Int. J. Open Problems Compt. Math.. Vol. 12, No. 4, December 2020
ISSN 1998-6262; Copyright ©ICSRS Publication, 2020

WWU.1-CST'S. orqg

Generalized Derivations of Prime
Rings with Involution
Alghamdi, Redha®, Alsharif, Maha'2, Altassan, Alaa', Muthana, Najat®

! King Abdulaziz University, Department of Mathematics,.P.O.Box 80203, Jeddah, 21589, Saudi Arabia,
malsharif0109@stu.kau.edu.sa and masharef@uqu.edu.sa, aaltassan@kau.edu.sa,
Nmuthana@uj.edu.sa
2 Umm Al-Qura University, Department of Mathematics, P.O.Box 715, Makkah, Saudi Arabia.

3 University of Jeddah, Department of Mathematics, P. O. Box 80200, Jeddah, 21589, Saudi Arabia.

1 Princess Norah bint Abdulrahman University, Department of Mathematics,.P.O.Box 84428, Riyadh,
Saudi Arabia, rdh.ashour24@hotmail.com.

Received 13 April 2020; Accepted 15 November 2020

(Communicated by Lahcen Oukhtite)

Abstract

In this paper we investigate the commutativity of prime
rings (R, *) with involution of second kind which admits a gen-
eralized derivation satisfying certain algebraic identities on
ideals of R. We also give classifications of some functions.
Finally, we provide examples to show that various restrictions
imposed in the hypothesis of our theorems are not superfluous.
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1 Introduction

Let R be a ring with center Z = Z(R). For any 2,y € R, we define [z, y] to
be the commutator zy — yz and z o y to be the anti-commutator zy + yz. A
ring R is called prime if for any z,y € R, 2Ry = (0) implies z = 0 or y = 0.
A ring R is said to be of characteristic different from 2 (or 2-torsion free) if
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forany x € R, 22z = 0 implies z = 0. An additive mapping d : R — R is
said to be a derivation on R if d(zy) = d(x)y + zd(y) holds for all z,y € K.
An additive mapping F : R — R'is called a generalized derivation on R if it
s associated with a derivationd : R — R satistying F(zy) = F(z)y + zd(y)
for all z,y € R. An additive map * R —» R is said to be an involution if it
satisfies the following conditions: (i) (zy)” = y*z*; and (i) (¢*)" = = for all
z,y € R. A ring with involution or a s-ring is a ring equipped with an invo-
lution. In a ring with involution *, an element z is called hermition if z* = ,
and skew-hermition if z* = —z. The set of all hermition and skew-hermition
clements denoted by H(R) and S5 (R) respectively. An involution is called of
the first kind if Z(R) € H(R), and of the second kind if S(R) N Z(R) # (0).

In the past few decades, several authors have studied the commutativity of
the ring R that admits certain specific types of derivations. For instance, in [7],
E. C. Posner introduced the first result in this direction, and he proved that if
R is a prime ring and d is a nonzero derivation of R satisfies [d(z),z] € Z (R)
for all z € R, then R must be commutative. Moreover, the initiated algebraic
study of generalized derivations has been done by Hvala [5] and he extended
some results from derivations to generalized derivations. In [2], M. Ashraf et.
al. proved that if R is a prime ring, [ is a nonzero idecal of R and R admits
a generalized derivation F associated with a non zero derivation d, then R
is commutative if one of the following conditions holds: d(z) o F'(y) = 0,
(e, F(y)] = 0, d(z)o Ply) = zoy, d(@)o F(y) +zoy =0, d(z) o F(y) ~ay €
2R, dla)o F(y) + 7y € Z(R), [d(z), Fo)] = [&.9], or [d(a), F))+[z.9] =0
forall z,y € I. In (3], Bergen obtained some results concerning derivations in
view of Lic idcals. H. Shuliang [8] extended M. Ashraf’s work and he proved
the results in light of Lie ideal of a prime ring. Motivated by the above,
our purpose is to continue studying commutativity criteria for prime rings
with involution admitting a generalized derivation associated with a derivation
satisfying certain algebraic identities.

9 The Necessary Preliminaries

We shall use repeatedly the familiar commutator and anti-commutator identi-
ties:

(i) [zy, 2] = zly, 2] + [z, 2]v,
(ii) [o,y2] = ylz, 2] + [z, 9]z,
(i) 20 (52) = (z 0w)2 — ylw. 2] = u(@ o 2) + [l

(iv) (eg) o = = 2(y o 2) — [z, 2ly = (0 )y + 3ly, 2],
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for all z,y,2z € R.

We will make some use of the following well-known results :

Fact 1 ([1], Fact 2.5) Let R be a prime ring with involution * of the second
kind such that char(R) # 2 provided with a derivation d of R. If d(h) =0 for
all h € H(R)N Z(R), then d(z) =0 for allx € R.

Fact 2 ([2], Lemma 2.2) Let R be a prime ring, and I be a nonzero ideal
of R. If R admits a nonzero derivation d such that [z, d(z)] is central for all
x € I, then R is commutative.

Fact 3 ([6], Lemma 4) Let y and xy be in the center of a prime ring R. If
y is not zero, then x is in Z(R).

Fact 4 (8, Theorem 3.2) Let R be a prime ring with char(R) # 2 and let A
be a Lie ideal such that a®> € A for all a € A. If F is a generalized derivation
associated with d # 0 satisfying [d(z), F(y)] = 0 for all z,y € A, then A C
Z(R).

Fact 5 ([2], Theorem 2.9) Let R be a prime ring, and I be a nonzero tdeal
of R. If R admits a generalized derivation F associated with a derivation d such
that d(z)F(y) — zy € Z(R) for all x.y € I, then d =0 or R s commutative.

Fact 6 ([2], Theorem 2.11) Let R be a 2-torsion free prime ring, and I be
a nonzero ideal of R. If R admits a generalized derivation F associated with
a derivation d such that [d(z), F(y)] = [z,y] for all z,y € I, then d =0 or R
s commutalive.

Fact 7 ([2], Theorem 2.5) Let R be a 2-torsion free prime ring, and I be
a nonzero ideal of R. If R admits a generalized dertwation F' associated with
a derivation d such that d(x)o F(y) = 0 for all z,y € I, thend =0 or R is
commaudtative.

Fact 8 ([2], Theorem 2.7) Let R be a 2-torsion free prime ring, and I be a
nonzero ideal of R. If R admits a generalized derivation F associated with a
derivation d such that d(z) o F(y) =z oy for allz,y € 1, then d =0 or R is

commutative,
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3 Conditions with commutator

In [4] Herstein proved that if R is a prime ring of characteristic not 2 equipped
with a nonzero derivation d such that [d(z), d(y)] = 0 for all z,y € R, then Ris
commutative. In the following result we give an improve version of Herstein’s
result in a prime ring with involution of second kind as follows :

Theorem 3.1 Let (R.*) be a prime ring with involution of the second kind
such that char(R) # 2, and I be an x-ideal. If R admits @ generalized deriva-
tion F associated with a nonzero derivation d such that [d(z), F(z*)] =0 for
all z € I, then R s commutative.

Proof. By the hypothesis, we have
(d(z), F(z*)] =0 forall z € I (1)

A linearization of (1) forces

[d(z). F(y)] + [d(y), F(z")] =0 for all z,y €l (2)
That is
(d(z), F)] + [dy"), F(z")] =0 for all z,y €l (3)
Substituting yh for y in (3), where h € Z(R)N H(R)\ {0}, it follows that
(1d(a), 9] + by Fa)d(h) =0 (1)

By using the primeness property for I, the equation (4) yields that either
[d(z). ) + ", F(z")] = 0 or d(h) = 0. By considering the first case, We have

[d(z),y] + ¥ F(z*)) =0 forall z,y€ I (5)
Replace y by yz in (5), where z € Z(R) to obtain
[d(z), 9]z + V" F(z*)]z* =0 forall 2,y € [ and z € Z(R) (6)

Multiply (5) by z* from the right, and subtract the result from the equation
(6) to get

[d(x),y](z — z*) =0 forall z,y € I and z € Z(R) (7)
Since R is prime, and * is of the sccond kind, the equation (7) gives that
[d(z).y] = 0. Putting y =2 implies [d(z), 2] = 0 for all z € I. Hence, in view
of Fact 2, R is commubative.

Now suppose that the other case holds, so by Fact 1, we get d(k) = 0 for all
ke Z(R)NS(R)\ {0}. Replacing y by yk in (3) we obtain

E([d(x), F(y)| - [d(y"), F(z")]) =0
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Since the ring R is prime the involution * is of the second kind, we get
(d(x), F(y)] - [dy"), Fa")] =0 forall @y €1 (8)

Combining (3) and (8), and since char(R) # 2, we obtain [d(x), F(y)] = 0 for
all z,y € I. Therefore, by Fact 4, R is commutative, and the proof is complete.
]

Theorem 3.2 Let (R, *) be a 2-torsion free prime ring with involution of the
second kind, and I be an w-ideal. If R admits a generalized derivation F
associated with a nonzero derivation d such that |d(z), F(z*)] = [z, 2*] (or
[d(z), F(z*)] = —[x,z*]) for all x € I, then R is commutative.

Proof. By the hypothesis, we have
[d(z), F(z*)] = [z,z%] forall z €1 (9)
Linearizing (9), we get
d(z), P + ), F)] = lo,7] + ") forall s,y €1 (10
This can be written as
d(z), F)] + [y, Fa)) = 9] + ', 2°] forall sy €T (1)
Put y = yh in (11). where h € Z(R) N H(R) \ {0} to obtain
(1de).g) + [y, P )d(h) =0 (12)

In light of primeness, we can se¢ that cither [d(z),y] + [¥" F(z*)] = 0 or
d(h) = 0. Assume that

(d(z),y] + ", Fa)] =0 for all z,y €1 (13)
Replacing y by vz, where z € Z(R), we get
[d(z),y]z + [¥", F(z*))z* =0 forall z,y € I and z € Z(R) (14)
Right multiplying (13) by z*, we find that
[d(z),y]z" + [y F(z*))z* =0 forall z,y € I and z€ Z(R) (1)
Qubtract (15) from (14) to obtain

[d(z),9](z—7) =0 for all z,y € I and z € Z(R) (16)
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Since R is prime and the involution * is of the second kind, the equation (16)
yields that [d(z), y] = 0. By taking y = z. we conclude that [d(z),z] = 0 for
all z € I, and thus R is commutative by Fact 2.

Now consider the second case of (12) which is d(h) = 0 for all h € Z (R)N
H(R)\ {0}. By Fact 1, d(k) = 0 for all k € Z(R) N S(R) \ {0}. Writing yk
instead of y in (11), we obtain

([d(z), F(y)] - [d"), F(a")] = [z,y] + [y, 2"k =0 (17)

Because of the primeness hypothesis for R. and S(R) N Z(R) # (0), the equa-
tion (17) implics that

[d(z), F()) - [d@"), Fa)] = =y + v 2] =0 forall z,yel  (18)

Comparing (11) and (18), and since R is 2-torsion free ring, we arrive at
[d(z), F(y)] = [z, 9] for all z,y € I. Hence, in view of Fact 6, R is commuta-
tive.

Proceeding on the same lines with necessary variations, we can prove the the-
orem when the condition [d{z), F(z*)] = —[x,2*] holds for all z € 1. M

4 Conditions with anti-commutator

This section is devoted to finding out ‘f commutativity still holds when the
commutator in the conditions of the preceding section is replaced by anti-
commutator.

Theorem 4.1 Let (R, *) be a 2-torsion free prime ring with involution of the
second kind, and I be an *-ideal. If R admits a generalized derivation F
associated with a nonzero derivation d such that d(z)o F(z*) = 0 for allz € s
then R is commutative.

Proof. Assume that
d(z)o F(z*) =0 forall 2 €1 (19)
A linearization of (19) yields that
d(z) o F(y*) +d(y) F(z*)=0 forall z,yel (20)

That is
d(z) o Fy) +d(y*) o F(z*) =0 for all z,y € 1 (21)

Replacing y by yh in (21), where he Z(R) N H(R)\ {0}, we get

(d(z)oy+y o F(z*))d(h) =0 (22)
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Invoking the primeness property for R, the equation (22) forces that either
d(z)oy+y*o F(z*) =0 or d(h) = 0. Suppose we have

d(z)oy+y~o F(z*)=0 forall z,y € I (23)

Replace y by yk in (23), where ke Z(R)NS(R)\ {0}, this implies (d(z)oy—
y* o F(z*))k = 0. Since R is prime ring and S(R) N Z(R) # (0), we obtain
d(z)oy—y ° F(z*) = 0. Comparing this equation with (23), and since R is

2-torsion free, we get
d(z)oy =0 forall 2,y € I (24)

This leads to yd(x) = —d(x)y for all z,y € I. Putting y = 1Y in (24), where
r € R, we get d(x)ry — rd(x)y = 0 which implies that [d(z), 7]y = 0. Thus,
[d(x),r|RI = (0). Since R is prime, and I # (0), we obtain [d(z),r] = 0.
Taking r = x, we arrive at d(z),z] = 0 for all 2 € 1. Hence, in light of Fact
2, R is commutative.

Therefore, consider the case when d(h) = 0 for all h € Z(R) N H(R) \ {0}.
Then by Fact 1, we get d(k) = 0 for all k € Z(R)N S(R)\ {0}. Substituting
yk for y in (21) we get

k(d(z) o F(y) — dly") o F(z") =0

Using the primeness hypothesis together with the fact that * is the second
kind, we get

d(x) o F(y) —d(y") o F(z*) =0 forall z,y € I (25)

Adding (21) to (25), and by using the 2-torsion freeness property, we arrive
at d(z) o F(y) = 0 for all 7,y € 1. Hence, by Fact T we conclude that R is
commutative. %

Theorem 4.2 Let (R, * ) be a 2-torsion prime ring with involution of the sec-
ond kind, and I be an x-ideal. If R admits a generalized derivation F as-
sociated with a nonzero derivation d such that d(z) o F(z*) = z ° z* (or
d(z) o F(a*) = — (z o a*)) for oll € I, then R is commutative.

Proof. Suppose we have
d(z)o F(z*) =z0a forall z €1 (26)
Linearize (26) to get

d(z) o F(y") +d(y) F(z*)=zoy +tyox forall z,y €1 (27)
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o
o

Thus,
d(z) o F(y) +d(y") o F(z*)=zoy+y ox" for all z,y €l (28)
Writing yh instead of y in (28), where h € Z(R) N H(R)\ {0}, we arrive at
(d(z) oy +y* o F(z))d(h) =0 (29)

In light of primeness, the equation (29) yields that cither d(z)oy+y*oF(z*) =0
or d(h) = 0.

Assume we have
d(z)oy+y* o F(@")=0 for all x,y € (30)
Replacing y by yk in (30), where k € Z(R) N S(R) \ {0}, we obtain
(d(z) oy —y" o F(@*))k=0. (31)
Since R is prime, and k # 0 (as the involution * 18 of the second kind), we

obtain

d(z)oy—y" o F(z*) =0 forall =,y € I (32)

Combining (32) and (30), and since the ring R is a 2-torsion free, we conclude
that d(z)oy = 0 forall z,y € 1. This equation is the same as (24) in Theorem
4.1. Thus, by using the same techniques, we obtain that R is commutative.
Now consider the case when d(h) = 0, where h € Z(R)n H(R)\ {0}. By Fact
1, we get d(k) = 0 for all k € Z(R) N S(R) \ {0}. Putting y = yk in (28), it
follows that

(d(z) 0 Fy) —d(y") o F(a") —zoy+ y oz )k =0 (33)

Since the ring R is prime, and the involution * is of the second kind, the
equation (33) yields that

d(z) o F(y) —d(y")° Flg*) =goy—¥ ¢ z* forall z,yel (34)

Adding (28) to (34), and since R is a 2-torsion free ring, we arrive at

d(z)o F(y) =x0Y forall z,y €1 (35)
Therefore, by using Fact 8, we get R is commutative.
Similarly, we can prove the theorem in the case when d(z) o F(z*) = —(z° z*)
for all z € I. 1

Theorem 4.3 Let (R, *) be a 2-torsion prime ring with involution of the sec-
ond kind, and I be an x-ideal. If R admils a generalized derivation F asso-
ciated with a nonzero derwation d such that d(z) o F(z*) —zx* € Z (R) (or
d(z)o F(z*) tza” € Z(R)) for all z € I, then R is commutative.
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Proof. Assume that
d(z) o F(z*) — az” € Z(R) for all z € I (36)
Linearizing (36), we obtain
d(z) o F(y*) +d(y) o F(a*) — zy* —yz* € Z(R) for all z,y €1 (37)
This can be written as
d(z) o F(y) +d(y") e F(z*) —zy —y'a" € Z(R) forall z,y € I (38)

Replace y by yh in (38), where h € Z(R) N H(R)\ {0} to get (d(z)y +
y*F(z*))d(h) € Z(R). Then, Fact 3 implics that either d(z)y + y*#'(z") €
Z(R) or d(h) = 0. Assume that

d(z)y + v F(z*) € Z(R) forall z,y € I (39)
Putting y = y2 in (39). where z € Z(R), we obtain
d(z)yz + 2"y F(z*) € Z(R) forall z,y € I and z € Z(R) (40)
Multiplying (39) by z* from the left, we get
2d(x)y + 2y F(z*) € Z(R) forall z,y €1 and z € Z(R) (41)

Subtracting (41) from (40), we get d(z)y(z — =) € Z(R). Using the primeness
property for R together with Fact 3, the previous equation assures that either
d(z)y € Z(R) or z — 2" = 0. The latter case contradicts the fact that the
involution # is of the second kind. Therefore, d(z)y € Z(R) which implies
[d(z)y,r] =0 for all z,y € { and 7 € R. That is

d(z)[y, 7] + [d(z). 7]y =0 for all z,y € I and r€ R (42)

Substituting yt for y in (42), where t € R, we get d(z)ylt,r] = 0 which implies
that d(z)RI[t,r] = (0). Since R is prime, cither d(z) = 0 or I[t,] = (0).
Suppose that d(x) = 0. Then d(zt) = 0 for all z € [ and t € R. Thus,
zd(t) = 0 implies 1 Rd(t) = (0). Since R is prime, and by using the hypothesis
of I and d, we get a contradiction.

Therefore, I[t,r] = (0) implies R[t, ] = (0). Invoking the primeness of R, and
since I # (0), we obtain [t,r] =0 for all t,r € R. Hence, R is commutative.
Now consider the other case when d(h) = 0 for all h € Z(R)n H(R) \ {0}.
Therefore, by Fact 1, d(k) = 0 for all k € S(R) 0 Z(R). Putting yk instead of
y in (38), we obtain (d(z)F(y) —~d(y* ) F(z')— 2y -+ y*z*)k € Z(R). Now from
Fact 3, and the condition S(R) N Z(R) # (0), we get

d(z)F(y) — d(y")F(z") —zy + y'a" € Z(R) forall z,y €l (43)
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Adding (38) to (43), and since the ring R is 2-torsion free, we obtain d(z) F(y)—
Ty € Z(R) for all z,y € I. Hence, by Fact 5, we get the required result.
Following the same techniques as used above, we prove the theorem when
d(z)F(z*) +xz* € Z(R) for all x € I. s

The following examples show that of the second kind is crucial in Theo-
rems 3.1, 3.2, 4.1, 4.2, and 4.3.

Example 1.
Let R = My(Z), and * be the involution which is defined by: ( ((L 0 ) =

d
d -b . . , : . o
ol | It is straightforward to check that R is a prime ring with invo-

lution * of the first kind such that

c d

. . . a b 3 a b - 0 b
Letdandf‘b(,dehncdas.I((C d))*d((c d))—(_c 0)-

Then, F is a generalized derivation with associated derivation d = . Consider
the ideal I to be R itself. Clearly, the conditions of Theorems 3.1 and 3.2 are
satisfied. However, R is not commutative.

(X.X*] =0 and X oX*=2(ad—be)l, forall X = ( & B ) =,

Example 2.
Let R be a ring which is defined as follows:

R= { (3 2) | g, 5:€ Z}. Let I be an ideal of R which is defined by:

b & .
K (8 0 | b € Z 3. Define the mappings F,d, x:R— Rby

a b a b 0 b a b\ a —b
F(o u)“"(u a) ) (u o)"‘““i (0 a) (0 a )
[t is straightforward to check that R is a prime ring with involution * of the
first kind such that [z,z*] = 0 for all x € I. Moreover, I is an #-ideal of
R. Furthermore, the mapping F' is a generalized derivation with associated
derivation d = F satisfying the conditions of Theorems 3.1, 3.2, 4.1, 4.2, and
4.3 but R is not a commutative ring.

5 Open Problem

The open problem here 1s to investigate the commutativity of a semiprime ring
(R, *) with involution of the second kind which admits a generalized derivation
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F associated with a nonzero derivation d satisfying the following identities:
[d(z), F(z*)] = £[z,2"],
d(z)o F(z") = £(zoz"),
d(z) o F(z*) £ 22" € Z(R),

for all = in an *-ideal I of K.
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