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Abstract

In this paper, we define the Padovan-Padovan p-sequence
which are obtained from the characteristic polynomials of Padovan
and Padovan p-sequences. Then using the roots of character-
istic polynomsial of the Padovan-Padovan p-sequence, we pro-
duce the Binet formula for the Padovan-Padovan p-numbers.

In addition, we provide a new combinatorial representation of
the Padovan-Padovan p-numbers by the aid of the nth power of

the generating matrixz of Padovan-Padovan p-sequence. Fur-
thermore, we obtain an exponential representation of the Padovan-
Padovan p-numbers and we develop relationships between the
Padovan-Padovan p-numbers and their permanent, determi-
nant, and sums of certain matrices. Finally, we give some de-
terminantal and permanental representations of the Padovan-
Padovan p-numbers by using various Hessenberg matrices.

Keywords: Matriz, Padovan sequence, Padovan p-sequence, Representa-
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1 Introduction

It is well-known that the Padovan sequence {P (n)} is defined by the following
recurrence relation:

P(n)=P(mn—-2)+P(n-3)
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for n > 3, with initial conditions P (0) = P (1) = P (2) = 1.
The Padovan p-numbers {Pap (n)} for any given p(p =2,3,4,...) is de-
fined [5] by the following homogeneous linear recurrence relation:

Pap(n+p+2) = Pap(n+p)+ Pap(n) (1)

for n > 1, with initial conditions Pap (1) = Pap(2) = --- = Pap(p) = 0,
Pap(p+1) = 1 and Pap(p+2) = 0. When p = 1 in (1), the Padovan
p-numbers { Pap (n)} is reduced to the usual Padovan sequence {P (n)}.

It is easy to see that the characteristic polynomials of Padovan sequence
and Padovan p-sequence are h; (r) = 2 —x — 1 and hy (7) = 2P — 2P — 1,
respectively. We use these in the next section.

A lower Hessenberg matrix H,, = (h;;) is an n X n matrix, where h;; = 0,
whenever j > ¢+ 1 and a; ;11 # 0 for some j. This paper we will refer to the
following lower Hessenberg matrix, for n > 2

a1 12 0 cee 0
21 22 23 te 0
asy a32 33 ce 0
H, =
ap-1,1 Ap—-12 Gp-13 -~ Apn_1n
Qp,1 Qp,2 Qpn3 T Qpon i

Let the (n + k)th term of a sequence be defined recursively by a linear
combination of the preceding k terms:

Qpik = Colp + C10pg1 + + -+ Cp—10ntk—1

in which ¢, ¢y, ..., g1 are real constants. In [13], Kalman derived a number
of closed-form formulas for the generalized sequence by the companion matrix
method as follows:

Let the matrix A be defined by

0 1 0 --- 0 0
o 0 1 --- 0 0
o 0 o0 - 0 0
A = [aivj]kxk = .
0 0 O 0 1
| Co 1 C2 Ck—2 Ck—1 |

then
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n (7%
451 An+1
A" =
Ap—1 Qptk—1

for n > 0.

Many of the numbers obtained by using homogeneous linear recurrence rela-
tions and their miscellaneous properties have been studied by some authors; see
for example, [1, 4, 8,9, 11, 12, 20, 21]. In [6, 7, 10, 14, 15, 16, 17, 22, 23, 24, 25|,
the authors defined some linear recurrence sequences and gave their various
properties by matrix methods. In the present paper, we discuss connec-
tions between the Padovan and Padovan p-numbers. Firstly, we define the
Padovan-Padovan p-sequence and then we study recurrence relation among
this sequence, Padovan and Padovan p-sequences. In addition, we obtain their
generating matrices, Binet formulas, permanental, determinantal, combina-
torial, exponential representations, and we derive a formula for the sums of
Padovan-Padovan p-numbers. Finally, we give some of the determinantal and
permanental representations of Padovan-Padovan p-numbers by using various
Hessenberg matrices.

2 The Main Results

We define the Padovan-Padovan p-sequence {Paf’p } by the following homo-
geneous linear recurrence relation for any given p(4,5,6,...) and n > 0

P,p _ P,p P,p Pp P,p P,p P,p Pp
Pa, M s =2Pa, . s+ Pa, o — Pa, . — Pa,}, + Pa,’is — Pa,}, — Pa, (2)
: ips Pp _ Pp __ Pp _
with initial conditions Pay™ = =F Api3 = 0 and Pap+4 = 1.

By the recurrence relation (2), we have

0 02 1 -1 -1 0 010 -1 —1]
1 0 0 0 0 0 000 0 0
01 0 0 0 0 000 0 0
Py 00 1 0 0 0 000 0 0 Pp
iZ}@ﬁ;”% 00 0 1 0 0 000 0 0 I’;Z”y’“
nhpHe 00 0 0 1 0 000 0 0 wipt3
Papipis =10 0 0 0 0 1 000 0 0 Payfy i
Pa,? 00 0 0 0 0 - 100 0 0 Pay?
00 0 0 0 0 010 0 0
00 0 0 0 0 001 0 0
(000 0 0 0 0 000 1 0 |

for the Padovan-Padovan p-sequence {Paﬁ”’}. We can write the following
companion matrix:
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0o 2 1 -1 -1 O 010 -1 -1

10 0 0 0 O 000 0 O

o1 0 O 0 O 000 0 O

o 0o 1 0 0 0 000 0 O

oo 0 1 0 0 000 0 O

o 0 0 o0 1 O 000 0 O
=100 0 0 o0 1 000 0 0

o 0 0 o0 0 O 100 0 O

o o 0 0 0 O 010 0 O

o 0o 0 0 0 O 001 0 O

(000 0 0 0 0 - 000 1 0] .

The companion matrix Cp, = [¢i;] 15«5 1S sald to be the Padovan-

Padovan p-matrix. For more details on the companion type matrices, see
[18, 19]. It can be readily established by mathematical induction that for
p>4andn>p+4

P, P, P, P,
Panfp+4 Panfp7L5 —Panfp7L4 + Panfp+3 + Pap(n+p+1)+ Pap(n+1)

P, ) P, P,
Pagéfer3 Pa%fer4 —PPa,anp+3 —|—PPaaner2 + Pap (n+ p) + Pap (n)
Co = Pa,t o Pat o —PaP o+ PaP 4 Pap(n+p—1)+ Pap(n—1)
P = . . .
Paffl PanQ —Paf:fl + Pal? 4+ Pap(n —2) + Pap(n —p—2)
Pal® Paffl —PalP + Paffl + Pap(n—3)+ Pap(n —p— 3)
—Paffp+5 + Pap(n+p+4) _Pa’rljfp—FiS + Pap (n+ 3) Pap (n +4)
—Paffp+4 + Pap(n+p+3) —Pai’fp+2 + Pap (n+ 2) Pap (n+ 3)
—Paffp+3 + Pap(n+p+2) —Paffp+1 + Pap(n+1) Pap (n+2) e Gy
_Paf’fQ + Pap (n+1) —Pal? 4+ Pap (n — p) Pap(n—p+1)
7Pa5f1 + Pap (n) fPan)l + Pap(n—p—1) Pap (n — p)
where
Pap (n + p) —Pafj%ﬂr4 +Pap(n+p+1) —Pa,gfp+5 + Pap (n+p +2) —Pagfw:s
Pap(n+p—1) —Panfp+3 + Pap (n + p) —Pa, b+ Pap(n+p+1) —Panfp+2
§ Pap(n+p—2) —Paffp+2 + Pap(n+p—1) —Pa, P . 3+ Pap(n+p) _Panerl
P = . . .
Pap (n — 3) —PaP?, 4 Pap(n - 2) —PaP, 4 Pap(n— 1) —pabr
n+1 P n+2 p\n [¢2%)
Pap (n —4) fPaf’p + Pap (n — 3) fPaffl + Pap (n —2) 7Paff1

We easily derive that detC, = (—=1)"*'. In [5], Deveci and Karaduman
gave a Binet formula for the Padovan p-numbers by matrix method. Now
we concentrate on finding another Binet formula for the Padovan-Padovan
p-numbers by the aid of the matrix (C,)".
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Lemma 2.1. The characteristic equation of all the Padovan-Padovan p-
numbers xPT5 — 2P+ — gP2 4Pl 4P 23 L2+ 1 = 0 does not have multiple
roots for p > 4.

PT’OOf. It is clear that aP+5 —2qP+3 P2 Pl L g g3 441 = (zp+2 —aP — 1) (:c3 —x— 1).
In [5], it was shown that the equation P2 — 2P —1 = 0 does not have multiple
roots for p > 2. It is easy to see that the roots of the equation 23 — 2z —1 =0
are

C1af21 3vEee i (94 V69)
a_3 2 2 3% )
g=—1(1-iv3) o7 aves  (1+iv3) /3 (0+V6D)
0 2 2 x 33

and

f)/:

<1+z'\/§) /27 _ 3V69 (1_“/3)%

1
6 2 2 2 X

3
Since (a)”™ — (a)” =140, (8)" = (8) = 1# 0 and (1)"" — ()" =1 £0,
the equation aP™> — 22PT3 — gP*2 4 2P+t 4 2P — 3 + 2 + 1 = 0 does not have

multiple roots for p > 4. m
If 21,29,...,2,5 are roots of the equation 2P — 2773 — pp+2 4 P+l 4
¥ — 2% + x4+ 1 =0, then by Lemma 2.1, it is known that z, zs, ..., 2,5 are

distinct. Let V,, be a (p+5) x (p+ 5) Vandermonde matrix as follows:

[ (Il)p+4 ($2)p+4 (%+5)p+4 |
(xl)p+3 (l‘2)p+3 (Ip+5)p+3
V, =
il T2 e Lp+5
i 1 1 o 1 |

Assume that V, (¢,7) is a (p +5) x (p + 5) matrix derived from the Vander-
monde matrix V, by replacing the j* column of V,, by W, (i), where, W, (i) is
a (p+5) x 1 matrix as follows:
(xl)n+p+5—i
. (IQ)n+p+57i
W, (i) =

(xp+3)n+p+5f’i
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Theorem 2.2. Let p be a positive integer such that p > 4 and let (C,)" =

cgg’") forn > 1, then

oy _ det V3 (2,7)

“d detV,
Proof. Since the equation 2P+ — 22PT3 — pPT2 4 2Pt 4P — 3 4+ 4+ 1 = 0 does
not have multiple roots for p > 4, the eigenvalues of the Padovan-Padovan
p-matrix C), are distinct. Then, it is clear that C, is diagonalizable. Let
A, = diag (v1,29,...,2py5), then we may write C,V, = V,A,. Since the
matrix V), is invertible, we obtain the equation (Vp)_1 C,V, = A,. Therefore,
C, is similar to A,; hence, (C,)"V, =V, (4,)" for n > 1. So we have the
following linear system of equations:

e ()2 e (1) L = ()

el ()2 e (w2 L = ()"

i?

Cz(?l’”) (Ip+5)p+2 + CEZ’”) ($p+5)p+1 4+ 02(21)5 — (mp+5)n+p+5_i .

Then we conclude that o
) _ 40tV (0, 7)

i det V/,
for each 7,5 =1,2,...,p+ 5. n

Thus by Theorem 2.2 and the matrix (C,)", we have the following useful
result for the Padovan-Padovan p-numbers.

Corollary 2.3. Let p be a positive integer such that p > 4 and let Pal’® be
the nth element of Padovan-Padovan p-sequence, then

det V, (p +5,1)

Palr =
n det V,
and
paPr _deth(p+4,p+ 5)
" det V,
forn > 1.

The generating function of the Padovan-Padovan p-sequence {Paf’p} is
given by
$p+4
T 1242 — 23 4 ot 1 4P — b2 1 gptd 4 gpts
where p > 4. Then we can give an exponential representation for the Padovan-

Padovan p-numbers by the aid of the generating function with the following
Theorem.
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Theorem 2.4. The Padovan-Padovan p-sequence {Paf’p} have the follow-
g exponential representation:

- 2
=1

h (.’L’) = xp+4 exp (Z (l’) (2 +r— .’L'2 N x3 4P — xp+2 . a:erg)z) 7
where p > 3.
Proof. Since

Inh(z) =Ina"™ —In (1 - 222 — 2% + 2* + 2° — a?*% 4 22T 4 271)
and

—ln(1—2x2—x3+x4+$5 —xp+2+mp+4+xp+5) = —[-2? (2+x—x2—x3+azp—arp+2—xp+3) -

1
§x4 (2+x—x2—333+zp—zp+2—a:p+3)2—-~~

1 5 i
—=2? (243 — 2 — 2 + 2P — P2 — gPF3)"
i

it is clear that

[ee} 2\% )
h(z) = 2" exp (Z (x.) (2+z—a®—a®+aP — 2P - xp+3)l>
[

i=1
Thus we have the conclusion. O
Let K (ky, ks, ..., k,) be a v X v companion matrix as follows:
ki ke -k,
1 0 0
K (ki ko, ... k) =
0O --- 1 0

Theorem 2.5. (Chen and Louck [3]) The (i, j) entry kfz) (k1,kay ..oy ky) in
the matriz K™ (ky, ks, ..., k) is given by the following formula:

kK (ky ko, k) =

3 tittipit it <t1+"'+tv

Eboookbe (3
ty+ty+ -+t tl,...,tv>1 o @)

(t1,t2,.stw)

where the summation is over nonnegative integers satisfying t1+2to+- - -4vt, =

. B SR et ) . . K . .
n—i+j, ( gtvl) = % 1s a multinomial coefficient, and the coefficients

in (8) are defined to be 1 if n =i — j.

Then we can give other combinatorial representations than for the Padovan-
Padovan p-numbers by the following Corollary.
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Corollary 2.6. Let Pal? be the nth Padovan-Padovan p-number forn > 1.
Then
i

PaP,p _ Z (t]_ —+ t2 + R tp+5) 2t2 (_1)t4+t5+tp+4+tp+5

tl t2 e t 5
(t1,t2,. tpts) e A a

where the summation is over nonnegative integers satisfying t; + 2to + - -+ +

(p +5) tpys =n—p—4.
ii.

Pai#’ — tp+5 X (tl Tlat+ tp+5> 9ta (_1)t4+t5+tp+4+tp+5
ty +to+ -+ itpis t1,t2, ,tpas

(1,82, tpts)
where the summation is over nonnegative integers satisfying t, + 2ty + -+ - +
(p—|—5)tp+5 =n-+ 1

Proof. If we take i = p+ 5, j = 1 for the casei. and i =p+4, j =p+5
for the case ii. in Theorem 2.5, then we can directly see the conclusions from

(Cp)". a

Now we consider the relationship between the Padovan-Padovan p-numbers
and permanent of a certain matrix which is obtained using the Padovan-
Padovan p-matrix (C,)".

Definition 2.7. Let M = [m; ;] be uxv real matriz and let v, r?, ... r* and
th 12, ..., t° be respectively, the row and column vectors of M. If r® contains
exactly two non-zero entries, then M is contractible on row o. Similarly, M is
contractible on column is B provided t® contains exactly two non-zero entries.

Suppose that zi, o, ...,x, are row vectors of the matrix M. If M is con-
tractible in the k™ column such that m;; # 0,m;; # 0 and ¢ # j, then
the (u — 1) x (v — 1) matrix M,; obtained from M by replacing the i*" row
with m; xx; + m;,z; and deleting the j™ row. The k™ column is called the
contraction in the £ column relative to the i*" row and the j** row.

In [2], Brualdi and Gibson obtained that per (M) = per (N) if M is a real
matrix of order & > 1 and N is a contraction of M.

Now we concentrate on finding relationships among the Padovan-Padovan

p-numbers and permanents of certain matrices which are obtained by using
the generating matrix of Padovan-Padovan p-numbers. Let R.% = [r;;] be
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the m x m super-diagonal matrix, defined by
2 ifi=cand j=e+1for1 <e<m-—1,
ifi=cand j=e+2forl <e<m-—2,
1 i=cand j=e+p+lforl<e<m-p-—1
and
i=e4+land j=cfor 1 <e<m-—1,
Tij = ifi=cand j=e+3forl <e<m-—3, , form >p+5.

t=cand j=e+4forl <e<m-—4,
-1 di=candj=e+p+3forl<e<m-p—3
and
i=cand j=e+pt+4forl <e<m-—p-—4,
0 otherwise.

Then we have the following Theorem.

Theorem 2.8. Form >p+5 ,

Pa P,p
peTRm Pam+p+4

41

Proof. We will use the induction method on m. Let us consider matrix R}
and let the equation be hold for m > p+5, then we show that the equation holds
for m + 1. If we expand the perR by the Laplace expansion of permanent

with respect to the first row, then We obtain

perRmHP = 2perRt®

m—1,p

+perRP?

+ perRP*, — perR"®

m—2,p m—3,p

— perRP? — perRP®

m—p—1,p m—p—3,p m—p—4,p°

Since
perRPe . = pqlP

m—1,p m-+p+3>

perRm 2p = Pam+p+27

_ Pp
peTRm 3,p Pam—i—p—l—la
Pp

perRm 4p — Pam+p7

perRE®, = Pab®y,

m—p—1,p —

perRP?

m—p—3,p = Pam—i—l
and

perRE® = Pal?,

m—p—4,p

we easily obtain that perRI® p= Paf;ﬁp +5- So the proof is complete.

perRm 4p
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Let Sf% = [s;;] be the m x m matrix, defined by

2 ifi=cand j=e+1forl <e<m-—3,
ifi=cand j=e+1fore=m—1,
i=cand j=ec+2for1 <e<m-—3,

1 i=cand j=e+p+lforl<e<m-p—2

and
i=e4+land j=cfor1 <e<m-—1,
R <e< y |
Sij ifi=cand j=c+3forl1 <e<m-—A4, ,form>p+5

i=cand j=e+4forl <e<m-35,
-1 it=candj=¢c+p+3forl<e<m—-p—14
and
i=cand j=e+p+4dforl <e<m—p-—4,
0 otherwise.

Then we have the following Theorem.

Theorem 2.9. Form >p+5,

Pa __ Pp
perS,.S, = —Pa," .

Proof. Let us consider matrix S,if; and let the equation be hold for m > p+5,

then we show that the equation holds for m 4+ 1. If we expand the perSffL%
by the Laplace expansion of permanent with respect to the first row, then we

obtain

Pa

perS = 2perS£‘in + perSﬁ‘iQ’p - perSf:L‘i&p — perSf:L‘Ll’p

m—+1,p
—i—perSf:fipfl,p — perS,Z‘ipf&p — perSnP;‘ip%,p.
Since
pe?”Sf:in = _Pafz’g%
perSfZ‘iQ,p = —PalP,,
peTSTIrDL(iB,p = —PaZ’L,
persicizl,p = _Paffifn
persri(ipfl,p - _Paaljz’gpfw
perS,,Iz‘ip_&p = —Pafﬁp_4
and
pers'n]z(ip—&p = _Pafmyzlp—&

we easily obtain that perS)%, = —Pa}?. So the proof is complete. O
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Assume that T,/ = [t; ;] be the m x m matrix, defined by

(m—p—>5)th
] ¥ _
1 .- 1 0 e 0
TP — ! form>p+5
m,p_ 0 Y rm p 9
(‘) SnP;Lil,p
_0 =

then we have the following results:

Theorem 2.10. Form > p+ 5,

m—2
Pa __ Pp
perl,, ., = E Pa; ™.
i=0

a

Proof. If we extend perT,; ¢

with respect to the first row, we write

Pa __ Pa Pa
perT, S =perl,* , — perSmfl’p.

Thus, by the results and an inductive argument, the proof is easily seen. [J

A matrix M is called convertible if there is an n x n (1, —1)-matrix K such
that per M = det (M o K), where M o K denotes the Hadamard product of M
and K.

Now we give relationships among the Padovan-Padovan p-numbers and
determinants of certain matrices which are obtained by using the matrix R”?

m?p’

Sf:l?p and Tf;";. Let m > p+ 5 and let H be the m x m matrix, defined by

1 11 - 1 1

-1 1 1 --- 1 1

1 -1 1 --- 1 1
H =

1 -1 -1 1 1

1 -1 1 =11

Then we have the following useful results.

Corollary 2.11. For m > p+ 5,

det (RE® o H) = Pal® .
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det (S} o H) = —Pa,”

m—1»

and

Proof. Since per R = det (Rﬁl‘fp o H), perSﬁ?p = det (Sﬁfp o H) and perTgi

’p
= det (Tmpz) o H) for m > p + 5, by Theorem 2.8, Theorem 2.9 and Theorem
2.10, we have the conclusion. O

Now we give the sums of the Padovan-Padovan p-numbers.
Let

n

P

S, = E Pa,?
i—0

and suppose that U5® and (U£?)" are the (p + 6) x (p + 6) matrices such that

O = o=

Up* = | : G,

o O

and then it can be shown by induction that

1 Ooo0 --- 00O
Sntp+3
Snipr2

(Uf;“)” = | Snipt1 (Cp)"
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3 Conclusion

Using the coefficients of the Padovan-Padovan p-sequence, we define the (p + 5)x
(p+5) lower Hessenberg matrices M;a’l and M;“Q as follow:

0 1 o --- 0 0 0 O 0 000
2 0 1 o --- 0 0 O 0 000
1 2 0 1 o --- 0 O 0 000
-1 1 2 0 1 0 0 0O 000
-1 -1 1 2 0 1 0 0O 00O
Pl 0o -1 -1 1 2 0 1 o --- 000
M,™ = S D Do (4)
o --- 0 -1 -1 1 2 0 1 000
1 0 0o -1 -1 1 2 0 100
0 1 -0 -1 -1 1 2 010
-1 0 1 0o - o -1 -1 1 2 01
-1 -1 0 1 o --- 0 -1 -1 120
and
o -1 0 -- 0 0 0 0 0 0 0 0
2 o -1 0 -- 0 0 0 0 0 0 0
1 2 o -1 0 --- 0 0 0 0 0 0
-1 1 o -1 0 --- 0 0 0 0 0
-1 -1 1 2 0o -1 0 0 0 0 0
o -1 -1 1 2 o -1 0 --- 0 0 0
My*? = P U PR : : (5)
o --- O -1 -1 1 2 0O -1 0 0 0
1 0 . o -1 -1 1 2 0o -1 0 0
0 1 0o - 0o -1 -1 1 2 0 -1 0
-1 0 1 o .- o -1 -1 1 2 0 -1
| -1 -1 0 1 o --- o -1 -1 1 2 0 |

We show that its determinant and permanents produce the terms of Padovan-
Padovan p-sequence. Then we have the following Corollary.

Corollary 3.1. Suppose that the (p + 5) X (p + 5) lower Hessenberg matrices
MP! and MP** have the form (4) and (5). Then, for p >4

Pa,1 _ Pa2 _ Pp
perM, " =det M;*" = Pay, 4.

Corollary 3.2. Suppose that the (p + 5) X (p + 5) lower Hessenberg matrices
MP! and MP** have the form (4) and (5). Then, for p >4

det Mf“’l = peer“’Q.
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4 Open Problem

In this paper, we examined the Padovan-Padovan p-sequence which are ob-
tained from the characteristic polynomials of Padovan and Padovan p-sequences.
Then, we obtained the miscellaneous properties of these sequences.

Does there exist a relationship between the terms of the Padovan and
Padovan p-sequences and the terms of the considered sequence in this paper?
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