

Then, there exists a positive constant C such that,

| v WAllzeay y
”e—f”(g,y)”z(DhD(f)”LP pitt) S < C(CY (— )7
R Ck

NI Al + 1 f ] B5)
Proof. Inequality (3.5) holds if | IlI*ll2zs) + 11 I¥I* Il 200, = 00. Assume that

VI A2y + HYVIE Al 2e ey < 00

Forr >0, let f, = flp, 0, and f" = f — f,.
Using (2.34) and the fact that

O < rHvIPfF D)

we get
~AIk R =GP
|| e~ q)hD(f]lgf(o,)N'LP’(Rdﬂ) < [l MGl ||L°° (R‘M) llq)hD(fﬂsf(o,r))|lL"'(Rd+1)
d g ||| d R
< (Ch) ( BL(O,)HLZ(Rd)
12z -
< (€7 ( ) 2 IHVIP Al 2 ga)y-

On the other hand, by (2.31) and Holder’s inequality

-G I HD , -flEIR) D
|| e 5 q)h(f]le(O,r))”sz(Riu) < ||::” b ”Lﬁk(Riﬂ)”q)h(f]le(O,r))“L]‘:’(Rd)
L2@®dy 1 2
< Ckk ”e HICN ”LP,(R‘”I) ”f]le(O,r)”Lz(Rd)
h
“”Lﬂ” ~GIR|

177 e VI L0120 g HIVIE Al 22 -

Ck
A simple calculation give that there exists a positive constant C, such that

d+2y

- —s+ 5L
1yl S]le(O,r)HLiFﬂ'(Rd) =Cr .

So
1L )12 (L vy2 EPTY2 N1
lle Al (DhD(f)”L,’j;(R‘i“) < e Gl q)hD(f’)”L,’j;(Rfi“) +le Gl (DhD(fr)”Ll’j;(Rﬂ“)
s ”h”Lz(Rd) Chck i s d+2y s
— I o 2 / ,
S Ck I:(||h||i 2 d) ” ||y|| f”Lz(Rd) +r ||Et||Lﬁk(R£{+])” ||y|| f”Lil’(Rd)]'
2 .
Choosing r = ( )#% 12, we obtain (3.5). o

hl
i ”mm
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Theorem 3.2. Let 1 < p <2and 0 < s < 22X and r > 0. Then there exists a positive constant
C such that, for all f € LZ(R?)

||h||L2 Rd) -

9l g, < CUCDT (— WWWWMwaﬁMWNmMFWKJW@%MWWW
3. 6)
. From the previous lemma, for all
t> 0
”q)l?(f)”[‘ﬁ;(RT.l) S ||€_l”(%’y)”2(DD(f)”LP’ (Rd+l) + ||(1 - e_l”(%’y)llz)q)hD(f)”LP/ (R‘Hl)
hll, 2 2
scww<L“> 2D flzzceey + 1V A1 20 |
+mvwwﬁwmmwu
On the other hand,

(L r 1 =2r Ly 1 r
(1 = &SNPl oy = A P (1 = e I DI DR P
Since (1 — e™)u~?" is bounded for u > 0 if r < % Then, we obtain

D 1 ||h||L2(Rd)
17y gy < CCRY (

)7 _ﬂWWVMwﬁMWNﬂWJWﬁM(JW@%mmﬁm,

d+27

from which, optimizing in ¢, we obtain (3.6) for 0 < s < and r < ;5

II(,, ol

Ifr> 5, letr < 5. For u > 0 we have u*" < 1 +u", Wthh foru = gives the inequality

1L, )l I,
E E

( Y <1+ ( Y, forall € > 0.

It follows that

IHIC ,y)||4’<1>ff(f)lle R S " ICDD(f)IILp (R,1+1)+84(’ ’)IIII( ,y)||4’<1>D(f)lle (i)

Optimizing in €, we get

1 ,
||||(E,y)||4’ cD?(f)IILp Ry S IICDD(f)II e ,y)ll‘”(DD(f)ll

LP (Rd+l) LP (Rd+l)

Together with (3.6) for r’, we get the result for r > % O

Corollary 3.1. Let 0 < 5 < &2

for all f € L;(RY), we have

and r > 0. Then there exists a positive constant C such that,
s s s F L r b
iz, < CCOT [N Az, + NI Plgen | NG QRN g BT

Proof. Using the previous theorem for p = 2, and applying Plancherel’s formula (2.31) we
obtain the result. O
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4 [LP-Local uncertainty principle of (D,?

Theorem 4.1. (Faris-Price’s uncertainty principle for @)
Let 1, p be two real numbers such that 0 < n < 2y +d and p > 1. Then, there is a
nonnegative constant Ci(n, p) such that for every function f in L,%(Rd) and for every measurable

subset T C R‘fl such that O < w(T) := fd,uk(b, y) < oo, we have

T

( f |7 ()b, P dpu(b, y)) <ck<n,p>(ﬂk(T>)P<p+l>|||< ,y)||ﬂd>”(f>||f;*‘ngf;”

Qy+d+n)(p+1)—(4y+2d)

Qy+d+n)(p+1)
(N2 all zeey) 7

Proof. One can assume that || f]| Lg(Rd)”h” 2@ = Ch then for every positive real number s > 1,
we have

1% (Pl ) < NP, O Ly llez, 7y + NP O Lwellez ),

where V, denotes the subset of R¥*! given by

1
Vo= {by) RGNS 5).
However, by Holder’s inequality and Relation (2.31) we get for every n € (0,2y + d)

102 lug ) = ( f OB, I Ly, (b, )17 (b, y)duk(b,w)"
R‘f’l

<IOPN o, ( f (P (b. P Ly, (b, 3) L1 (b, Y. y))"

(,Uk(T)) p(pﬂ) ”q)D(f)]l Vs z;l(Rdﬂ)

p+l
L2 (Rdﬂ)

< (ui(T) 7 ||I( Bl A eI |||( Iy,

On the other hand by simple calculations we see that
d
‘/CTkF(Y + E) S2y+d_n
2 \/(2)/ +d-mI'QRy+d)

p+l
Rd+l)

-
1 I 5 g, <

Thus we get

1
T Varo+h |

(I)D 1 < TY)re+D 2

102Nyl ) < (m( ) ( Crae

s 1 IPRP(f) g;'(RM)
On the other hand, and again by Holder’s inequality and Relation (2.31), we deduce that

p—1

10PN vellog, ) < ||<I>D<f>||”“(Rd+l)( f |(Df(f)(ba)’)|”zf‘]lv;‘(b,)’)]lT(b,)’)dﬂk(b’)’))p

< (1) ( fR PPy (b Vs, y))w

2n
p+l ~ el

L2 (RGHI)

< (u(T)) 77 |||( DINOP(f)
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Hence, for every n € (0,2y + d),

p+|

(f 15, (f) (b, I dps(b, y)) < (ui(T)) 7 |||( I (f)

L2 Rd-H)

d T

VAT + ) Nsw-WM,mmﬂﬂ@‘M h
22y +d -T2y +d) ymh’
In particular the inequality holds for
(22 )szl, 1
2y+d— +d+7,

S0 = e Mhmmﬂﬁg@w

2\ Qy+d-nI'(2y+d)

( MF(7+ %> 27+d+1]

and therefore

2

V&L +9) )
2 \/(23/ +d-ml'Qy +d)

2n s 2y+d+n
2y+d-nq 2y +d+-n)

(f 240 )(b’y”pdﬂk(b,y))p < (,Ltk(T))m’l*“(
T

1 2 4y+2d
- 1pP Qy+d+)(p+1)
” ||(b,y)|| (s (f)”Lﬁk(Ri”))m aEn(prT) (

Now, the general formula follows from above by substituting f by cf/{l|f ”L]%(Rd)} and h by
h/ NIl 2 a)- O

Theorem 4.2. Let 1 < p < 2, t > 0 and T be a measurable subset in R satisfying
0 < u(T) < oo. Then, for all f € LY(R?), we have

2t
aakmwaWMMMwhwﬁhwﬂgwﬁ fort < 52
_d+2y d+2y
- 2tp’ 21p’ d+2y
CxtkiOQ%UU)IUﬂz%@JHWme4®%, fort > 42

1 (I)D(f) P md+ <
oDl Cat k) (T))

1
t 2 t£112 _ d+2y
Umbwmwummwwmﬁwwmwmmj fort = 42

where
Qy+d)2-p')-41p’
— 2 72
Cilt.kh) = Gyt ZIp)ZHI(Ch)p(%d) (||h||Lz(Rd>) e
d+2y 2p't-2y-d~  _1_
_ 1 2tp’ 5= 2p’ I'( S A Y
CZ(I’ k’ h) - c_k(2tp’—2)/—d)2p(27+d - 1)4%) (2_171 1“(”7:) ) ”h”Li(Rd)’
1+ 37 (C)di \ 77
= 1 4
C3([, ka h) 27w ( 2y+d ) (”h”Lz(Rd)

Proof. We proceed as the proof of Lemma 3.2 and we assume that
LAY 2 gy + Il 20y < 0.

(i) For s> 0,let f, =1, , fand f* = f - fi.
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Using (2.34) and the fact that |f*(y)| < s7/| VI f(y)|, we get

||]1T(Df(]lgg(o,s)f)||Lﬁ;(Ri+l) < ||(Df(]13;(0s)f)||Lp'(Rd+1)

1 ” ”L2(Rd) p 2

< (G ( 7 a0 e
1 ” ”L2(Rd) p 2 _

< @7 ()7 5TV -

On the other hand, by (2.31) and Holder’s inequality, we have

7P Dll g sy < Ml gy 197 W Dll o

1
< Wl @)Y 100 ]300,
< Ll QN7 [ I 0] 2 2y [V 1| 2 ey
A simple calculation gives
dy d+2y
_t _
” VI L 00 LY ®d) (2y+ d—2tp )zp o
Therefore,
B ”h”LZ(Kd) L I |L2(R) -2
< '+[( ) ( || ||y||ff||L2(Rd)
T G o ki (uk(T))p s I Al e, |
By choosing
Ch(ck)2 )z%d dy
= ( )5 (1)) 77

we obtain the first inequality.
(1) As above, using (2.31) and Holder’s inequality, we get

[ @Dl e, < Ml oy (07

1 i (4.1)
< Al (e D) 11350

On the other hand, using Holder’s inequality and the fact that r > d;;,y, a simple calculation
gives
1 dy(y) P
1, = ([as L e
R (L + [IyllPrt)»
dyy)  \»
< f — )7 (11, + DA )
. " (R4 I’ R4
(P -
ﬂr(;ty)r(przry t
< () (G IS ) <

Thus, f belongs to Li(Rd). Replacing f(y) by 0,f(y) := f(4dy), with 4 > 0, in the above last
inequality we get

d+2y 2p't-2y—d
(5 (=)

I
2y+d)(p-1) (2y+d)(p—1)-2pt !
17y < ) (2 1S g, + 4 NbIEAE, )

<G %)
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In particular, the inequality holds at

/l:( 2p't l)ﬁ YAl 2r gy 1
2y +d

)

||f||pr(Rd)

which implies
d+2y d+2y

I l2@ey < C(d, p. . OIS zpigd)llllylltfllm”' : (4.2)

L (RY)

with
d+2y \ o 20 1=Qy+d
(2 ys 2y L O Dy
2tp’ — Ry +d)) 2y +d 2pt r(%’)

Cd,p,t,k)=

4.3)

The desired result follows immediately from (4.1), (4.2) and (4.3).
(1i1) Let r > 0. Using the inequality

d+2y d+27

bl (Il
()7 <1+ (5)7

we get
d+2
mwnﬂww)rwmmwﬁrwmwpmﬁw

Optimizing in r, we obtain

a2y 1
||||y|| a”’ fIILZP(Rd> 2||f||2 [ Iyll 2" fllzip

L (RY) ®Y)’

Similarly, we prove that

VDS Fllizi, < 2001 I

Thus, we deduce that

1 d+2y d+2y
107 PPy gy, < CrOGE KW ECD) [IHA Fllizeaa, + NI 2o
< 20 (5822 k) (u(T)) 7

4/’

1
(1 gy I 1+ 11

2p
LR

7 2
N A1 |
O

Remark 4.1. We note that when t = 2—p,, we can obtain a family of inequalities and improve

the inequality given in Theorem 4.2. Indeed, if we apply the first inequality with

d+2
s=(1-02 e 1),
2p

and then apply the classical inequality

VI Allzg ) < CUANG g VT fIILr ) (4.4)

we obtain for all € € (0, 1),

V7DDl gy < Calen ke DT 7 [ Wy NI A6, + WA AL
(4.5)
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Definition 4.1. Let0 <e<1,S c R and T c R%.

(1) A nonzero f € L,%(Rd), is called an g-concentrated function on S in L,%(Rd)—norm, if
”]lS"f”Li(Rd) = 8||f||Lﬁ(Rd)-
(2) A nonzero f € Li(Rd), is called an e-bandlimited function on T in Lik(R‘i”)—norm, if

D
L7 @y (Pllzz gty < ellfll2go-

Here A€ is the complement of A.
Corollary 4.1. Let h be a Dunkl wavelet on R? in LI%(R") such that C;, = 1.

(D) If0<t< dey, then there exists a positive constant €,(t, k, h) such that for every function
f which is e-bandlimited on T,

4r 2
(T2 [ Al + N it | = €10 A D) (1= )1y (46)

2) Ift > dtfy, then there exists a positive constant C,(t, k, h) such that for every function f

which is e-bandlimited on T,

d+2y d

+2y
Iy NI o) = Cat ke (1= &) 11 4.7)

(3) Forall s € (0, 1), there exists a positive constant C5(t, s, k, h) such that for every function f
which is e-bandlimited on T,

e CT) [y I A5 + 10y VA5 |2 560,58 IO = 11
(4.8)

Proof. Since f € L(R?) is e-bandlimited on 7', it follows
”]qu)D(f)”Lz Rd+l) Ch”f”Lz (R) ”]ITL(DD(f)HLz Rd+1) = (1 —& )”f”Lz R9)* (49)

In view of (4.9), the inequalities (4.6) and (4.7) follow from the first and the second local
inequalities in Theorem 4.2, respectively, while (4.8) follows from (4.5). O

Corollary 4.2. Let 1 < p <2andt > 0. Then for all f € L}(RY), we have

d+2
1DPON epiar < Ci(tk, h)[llllylltflle(Rd) + VI I 20 ] for r < 2
2y+d- 2])[’ d+1 k k (RY) 94
L (RIH)
S s d+2y
D 2tp’ 2tp’
197, (Pl gaery < Co(t, ks I zp(Rd)ll Iyl f1] ey fort > =5

IOPC M2 gry < Cots kD[ o NIDIE AU g+ A1

t£2 _ d+2y
@MMWﬂmm]bm_ﬂr

where Lﬁ;q(Rﬁ’r“) denotes the Lorentz space corresponding to the norm

||g||Lﬁkq(R‘i+l) = Sllp (l.lk(T))p qll]nglqu (Rd+1), (4.10)

TR, 0<u(T)<o0

and Ci(t,k, h), for j = 1,2,3, are the constants given in Theorem 4.2.
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Theorem 4.3. Let s,t > 0and 1 < p < 2. Then for all f € L; Rd) we have

Ci(s, t, ks [ Fll 2y + | ||y||xf||L;p<Rd)]
|11, »IreP(f)]

4
s+t d+27
u (R e for s < =7,

| 2Ap ] 47+2d+tp

] Cas. 1.k D[IA], zp(Rd)lluyqu o

||(I)]’l (f)“Lﬁ/i(RiH) < tenD 4yi—2:rlidtp d+27
LLCRRLACH! for s > 557

Cs(s. 1.k, h>[||f||Lz(Rd) ||||y||ff||Lz(Rd)

WAL, [0 Z,J(Rd)]”*"*’? [ICRRUEAT]

2}/+d+tp _
LP Rd+l ’ for §= 2[)/ ’

2
2 (rd)
where

L 2y+d .\ 2st
s t 7 _tr di(T'(=5= T T
Ci(s,t,k,h) = [(ﬁ)ﬁ +(—4ts)m]" (C1(s,k,h))4”’(—k(( - )(4 e,

4Q2y+d)I' (2y+d)

b

a(r ) (Catsikemy)” )m
4Q2y+d)I' 2y+d)

Ca(s,t,k,h) = [( )wdﬂp +(4y+2d)m] (

4y+2d

p/
dk(r( de)) (Cs(s,k,h)) )2(27+21+tp’)
42y+d)I' 2y+d)

Ci(s,t,k,h) = [( 1w’ )27+a’+tp +(27+d)%]pi(

2y+

and C;(s,k, h), for j = 1,2,3, are the constants given in Theorem 4.2.

Proof. (i)Let0 < s < d2+2,7, t>0andr > 0. Then

(AR (R A ) e LR AT (4.11)
et

( d+l L;,l}k(Ri+l)

Here V, denotes the subset of R¥*! given by
1
V, = {(b,x) e R{™ I 0l < r.

From Theorem 4.2, we have

Iy, @RI, (C(s. ko )Y (M) &

12y+d)L2y+d)

, 14
P [IHIVIE Fllzen + HVIE 20 |

(Rd+l)

(4.12)

Moreover, it is easy to see that

G, ,y)||’<I>D (4.13)

||]1V q)D(f)”Lp (RA* < r_tp

d+l)

Combining the relations (4.11), (4.12) and (4.13), we get

A’ )
42y +d)I' 2y + d)

[CAE!

Ll’, (Rd+ 1

< (Ci(s, k, b)) (

4sp [

P _
+r ¢, ,y)lltd)D

LX(RY) 2"<R4>]

d+l)
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We choose
1 D
r= ( t )(45*1:)1/( || ”(E, y)”t(Dh (f)”L/[:I:(RTl) T
B 11 £ e, + (| 191051
, 27+d y L2 (Rd ) y LZP (Rd )
4s(Ci(s,k, )" (4(2y+d)F(2y+d)) ‘ ’
to obtain the first inequality.
(i1) Let s > d2+ Y t> (0andr > 0. From Theorem 4.2 we have
_ AT (Cals k. )" :
[y, 22| o 2 P £ e e R (4.14)
Ly (RY ) 42y + A)I' 2y + d) (R ) ®RD’

Combining the relations (4.11), (4.13) and (4.14), we get

2
D AP a(r) (Catsin)” JAv2dy P s o 52
10PN, e < aimmeyd e PSS

L @9
S [ CROTRAE e

We choose

I II(b,y)II’CDD(f)IILp ) o

4y+2d+tp’

_ ( 2tp'r(27 + d) 4‘y+21+tp
- 2y+d \\2 P’ -
di(T(ZH9)) (Cals, k, h)) 17, ||||y||Sf

(R" )

2”(Rt’)

to obtain the second inequality.

(i11) Let s = d;[f,y, s > 0 and r > 0. From Theorem 4.2 we have
di (D)2 (Ca(s, k, )"
Ly, @27, . < ( 1 AT ) v
" L ®dty 4(27 +d)I'2y +d)

/

[y IO AWy + U A | (415)

2
L (RY)

Combining the relations (4.11), (4.13) and (4.15), we get

d(TCE)(Cs(s, k, b))\ !

)7 2y+d

Dy eviP
1Oy oy < (G5 dT 2y v )

1 )4
2 2 tenD
[ I gy I D | ,y)n LAC [P
We choose
1
| ||(;,y>||’<1>,,D<f)||Lﬁf(RﬁH) v
r = C(d, S, t, p,,k)( 1 : k i )27+d+tP ,
N 2 Ky 2
IIfIILz(Rd) Iyl f”Lz(R,{) + IIfIILi,,(Rd) Iyl fIILi,,(Rd)
where

Cd.s.t,p' k) = 2tp’ T2y +d) )
P (Cas. k)T VY +d)

to obtain the third inequality. O
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Corollary 4.3. Let 5,1 > 0. Then for all f € L;(R?), we have

C k,h 4A+ 5+
o, >[||||y||ff|Lz(Rd)+||||y||‘f|L4(Rd)] ’ II(,,,y)II’CI>D(f)| g;(RM) for0 < s <
Cz(s t,k,h) 7 +d+ tdHD 2y+d+t 2y+d
e < (||f||L4(Rd)| W))y I ik (f)le e for s > 2=
k C3 (S t,k,h) t Dy+d+2t
5 T R T N
1 +d+ 2y+d
[1G M) ;; ‘;Ri;“) for s = <.

Remark 4.2. We note that we have studied these types of uncertainty principles and others for
some integral transforms as the Dunkl Gabor transform, the (k,a)-generalized wavelet trans-
form, the k-Hankel Gabor transform, the g-Dunkl wavelet transform. the q-Bessel Gabor trans-
form and others integral transforms. These studies have given some papers. We cite as examples
[33, 34, 35, 36, 37].

5 Open Problem

In the present paper, we have successfully studied new quantitative uncertainty principles asso-
ciated with the Dunkl wavelet transforms. The obtained results have a novelty and contribution
to the literature. It is our hope that this work motivate the researchers to study the qualitative
uncertainty principles as Hardy’s, Morgan’s, Beurling’s and Miyachi’s uncertainty principles
associated with the Dunkl wavelet transform.
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