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Abstract

In this manuscript, we investigate the nonlocal impulsive
fractional differential equation in v—Caputo sense. We ap-
ply the Schaefer’s fixed point principle to obtain the existence
of solution for the proposed impulsive fractional differential
equation. The uniqueness of the solution for the proposed im-
pulsive — Caputo fractional differential equation is given by
applying Banach’s fixed point approach. A practical example
illustrating the aforementioned applicability is also given.
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1 Introduction

During the past two decades, impulsive fractional differential equations (IFDEs,
for short) have attracted the attention of many mathematicians, because there
are many natural phenomena that are modeled in the form of IFDEs such as
problems of neuro-computing, signals, fuzzy systems and control [2, 10, 14, 15,
8, 6].
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Recently, in 2014, Zhang et al. [16] considered the IFDEs involving classical-
Caputo fractional operator. More recently, in 2020, Zhang and Xiong [17]
established the periodic solution of IFDEs.

Nowadays, a lot of definitions of fractional operator derivatives were pro-
posed according on nonsingular kernels such as the Atangana-Baleanu [5] and
conformable [12] fractional operators. Therefore, many researchers acceler-
ated to study IFDEs from the point of view of modern definitions of fractional
operators [1, 11].

Almeida in [3] introduced the )—Caputo fractional derivative. Indeed, this
fractional operator is more general than Riemann-Liouville, Hadamard, Erdely
Kober and Caputo operators kinds.

Let I = [0, 1] and F is a Banach space. In this paper, we consider the more
general IFDE involving v»—Caputo operators, given by

DEYa(t) = A()x(t) + f(t,x(t), t € I* = T\ {t1,ta, ....tm}, a € (0,1),
( ) + g(z) = o,
2(t) = a(t7) + s, i =1,2,.

(1)

where * D% is 1)—Caputo derivative operator, A is bounded operator on E,
f:IXE—-FE, g:PC(LLE) = E tg=0<1t; <ty < ..<ty <tp =1
and

z(tf) = lim z(t; +7) , z(t;) = lim z(t; + 7).

T—0t T—0~

We show the existence and uniqueness of solution for the proposed Eq.(1) by
using Schaefer’s and Banach’s fixed point theorems.

2 Preliminaries

In this section, we recall some definitions and theorems which will be used in
the investigation. The following definition was considered in [7, 13].

Definition 2.1 Consider I = [0,1] and let t; € I, i = 1,2, ...,m such that
to=0<t <ty <..<ty <tp1 =1. Let E be the Banach space and C(I) be
the space of all continuous functions x : I — E. It is easy to prove that C(I)
is a Banach space with the norm ||z|c = r?ealxﬂm(t)H, x e C(), I =10,1].

Therefore, PC(I) is the Banach space of all of all piecewise continuous maps
PC ( ) {.ZE I — FE: .’E‘I € C( ) [O tl] Iz = (ti,tiJrl], 1= 1,2,...,m, and

z(t}), x(t; )are exists for alli = 1,2, ...,m},

with the norm ||x||pc = sup ||z(t)]|.
tel
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The following two definitions were established in [3, 4], .

Definition 2.2 Let 1) be an increasing function having a continuous deriva-
tive Y’ on (0,00). The 1»— Riemann-Liouville fractional integral of order o >
0, a € R for an integrable function f : (0,00) — R is given by

ap _ L ' / _ a—1
T H0) = a5 || #OWE 0O 10 e
and the ¥— Riemann-Liouville fractional derivative of order o > 0, o € Ry of
the function f is defined as
1 1 d
G

where n = [a] + 1 and [ denotes the integral part of «.

DRI = " [ 0w - eor 1o d

(n —a)

Definition 2.3 Let v € C"(I,R), be an increasing function such that
V() #0 forallt € I. Let f € C"(I,R), then »— Caputo fractional derivative
of order a > 0, a € Ry of the function f is defined as

n—1 g[k] 0
*DWﬂﬂzDWUW_E:mJ)

k=0

((t) = 9(0))"],

where n = [a|+1, [a] denotes the integral part of a and fgc] (t) = (2= L)* f(1).

We recall the following Lemma which was given in [4].

Lemma 2.4 Suppose that f: [ — R, then
(1) if | € C(I), then *D* J3i* f(t) = f(t),
(2) if f € C"Y(I), then

Joi D f(t) = f(t) —

Now, we recall the Gronwall inequality for fractional )—integral, which will
be used later.

Theorem 2.5 [4]. Let x be continuous, nonnegative on I, o € (0,1) and
dyi,dy are positive real numbers such that

o(t) < di + dy / OW) — () 2(Q) d¢ , Vtel

Then
z(t) < dy Eo(dy () (¥(t) —4(0)* , Vtel,

where, E,(.) is Mittag-Leffler function.
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Finally, we recall Schaefer’s fixed point theorem which was given in [9].

Theorem 2.6 (Schaefer’s fized point theorem) Let E be a Banach
space and T : E — E be a continuous and compact map. Furthermore, let

Q={zxeE:x=\Tx, N€(0,1)},

be a bounded set. Then T has at least one fixed point in E.

3 Main results

We will establish the solvability of Eq.(1) under the following assumptions:

(A1) The function A : I — E is continuous, bounded, dom(A) is constant and
M, € (0,00) such that M; = max |A(t)]|-
S

(A2) The function f: I x £ — E is continuous and 3L, € (0, 00) such that:

1f(t,21(t) = f(t, 22(t)[| < Lyllzr — 22,
forallt € I and x1,29 € F.

(A3) The function g : PC(I) — E is continuous and 3Ms, L, € (0, 00) such
that My = sup ||g(x)|| and
tel

lg(x1) — g(z2)|| < Lyl — 2],
for all z1, 29 € PC(I).

First, we establish the proposed problem without impulsive and nonlocal
condition. Consider the following differential equation

{ *DeYa(t) = A(t)a(t) + f(t,=(t), t €1, a € (0,1), @)

x(0) = o,

where 2o € dom(A). We call x € C(I) is a solution of Eq.(2) if x is
a ¢—Caputo differentiable and satisfies Eq.(2).
First, we give the integral representation of the Eq.(2).

Lemma 3.1 Let the assumptions (A1) and (A2) hold. Then , the Eq.(2)

18 equivalent to the integral equation

{ () =0+ i Jy () (W) —(s))* "t A(s)a(s) ds

s Jo () ((0) — ()2 f(s,a(s)) ds, t € 1. (3)
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Proof. From Lemma 2.4, we get
Toi "Dt a(t) = Jor Az (t) + (¢, 2(1))).

So, we obtain

£(t) — o ﬁ%ﬂw@wwﬂmw*mm@w
+fé1£w@xww—¢@w4f< () ds . O

Now, define T': C'(I) — C(I) as

) =0+ o /w ()" Als)a(s) ds
+—/ws¢t—¢so‘_1fs,xs ds .
o ()" (s, 2(s))
Clearly, the solution of the Eq.(2) is the fixed point of the operator 7.

Lemma 3.2 Under the assumptions (A1)-(A2), Eq.(2) has at least one
solution.

Proof. The proof is done in 4 steps.
Step 1. T is continuous. Let {z,} be a sequence in C(I) such that
x, —x € C(I) asn — oo. So, for all t € I, we get

| Ta(t) — Ta(t n</?” G ) A leals) - 2(s)]ds
/1” SV_Hﬂ&%@D—f@J@W%
< M, / A G 1 (s) — 2(s) s
+Lf/“” VD™ () — a(s) s
M1 + Lf) W(l) - w(o))a ||$ . 37”6’
- I'(a+1) " ' 5

Thus, ||Tz, — Tx||c — 0 as n — oc.
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Step 2. Every bounded set B, in C'(I), T'B, is uniformly bounded.
Let r > 0. Define, B, = {z € C(I) : ||ul|c < r} and let x € B,, then for all
t el we get

T2 < vl + / ot ?( )‘”( D A ot s

/ vl VDT r(s, (s)) s

P (s) () — ()
SWM+MTA o) ds (6)

L (s) (1 () = (s)) !
i /0 ['(«) [Lyllz(s)Il + [ f(s,0)[]ds

< ol + QAT Ly M) — 0"

where M* = max Il f(t,0)]]. Thus, we get
€

[Tz|c < r". (7)

Hence, T'(B,) is uniformly bounded in C'(I).
Step 3. T is equi-continuous. For all t1,t5 € I such that t; < t5, we get

[Ta(ts) — To(t)] < | / RACIGT)

N
" (s) (Wt
T

[ LD v

S—
lQ
@\/l
~—~
w
SN—
SN—
7
—
s
—
w
SN—
)
—
»
N—
IS8
o

8

f(s,x(s))ds

MY ()@ () = ()
0 ['(a)
=D+ Do,
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where

/ INEY! 1
[
o) [ YO
[
o [ o)
[
< [T O A (o
N e

M= age) o) s

therefore, we have
o<y [ LS s

P [ st

() (ble) = pls)

Mo ) ) (10
= " rI’(oz—I—l)

L) = BO) — (6{t) — w(0))°

+ (P (t2) — ¥(t1))"]
< 2My 7 (P(t2) — U(tr))®
- I'(a+1) '
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Similarly, we get

) (s, () s

< (L r ey [

)
t1 F(a)
+ (Lfr+ M*)/ [ZZJ (S)W(tr)( —1(s))

() ((ta) —W(s) !
I(c)
< (Lyr+ M) (¥(t2) — ()"
B ['a+1)
(Lyr+ M) o . X
W[(@/}(tl) —(0))* = (¥(t2) — ¥(0)* + (P(ta) — (t1))"]
< 2(Ly v+ M*)(¥(t2) —p(t1))*
- Fa+1) '

|ds

(11)
Therefore, we have
2((Myr+Lyr+ M)
['(a+1)
Since, 1 is continuous for all t € I. Thus, when t; — to, ||Tz(te) —Tx(t1)]|c —
0. Hence {T'z(t)} is relatively compact. So, it is implies that {Tx(t)} is rela-

[T2(t2) = Ta(ty)llo < (¥(t2) = P(tr))" (12)
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tively compact. Thus, T is compact operator.

Step 4.T ={xr € C(I) : x = Nz, 0 < A < 1} is bounded. Let x € T
such that

2(t) = MT2)(t), X € (0,1).

Then for each t € I, we have that

lz(t)l| = M| Tx]
me+uaﬁwsfw U(s))* 7t A(s)a(s) ds
ik Jo () () — ()7 f(5,2(5)) ds)]|
sxmm+ aﬁw@mm> W) IAGs)]| |z (s)]| ds
+ta7 Jo ¥ () (W(1) — <@wwuwxuww>
<Mmm+(;ﬁ¢kx ()2 [|lz(s)]| ds
ey Jy v ()W) - (@VlM(M@ (13)
AL fo W () (t) — v(s))* ds)
< Al + w
+ et St x<§vmnawa$ww

M 1 0))*
émw+l%%%ﬁ—

et Jo W () () = $(9)) 7 a(s)]| ds.

(8
— Y

From Gronwall inequality, we get

lz(®)]] < (o]l + MLV OFy g (M* + Ly) ((t) — 9(0))*,  (14)

(a+1)

for all t € 1. Hence,
lz(®)lc < flwo| + 2GBDO) B (M= + Ly) (9(1) —(0))*.  (15)

Thus, T is bounded. From Schaefer’s theorem, T has at least one fixed point
which is a solution to Eq.(2). O

Theorem 3.3 Let the assumptions (A1)-(A2) hold. Then Eq.(2) has unique
solution in C'(I), if

(M + Ly)(4(1) — ©(0))”

1.
D(a+ 1) =




26 Tamer Nabil

M* (3 (1)~ (0)<

llzoll+ <
Proof. Let x € B, such that r = Hotl . Then, we have
1=(Mi+Ly) T(a+1)

)] < ool + [ S A faoas

L () () = (s))* )
< I(a) (s 2(5)) s

< llzoll + My v /Ot W(S)W(?(;)W))Mds (16)

Ey(s)((t) — (s))* !
+/0 () [Lillz(s)ll + [ £(s,0)][]ds
(Myr+ Lyr+ M*)((1) —1(0))*

< llzoll + S .
Hence, T B, C B,. Let x,y € B,, then
ITe(t) - Ty(t) ||<L/‘w’ G| A ll2(s) — w(s)lds
/ﬁ’ S) 1 f(s2(s)) = £s,y(s)) ds
<M/W WHmPWWs
+Lf/¢’ )™ o) — y(s) s
AL+L)WMJ—M®W
< Mo+ = yllc:
an

Thus, T is contractive. Hence, there exists a unique fixed point z € B,, which
is the unique solution of Eq.(2). O

Now, we investigate the problem (1). The solution of Eq.(1) is x € PC(I,dom(A))
such that x is y»—Caputo differentiable,

“DeYa(t) = A(t)x(t) + f(t,o(t), t € I* = I\ {t1,ta, st }, a € (0,1),
and z satisfies
2(0) + g(x) = 2o, z(t]) = x(t;) +yi, i =1,2,...,m
Let o € (0,1). We consider the following problem
{*Qﬁﬂ) A@a(t) + f(La(t) , tel , ae(0,1),

2(0) = 70— 9(u) = s [0 (00 — 0(5)" ! A)als) ds (18)
=) fé’w’(s)(w(t) —(s)* f(s,2(s)) ds |
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where xy € dom(A). Then, the solution of (18) is given as

2(t) = w0 = gle) = gy J§ ¥ (5)(0(1) = V()" Als)a(s) ds

F@fo )W) <s>>a1f<s 2(s)) ds

m o 0 (9)(00) = (5)) " Als)er(s) ds
($)(W(t) —(s))* f(s,2(s)).

(19)

F(a) fO

Similar to (18), we have the following Lemma.

Lemma 3.4 Let the assumptions (A1) and (A3) hold and o € (0,1). Then
solution of the following equation

“DeYa(t) = AWz(t) + f(t,2(t), t € I, a € (0,1)
{ () = w0 — g(x), 20)

15 grven as
w(t) =10 —g(x) — w5 Jo W ()W) — (s))7" A(s)x(s) ds
— 17 Jo ¥ () (W (t) = ())° 7" f(s,2(s)) ds (21)
Fig Jo ¥ ()W) — (5)° L A(s)a(s) ds
+F(1a) fot V() ((t) — (s)27 f(s,2(s)) ds

Lemma 3.5 Let xo,41, Y2, .., Ym € dom(A) and the assumptions (A1) and
(A3) hold. Then x € PC(I) is a solution of Eq.(1) iff it is described as

( o fo (5)((t) — (s))* A(s)a(s)ds+

fo P(s))*™ 1 f(s x(s)) ds , t € Iy
1E0 —9( )+y1 + fot%b( )( (t) — (s ))a A(s)x(s)ds+
fo (s)) ( x(s))ds tel,
R >+y1 +y2+ b 20 ) 0) — (5) Als)a(s)ds+
ey Jo ¥ t) — (s ))O‘ (s x(s))ds tel

70 = 0(x) + S wi+ iy 3 ¥ ()0 (0) — () Als)a(s)ds
L iy Jo () (W (1) = 9 ())* (s, 2(5))ds , t € L.

(22)
Proof. Let x be a solution of Eq.(1). If t € I, , we get

“DELa(t) = AW)(t) + (1, 2(), £ € To, o € (0,1),
2(0) = 29 — g(x). (23)
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Provided that,

p(t) = w0 — g(x) + iy Jo ¥ ()W) — 1(s)) > A(s)a(s)ds

ks S0 ()W) — 6(5)* L [(s,2(5)) ds,t € I, (24)

Conversely, if we v-differentiate Eq.(24), we get Eq.(23). If ¢ € I}, we have

DePat) = At + f(t a(t), t € I, w(t]) — 2(t7) =,
2(0) = o — g(x). (25)

From Eq.(24), we drive the solution of Eq.(25) as

2(tT) =0 — g(x) + 41+ may Jy ¥ (5) (@) — ¥ (s)) T A(s)a(s)ds

s S ()W) ~ b)) f(s,(s)) ds. (26)
From Lemma 3.4, we drive
v(t) = 2ltf) — 2 SO0 (5) () — () A(s)a(s)ds
— i Jy 0 () () — () f(s,2(s)) ds o
+ﬁ S () (W (t) — p(s)) T A(s)x(s)ds
iy Jo ¥ ()@ (1) = ()27 f(s,2(s)) ds
So, we establish
z(t ) =zo— g( + y1 + 17 Jo ¥ ()W (E) — (s)) T A(s)a(s)ds (28)

+ri5 Jo ¥ - @/)(8))“ 1 [f(s,2(s)) ds.

Conversely, if we i-differentiate Eq.(28), we obtain Eq.(25). Similarly for
t € Iy, we have

z(t3) = x(ty) + v

By doing the same above steps, we have

w(t) =m0 —g(x) + 91+ v2 + may Jo ¥ () (W(1) = ¥(s))2 T  A(s)a(s)ds
iy Jy ()@ (1) — ()2t f(s,2(s)) ds.
(29)
Conversely, if we i-differentiate Eq.(29), we obtain

DyYa(t) = A@)a(t)+ f(t,x(1), t € I, ,x(t)) —a(ty) =y, 2(0) = zo—g(x),
(30)
According to the mathematical conclusion, we get the full proof. [J
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Now, define S : PC(I) — PC(I) as

m

Szt ) =0 —g(w) + L yi(t) + my Jo ¥ ()W) = ¥(s))* ! Als)a(s) ds

ks S () () — () F(s,2(s)) ds
(31)

where

0, te0,t]
wo={ 7 1el (32

for all 7 < 4. According to the assumptions (Al)-(A3), S is well defined.
Clearly, the solution of the Eq.(1), is the fixed point of the operator S.

Lemma 3.6 Let xg, y1, Y2, ..., Ym € dom(A). Under the assumptions (Al)-
(A3), Eq.(1) has at least on solution.

Proof. The proof is done in 4 steps.

Step 1. S is continuous. Let {z,} be a sequence in PC(I) such that
x, — x € PC(I) as n — oo. So, for all t € I, we get

50~ S0 < ) o0
[ O 4 )

—ﬂﬁwwy/¢’ ﬂ_¢®W7Hﬂ&%@D—ﬂ&ﬂ$

<Lmnxmwwa/w o fza(s) = a
LI /w a) YD 1 () — a(s)llds
< (Lg+ M1+L?(a¢ili) v ) |0 — 2| pe

Thus, ||Sz, — Sz||pc — 0 as n — 0.

Step 2. For every bounded set B, in PC(I), SB, is uniformly
bounded. Let r > 0. Define, B, = {v € PC(I) : ||v||pc < r} and let x € B,,
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then for all t € I we get

|Sz(t)|| < ||lzoll + [lg(2)]| _|_/O Y'(s)(¥(t) ;@D(s))o‘ LA [[2(6)]lds
v [ T e st

< |lwol| + Ma + My r /0 ' w'<s><w<tr>(;)w<s>>a—1 s (34)

L (s)((t) — (s))
+/0 T'(a) [Lsllz(s)Il + [|.f (s, 0)[l]ds

(Myr+ Ly r+ M) (1) = $(0))

=R".
Fa+1)

< lwoll + M2 +

Thus, we get
[Szllpc < R”. (35)

Hence, S(B,) is uniformly bounded in PC(I).
Step 3. S is equi-continuous. By doing the same steps in proofing Lemma
3.2, we can obtain that {Sz(t)}, t € Iy is equi-continuous. Thus, {Sxz(¢)},
t € Iy is relatively compact. Consequently, {Sz(t)}, t € I; ,i=1,2,..,m is
equi-continuous. Thus, {Sz(t)}, t € I; , i = 1,2,...,m is relatively compact.
Hence {Sz(t)}, t € Iy is PC-type-equi-continuous [7]. Thus, {Sz(t)} is PC-
type- relatively compact. Hence, S is compact.

Step 4.2 ={z € PC(I) : x = XSz, 0 < A < 1} is bounded. Let z € =
such that

z(t) = NSx)(t) ,A€(0,1).

Then for each t € I, we have that

|(t)] ZMWM||M@h+9 1kﬁ (s)((t) — (s))*" A(s)a(s) ds
i Jo ¥ —-<»a f(s.a(s)) ds)|
<Aw%u+w IH— o ¥ ()@ (1) — () A [lo(s)]) ds
w5 Jo ¥ <»awu@,@»M@
<me%+MJg@wwqu1Mww
+55 fotf —(s)*" [la(s)|| ds
W s fy( —-<»a1w>
< >\(||x0H - M2 + —M (O 4

ML [ (s) (0(t) — (s)) " [l (s)]| ds)

< ol + Mz + LSO

Mo [50 (5) (0 (1) — ()" [la(s)]| ds.

(36)
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From Gronwall inequality again, we get

lz(Ol < (lzoll + My + MO B (M + Ly) (1) — (0),  (37)

for all t € I. Hence,
lz(@) e < (lzoll + My + LSO By (M + Ly) ($(1) — 1(0))°

I'(a+1)
(38)
Therefore, for all t € I; , i =1,2,...,m and z € Pc(I) we get

k=i—1

@Il < WMo +9() + 3 v+ g fo ¥ () W(0) = ¥()* " Als)a(s) ds
it Jo ¥ ()W) = ()27 f(s,2(5)) ds)|
< (laoll + Mz + 3 flyell + #=5EH75) Ea(Mi+Ly) (6(1) = 9(0))"

(39)
Hence,

i—1 . _ o
2]l pe < (lzoll + Mz + kZ_O Iyl + ) Ea(My+ Ly) (9(1) = $(0))°.
(40)

Thus, = is bounded. From Schaefer’s theorem, & has at least one fixed
point which is a solution to Eq.(1). O

Theorem 3.7 Let xg,y1, ..., Ym € dom(A) and the assumptions (A1)-(A3)
hold. Then Eq.(1) has unique solution in PC(I), if

(My + Ly)((1) — #(0)
I'a+1)

Ly + <1

Proof. Let t € Iy. Let x € PC(ly), then

o (s _b(s))el
ISz (t + p) — Sz (1) < ||/O ' )(w(tJ;Zi) O

Y (D) ~ ()
-/ P Aa(s)as]

(s)x(s)ds

o

H /0 ’ @/)’(S)(@/)(t;);)w(S))“

B /t P(s)((t) —¥(s)*!
0 ['(a)

(41)

f(s,z(s))ds

S (s, (s))ds|
=G+ Go,
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where

Gl—H/ A ”p YD 4 (5)a(s)ds
- [H — A(s)a(s)ds|
< ||/+ﬂ¢ t+p Yl A(s)z(s)ds

/ V(s H p »a_l A(s)2(s)ds|

L / e ”p VO g sy (#2)
Y'(s

_ /0 F(a) = As)e(s)ds|
()Wl + p) = (5)*

</ T IAGs)] llo(s)llds

/ “ t+p P(s)

0ICI0 ‘“3”“ A a(s)llds,

I'«)
therefore, we have
< anr [T O,
F ()W) —¥(s)* Tt ()Wt 4 p) = ()
+ Ml T /0 [ F(Oé) - F(CY) ]dS
Myr (p(t+p) —¥(t)”
= Mo+ 1) + (43)
M1 T

Fla (00 = 000" = (0t + ) = V(0))" + (W0t + ) = v(2))’]

2My r (p(t + p) = P(1)"

= I'a+1)
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and

t+p a—1
Gz_H/ V(s t+p ¥(s))

f(s,z(s))ds

_ / LG = fls,a(s)ds|
<||/ P(s t+p Y(s))*

f(s,z(s))ds

/ W (s t—|-,0 ( P(s)* f(s,z(s))ds||

+ / e ”” PO s

P'(s )t
- / m) f(s.x(s))ds]

o g () ((t + p) — (s))*
= / I(a)

/ H t+p ()"

s)((t) —%U(S))a 1||||f<3 x(s))]|ds

1f (s, 2(s))l|ds

[(a)
Lo oy (g _ b(s))e-1

< (Lfr+M*)/t Pls)(wt +F€2) () "

Hitgrear) | [¢’<S><¢<tr>(;)¢<s>>°‘— OIS (pi - LO) e

L Ly r M) (Lt ) — ()

- I'a+1)

# BB 00 00" ~ 000+ ) = 6O + 00-+.9) — 00

_ 2Ly 7+ M)l p) - ()
- ['(a+1) '

(44)
Therefore, we have

2((Myr+Lyr+ M)

Sz(t + p) — Sz(t)]| < T(o+ 1)

(Wt +p) —9@)"  (45)

Since, v is continuous for all t € I. As p — 0, then ||Sz(t + p) — Sz(t)|| — 0.
Hence, Sx € PC(1y). Consequently, for all ¢t € I; , ¢ = 1,2,...,m, we obtain
Sz € PC(I;). Hence, Sx € PC(I), for all x € PC(I).
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Let x,y(x # y) be two solutions of Eq.(1), then

526 = Sy(o)l < llate) — gl + / M= s afs) - v(s)las
/ PN =D s, a(6)) — 75,5l
< Llle = ylec + My / M =D o) — y s
by [N =D ) — s
<(Ly+ Ml“JQ( O oyl e

(46)
Therefore,

(My + Ly) (#(1) — 4(0))

— <
HSZ’ SyHPC = (Lg + F(Oé + 1)

) lz = yllpe-

Thus, S is contractive. Hence, there exists a unique fixed point x € PC(I),
which is the unique solution of Eq.(1). O

4 An application

In this section, we give the following example, which point to how to apply
the abstract results in particular IFDEs. Let £ = R. Consider the following
IFDE

*D0+ x(t) = 5o(t) + g, ¢ € [0,1]\ {0.6}
)+ f tdt =1, (47)
(0 6+) =2(0.67) 4 0.3.
Let ¥(t) = ’522—+t Here, we get oo = 0.5,
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It is clear that all the maps A, f and g are continuous. Furthermore, we
have:

() = (1 ua)| € o — o),

1
lg(u1) — g(ug)| < 5|U1 — Us|,

for all t € [0,1] and uy, us € R. Consequently, we have
Ly =5, Ly =+, My = 5. Therefore, we get
M+ L 1) — *
1, W L) = VO _ o 31980134506 < 1

g INa+1)

Thus, all the assumptions from (A1)-(A3) are satisfied. From Theorem 3.7,
we conclude that the Eq.(47) has at unique solution.

5 Open Problem

How to generalize these theorems for non-instantaneous impulsive fractional
differential equation involving ¢)—Caputo derivative?
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