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Abstract

In this article, we define and study the Ulam stability for
nonlinear fractional differential equations involving two frac-
tional derivatives. Some examples are presented to illustrate
the main results.
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1 Introduction and preliminaries

Differential equations involving fractional derivatives have played a central role
in engineering science and applied mathematics see [8, 9, 15, 16, 20]. Several
articles and books on the differential equations using fractional calculus have
appeared recently, see [1, 5, 9, 18, 23] and references therein. Many scholars
investigated the existence and uniqueness for solutions of some differential
equations of arbitrary order, for example, see [6, 10, 12, 23, 24]. Moreover,
the study of Ulam type stability problems play a fundamental role in the
theory of differential equations. Since then, many works dealing with the
theoretical development of Ulam’s type stability theory of boundary value
problems for fractional differential equations. For more details, the reader can
address the following works [4, 7, 14, 19, 21]. Recently, many authors presented
some interestting results on Ulam stability for fractional differential equations
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with different fractional derivative, reader can see [2, 3, 6, 11, 13, 18, 25| and
references cited therein.

In the present work, we discuss the existence and the Ulam stabilities as well
as the generalized Ulam-Hyers stabilities for the following fractional problem:

D> (DP + X u(t) —¢ (t,u(t), D u(t) =0,0<a,B < 1,t€0,T],

w(0) — [ (s)u(s)ds =0, u(T)—6=0, >0,
1)
where D? denote the Caputo fractional derivatives of order 9,9 € {a, 8, + 3 — 1}
and ¢ : [0,7] x R* — R, is continuous function on [0, 7], A is real constant.
The operator DV is the fractional derivative in the sense of Caputo, defined by

1

Do) = gy [ (=T e ) s

= J"M (#),t>0,n—1<¥<n, neN,

and the Riemann-Liouville fractional integral of order ¢ > 0, defined by

JPo (t) = ﬁ/o (t—s)""p(s)ds,t >0,

where I' (¢) = [;* e 2" dx.
We need the The following lemmas [15, 17]:

Lemma 1.1 Let r,s > 0, ¢ € Li([a,b]). Then J"J¢(t) = JT5p(t),
DU(t) = plt), £ € lah].

Lemma 1.2 Let s > r > 0, ¢ € Li([a,b]). Then D"J%p(t) = J*"p(t),
t € [a,b].
Also we need the following lemmas [15]:

Lemma 1.3 For 9 > 0, the general solution of the fractional differential
equation D%u (t) = 0 is given by

u(t) = Zciti,
where ¢; R, i=0,1,2,..,n—1, n=[0]+ 1.
Lemma 1.4 Let v > 0. Then

n—1
J' D% (t) = u(t) + Z it
i=0

for some c; e R, i=0,1,2,....n— 1, n =[] + 1.
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Let us now define the space W = {u: u € C ([0,7],R), D**~1u e C ([0, T],R)}
equipped, with the norm |[ully, = [lul| + || D>~ u||, where

|ul| = sup |u(t)| and HD‘”/’)’luH = sup }Daw’lu(t)‘.
te[0,T] t€[0,T]

It is clear that (W, ||ul|, ) is a Banach space.

In what follows, we present four types of the Ulam stability for the problem

(1).

Definition 1.5 The fractional boundary value problem (1) is Ulam-Hyers
stable if there exists a real number d, > 0 such that for each o > 0 and for
each solution v € W of the inequality

|D* (D + X)v(t) = f (t,v(t), D" o (t))| <o, t€]0,T], (2)
there exists a solution w € W of fractional boundary value problem (1) with
v (t) —u(t)| <dyo, te[0,T].

Definition 1.6 The fractional boundary value problem (1) is generalized
Ulam-Hyers stable if there exists h, € C(R4,Ry),w, (0) = 0, such that for
each solution v € W of the inequality (2) there exists a solution u € W of the
fractional boundary value problem (1) with

o (1) —u(t)] < hy (o), tel0,T].

Definition 1.7 The fractional boundary value problem (1) is Ulam-Hyers-
Rassias stable with respect to g € W if there exists a real number d, > 0 such
that for each o > 0 and for each solution v € W of the inequality

|D* (D + X) v (t) = f (t,v(t),D*P ()| <og(t), te[0,T], (3)
there ezists a solution u € W of problem (1) with
lv(t) —u(t)| <dyog(t), te[0,T].

Definition 1.8 The fractional boundary value problem (1) is generalized
Ulam-Hyers-Rassias stable with respect to g € W if there exists a real number
dyg > 0 such that for each solution v € W of the inequality

|D* (D + X v(t)— f(t,o(t), D" ()| < g(t), te[0,T], (4)
there ezists a solution u € W of problem (1) with

[0(t) —u(t)] < dpgg(t), t €[0,T].
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A function v € W is a solution of the inequality (2) if and only if there
exists a function : [0,7] — R such that

(1) :|(t)] <o,te]0,T].

(2): D* (DP+X)v(t) = f (t,v(t), D (1) + (t),t € [0,T].

Clearly,

(1) : Definition 1.5 = Definition 1.6.

(1) : Definition 1.7 = Definition 1.8.

2 Main results

Lemma 2.1 For a given 6 € C([0,T], R), the solution of the boundary
value problem

D*(DP + N u(t)=4(t), t€[0,T7],
(5)

fo s)ds, z(T)=40, 0 >0,
s given by
t(_ g)oths-l t(p— )Pt
u(t) = /0 %5(3) ds—)\/o %u(s) ds (6)
7 (T — 5)* P! (T —5)"!
e [ e 5(5”3“/0 (5) “(5”5]

(5) o

By applying Lemma 1.3 and Lemma 1.4, the general solution of (5) is
written as

£) = JOBS (1) — AJPu (¢ c—t Yo, 7

u (t) (t) u(t) + rGrn tA (7)

Where co and c1 are arbitrary constants. By the boundary condition u (0) =
fo s) ds, we conclude that ¢; = fo s) ds.

Usmg the boundary condition u (T") = 6 we obtam that

cozw{ﬁ—/o Y (s)u(s)ds — J*TPS(T) + N\JPu (T)| .

Substituting the value of ¢y and ¢; in (7), we obtain the solution (6).
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In view of Lemma 2.1, we can transform the problem (1) into an equivalent
fixed point problem ¢u = u, where the operator ¢ : W — W is defined by:

Lt _ s a+p-1 t g -1
ou(t) = /0 %gp (s,u(s), D>y (s)) ds — )\/0 %u(s) ds
8 T s a+pB-1
—0—% 0 — /0 %gp (s,u(s), D*"P u(s)) ds (8)
T (T _ 5)5*1 (P
+)\/0 T u(s)ds ( 1)/ (s

Observe that the existence of a fixed point for the operator ¢ implies the ex-
istence of a solution for the problem (1).

For convenience we introduce the notations:

P 2|\ T
Ao = + + 2T Ly,
' T(a+8+1) T(B+1) v
2NT+8
Ay + =——""—— 16|, 9
2 ['(a+B+1) 9] )

Tot+h-1 Ta+B-1 2 781 2\ 781
PO bk T BIATE gy,
F'(a+p) T(a+p8+1) I'(B) I'g+1)
NTaJrﬁfl N ToHrBfl
0 + 201, (10)

“T(a+8) TlarstD

A,

2.1 Existence and uniqueness

The first results are based on Banach’s fixed point theorem. We prove the
following theorem:

Theorem 2.2 Let ¢ : [0,T] Xx R — R, is continuous function satisfying the
hypothesis

(H,) there existe nonnegative constants w such that for allt € [0, 1] and all
u;, v; € R (i =1,2), we have

|l (£, ur, uz) — @ (L, v1,v2)| < w (Jug —vi| + |ug — val).

Then the fractional boundary value problem (1) has a unique solution provided
by A1+r(3 — < L, where Ay and Ay are defined by (9) and (10), respectively.
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Let us fix sup,epo 7 ¢ (¢,0,0) = N < oo and define

1 1

(RN
L= (A + ) F@-a=4)

where A;, A;,i = 1,2, are given by (9) and (10), respectively. We show that
¢B, C B,, where ¢ defined by (8) and B, = {u € W : |lul|;;,, <7}
For u € B,, we find the following estimate based on the hypothesis (H;) :

lo (t,u(t), D ()| < (Jo (tu(t), D u(t)) — ¢ (£,0,0)] + |¢ (£,0,0)])

< w(lu@)|+ D u(t)]) + N <w (lul + || D ul]) + N < wllully, + N < wr + N.

Using this estimate, we get

1

_Sa—I—ﬁ 1 36
lpu (t)] < /O%Mp s,u(s), Dy ( ]ds+])\|/ F(ﬂ>) (s)ds

T s a+p—1
6] +/0 % o (s,u(s), D u(s))| ds

I'(a+5)

T _8671 B T
e[S wolas| + (1) [ el
INTo+8

{ wTets N AT
F(a+p+1) T'(B+1) C(a+p+1)

= AlT' +A2

8

< + 16|

+TLw:| T+

On the other hand, we have
6 () (1)

tw s u(s). D1y ()| ds t(t_s)ﬁ—Qus )
/o Parp_n ?(u6), DT uls)]d +IM/O—W_1)| (s)]d

A1
+B

s a+p—1
T8 16| +/ T8 lo (s,u(s), D u(s))| ds

F(cH—ﬁ)
(T—s) B Btﬁ !

A )| d )| d
o [T s | + 2 [l as
[( Tat+b-1 N 5Ta+,371 ) N |)\|Tﬁfl B|)\|T,871

Tatf) Tt6+1)) T T®B " TE+L

Toat+b-1 BTOH_ﬁ_l B
+(r(a+ﬁ)+r(a+ﬁ+1))N+:F|9|
= A1T+A27

IN

+ ﬁLQJ,} T
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which implies that

at+f-1 ! (t— 5)1_(a+ﬁ) ! Agr 4+ Ay
| Do ()| g/o O ‘qb(u) (t)’dsg—F(B_a_ﬁ).
Thus
lpullyy = lloull + || D* pul| (11)

Al AQ
S (Al+m>T+A2+m§T,

which implies that ¢B, C B,. Now for u,v € B, and for all ¢t € [0,7T], we
obtain

|du (t) — v (t)]
! (t — S)Oﬁﬁil at+p8-1 ot f1
/0—)|90(s,u(s),D u(s)) —¢(s,v(s),D v (s))| ds

IN

I'(a+p
8 (1T — )P wtfo1 atf1
+ﬁ/0 W‘gp(s,u(s),D 7 (s)) — ¢ (s,0(s), D (s)) | ds
t(t—s B-1 8 T _ s B-1
I [ %m(s)—v(s)mw o / <TF(6>) 0 (s) — v (s)|ds
8 T
tlgs 1| [ el - vl
2T o+8 g g 2|\ T?
= Ayflu—vly-
Also we have / /
() (1) =0 (0) ()] < Arllu=vly .
Thus we obtain
t(t— g 1—(a+p) , ,
D gu ) - Do) < [ S ot @) - 0w ()] as
A
< mHU_UHW‘ (12)

From the above inequalities, we get
lpu —dvlly, < llgu — ool + || D" gu — D gu||

Ay

< (Mt pgoamg) e vl (13)

which shows that ¢ is a contraction in view of the assumptions A;+ ﬁ <
1. Hence, by Banach’s fixed point theorem, the operator ¢ has a unique fixed
point which corresponds to the unique solution of problem (1). This completes
the proof.
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2.2 Ulam-Hyers stability

In what follows, we will study Ulam’s type stability of the fractional boundary
value problem (1).

Theorem 2.3 Assume that ¢ : [0, T]x RXxR — R is a continuous function
satisfying (Hy). If

Toz+,3 Tﬁ

then the fractional boundary value problem (1) is Ulam-Hyers stable and con-
sequently, generalized Ulam-Hyers stable.

Let v € W be a solution of the inequality (2), i.e.
|D* (D + X) v (t) = f (t,v(t), D" ()| < o,t€0,T],
and let us denote by u € W the unique solution of the problem
D* (DP+ X u(t) = (t,u(t), D u(t)),t€[0,7],0 <a,p <1,
w(0)=v(0), u(T)=v(T).
By using Lemma 11, we have
€o

u(t) = JCH_ﬁ(S (t) — /\Jﬁu (t) + mtﬁ —|— C1

and by integration of the inequality (2), we obtain

v@)—J“ﬂé@)—xﬁvay———@——ﬁ—w < ot
v T'(6+1) ' 7 T(a+4+1)

O.Toc-‘rﬁ
F(a+p+1)

On the other hand, if  (0) = v (0) and u (T") = v (T'), then
Co — bo and Cc1 = bl.

For any t € [0,7], we have

v(t)—ul(t) = v(t) = JEs, (t) — AMPu(t) — %tﬁ — by

+JOHB (5, (1) = 04 (t)) = AT (v (1) — u (1)),
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where,

Gu (t) =0 (t,u(t), D~ u(t)) and 6, (t) = ¢ (t,v (t), D*P 0 (),
then
T8, (1) — 6. (1))

= J*Plo (tu(t), D u(t)) — ¢ (v (t), Dl (1))

1 t at+p-1 at+B—1 a+B—-1
:F(oz—l—ﬁ)/o(t_s) B [@(S,U(S),D B U(S))—(p(s,v(s),D B U(s))]

Using (H), we get

(e} 1 ! a+p6—1
7757 6, (0) = 6, ()| < ey [ (€= 97 ) = 0 () s
This yields that
() —u®)] < |v(t)— TP, (t) — A\JPu () — %tﬁ — b

_ t —5)*P L (lu(s) — v (s
i | T e =)

+ || D (s) — D1y (s)]) ds
A

—t—Sﬁ'LLS—US S
g | = ) = vl

which implies that

eToth wTo+h N T
I (

v (t) —u(®)] < F(a+ﬁ+1)+ a+5+1)+F(6—|—1

Hence

, WToth AP T\ oTet
lo(s) = uls)ll ( B [F(a—l—ﬂ—i—l) * F(6+1)D “T(a+B+1)
Then, for each ¢ € [0, 7]

Toc+8

lu(t) —v ()] < p o :=do. (15)
wil'™ TR
Ila+p+1) (1 - [r(igil) T rl(ﬂlin])

Therefore, the fractional boundary value problem (1) is Ulam-Hyers stable. By
taking h (o) = do, h (0) = 0 yields that the fractional boundary value problem
(1) generalized Ulam-Hyers stable.
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Theorem 2.4 Let ¢ : [0,7] x R x R — R be a continuous function and
suppose that (Hy) and (14) holds. In addition, the following hypothesis holds

(Hs) : There exists an function g € C([0,T],Ry) and there exists n, > 0
such that for any t € [0, T

1 ! atB1
F@:Eéu—ﬁ B-1g(s)ds < 1,9(t). (16)

Then the fractional boundary value problem (1) is Ulam-Hyers-Rassias stable.
Let v € W be a solution of the inequality (4), i.e.
|D* (D° + XN v (t)—¢ (o), D) <g(t), t€0,T], (17)
and let us denote by u € W the unique solution of the problem

D* (DP+ X u(t) = (t,u(t), D u(t)),t€[0,7],0 <o, <1,

w(0)=v(0), u(T)=v(T).

Thanks to Lemma 10, we obtain
Co

u(t) = JotPs (t) —\JPu (?f) + mtﬁ + ¢y,

and by integration of the inequality (17), we obtain

w(t) — J8, (1) — AJP (1) — %tﬁ — by

e [ tayis < omtt)

In a similar way to that of the proof of Theorem 12, using (H;), we have

o) —u() < |v@t)—JFPs, () — X\ u(t) — - bo 48y,

(6+1)

;t—so‘ﬁ_lus—vs
g 0 ) = v )
+ HD‘”B_IU (5) — D*TF~1y (s)”) ds

ﬁt—SBU,S—US S
g | = e o )la

Using (Hs), we can write

wIoth I\ T7

T N R & e [ CORSOI S
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which implies that

wToth I\ T7
lo66) = uo)l (1= |51 ey |) < oot

For any t € 0,7, we have

_ "lg :
lu(t) —v(t)] < ) — TP ag(t) : dog(t). (18)
~ | TatB+D T T

Then, the fractional boundary value problem (1) is Ulam-Hyers-Rassias sta-
ble.

3 Examples
To illustrate our main results, we treat the following examples.

Example 3.1 Let us consider the following fractional boundary value prob-
lem

- me~ ™t cos(mt) sin Diu t
D (Df+ &) u(t) = (ﬁe Lottty DB g ey e 1),

15y/7+7et ) (1+[u(t)]) (15y/m+7et)

1 31n(1+s) 2
= 35(1+52)d8 z(1) =3

(19)
Set
Vre ™ cos (7rt) [ul \/_e tcos (7t) sin ||
(157 + 7et)* (1 + |u|) (154/7 + Tet)?

For any (uy,v1), (uz,v2) € R? and t € [0,1], we have

\/E
(15/7 + Te)”

o (t,u,v) = +In (1+¢%) ,u,v € Rt €[0,1].

|l (t,ur, v1) — @ (¢, uz,v2)| < (Jur — ug| + |v1 —v2) .

Hence the condition (Hy) holds with w = (15f—‘/7;)2
In(1+4s
Foroz—%ﬁzg,)\:m, =1, (s) = 35(li+;and6’:§,wehcwe

A, = 0.20847, A, = 0.11968.

It follows then that

A,
Ai A+ o = 0.34268 < 1.
1t TG - 268 <
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Hence by Theorem 2.2, the fractional boundary value problem (19) has a unique
solution.
Also, we have

Ta+5 Tﬁ
“Tlatrsrl) + A T(B+1)

Then, all the hypotheses of Theorem 2.3 are satisfied. Thus, by the conclusion
of Theorem 2.3, problem (19) is Ulam-Hyers stable.

=74527x 1072 < 1.

Example 3.2 As a second illustrative example, let us take

. 2
 Ssinhe” g e [0, 1],

3
2 3 sin D20u
D (DF 4 &) u(t) = 52 Ju ()] + pBut)

3
327 +‘D76 t))

0):f0 25\6/;-5-? u(s)ds, (1):\/5

(20)
whereozzg,ﬁ %)\—10, :1,10(8):25“6/;—??,9:\/5andgp(t,m,y):
sg;w Jul + 327r+\u\ + 3+Smhe :

For any (uy,v1), (ug,vg) € R?* and t € [0,1], we have
1
|f (t,ur,01) = f ( ug, v2)] < 307 (lur — ua| + o1 — val).
Hence condition (Hy) is satisfied with w = 5—.
Then
Ay = 0.29272, A, = 0.20204,
and A
A+ = = 050638 < 1.
T TEoa-p)
Let g (t) = &%, & € R. We have
1 /t 2.3 4 6 3
—7 v | (=) g(s)ds < gt =g (1)
e Ty
Thus condition (Hs) is satisfied with g (t) = & and n, = It follows

(1003)
from Theorem 2.2 that the fractional problem (20) as a unique solution on
[0,1], and from Theorem 2.4 problem (20) is Ulam-Hyers-Rassias stable.
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