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Abstract
We define the concept of triple sequence space of poisson matrix
and their analytical structures have been discussed and also devoted
to the set of all non-zero multiplicative functions is a group.
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1 Introduction

A triple sequence (real or complex) can be defined as a function
x:Nx N x N — R(C), where N, R and € denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions of
triple sequence was introduced and investigated at the initial by Esi et al. [1-7],
Dutta et al. [8], Debnath et al. [9], Sahiner et al. [10-11], Subramanian and Esi
[12] and many others. Throughout w, ¥ and A denote the classes of all, gai and
analytic scalar valued single sequences, respectively. We write w? for the set of
all complex triple sequences (x,,nx), Where m,n, k € N, the set of positive
integers.Then, w? is a linear space under the coordinate wise addition and scalar
multiplication.

Let (x,,.z) be a triple sequence of real or complex numbers. Then the
series X, . -1 Xmnk IS Called a triple series. The triple series .52 . _1 Xpmux 1S
said to be convergent if and only if the triple sequence (S,,.x)1S convergent,
where

Snk = EI”J,’;EI Xijqmn, k=123,...).

A sequence x = (xS said to be triple analytic if
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1
SUPm n.k | Xmnk | mintk < 00,

The vector space of all triple analytic sequences are usually denoted by A3.
A sequence x = (x,,,%) IS called triple entire sequence if

1
|25 [tk — 0 @asm, n, k — oo,

The vector space of all triple entire sequences are usually denoted by I'3.

The space A and '3 is a metric space with the metric
1

d(x,V) = Supy, ok {Ixmnk — Vinie Im+n+k:m,n, k: 1,2,3,. } (1.2)
forall x= {xetandy = {v .} in T3,

A sequence x = (xpnx) IS called triple gai sequence if

1
((m+ n+ k) |2 | )mn+k — 0 as m, n, k — oo. The triple gai sequences will be
denoted by x3.

Consider a triple sequence x = (). The (m, n, k)™ section x™m# of

the sequence is defined by x# = 32 "% x5, forall m,n k €N,

0o 0 ..0 0
...0 0

0 O

Smnk:
0 O 1 0
0 O 0 0

8mnx Nas 1 inthe (m, n, k)™ position, and zero otherwise.
The Poisson matrix is defined by A=TQRI+1RT.

4 -1 0 1 0 0
Example: IfT:[—l 4 -1 andI:[{) 1 0]then
0 -1 4 0 0 1
T+ 2 —I 0
A=T®I+I®T=[—I T+21 —I
0 -1 T+ 21
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2 Properties of Poisson matrix of Eigen values and Eigen vectors

A=TQRI+IRKRT

(1) Wehave A xj, =4 xj,forj, k=123, m
(2) The eigen vector is orthogonal;

(3) A is symmetric;

(4) A is positive definite.

2 —1 1 0 1 0 2 —1
Example: IfA:[—l 0] ®[0 1]+[0 1] ®[—1 0 ]

Hence
4 -1 -1 0 1 1
-1 4 0 —1f|_,]g
-1 0 4 1|} 1
0o -1 -1 4[]
4 -1 -1 0 1 1
-4 00— —1]=4|-1|and so on.
-1 0 4 1| 1
0o -1 -1 4 |

3 Definitions and preliminaries

3.1 Definition

Any function f:Z* — C is called a complex valued arithmetic function of
poission matrix of A and the cardinality of poisson matrix of A = 2121

3.2 Definition

Function g is called a paranorm on X linear space if

(i) g: X — R with g(x) = 0,

(iglx)=0=x=0,

(iii) g(x) = g(—x) for ¥x € X,

(iv)glx+v) = glx) + g(y) forvx,y € X,

(V) If A, g €EC with Ay — Ag(r,s,t — ) and if x.,a €X with
X,y — alr,s,t — ) in the sense that g(x,,; —a) — 0(r,s,t — o), then
ApstXpst — Agal(r, s, t — o) in the sense that
9 ApstXpst — Aga) — 0(r, 5, — ),
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3.3 Note

Define for each f = (f,,;u) € A.
1 | Frank| 1
Pr = Xm=1 Zn=1 Zi=1 Smntk le;:mk' = Xm=1 Ln=1 Zi=a Smrnek — 9
where p is a paranorm of the poisson matrix of 4.

3.4 Definition

Let g(uvw,rst) = 1 with u,v,w € Z*. A triple sequence space of poisson matrix
of the function f € A is called a multiplicative function if

(1) = (1) (1552 e
Let M be a multiplicative function but M is not a linear sub-space of triple
sequence space of poisson matrix of A.

3.5 Definition (Cauchy Product)

Consider

(£ 0 gl ) = rumo Timo Tho i) Grst—mni)- (3:2)

In equation (3.2), rst can take the value zero. We have
{r'st} (rst)
(fmnk mnk )
= (fo00) (Grst—000) + (f111) Grse—111) + (f222)(Grse—222) +
+ (frst) (3000 )

3.6 Definition (Dirichlet Product)

If f and g are two triple sequences then
((rst) s TS
(fﬁnkt j r{nni}) Ed Ed Ed fmnk ad ( t) (33)

where the summation is over all dIVISOI’S d of (rst).

3.7 Definition

(rst) .
If (fmnk ) +0,vr,s,t, and f,g are two triple sequences then
fmnk-gmnk €G, (fn“:t:":s.i:} rE:rSt:«:}) (an;’tS;}) ( H:ti'])

3.8 Definition

The triple sequence space of (f,,.x) is completely multiplicative if (i)
(fmnk 1) =1, (II)( ri‘:t‘;’"”t}) — (fri‘;i‘”})(fng’:;}) if g(uvw,rst) =1,
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(iii) £2 = (finni )P, Where p is a prime and m, n, k are positive integers.

mnk

Let C be all completely multiplicative function and € c M.

mnk

= (fmnk.p) - pmnk - (fmnk)p-
= f is completely multiplicative.

Example: Define (f{”t}) = rst.

4 Main Results
4.1 Proposition

p(frst) — 0= ‘frst.m.n.k| — 0 Vmnkasr,st— o
1 |fmn.ic| |fmn.i|:| m+ntk
= = — =
2mntk 1+ mnkl — T 1+ frnk| — 2 pf
Suppose that f,..; — 0¥m,n,kasr,s,t —

= 2m+n+kpfrst Q.

Proof:

= ‘frst.m.n.k| — 0 Vm,n,kasr,s,t — oo
Similarly the converse holds.

4.2 Theorem

The triple sequence space of poisson matrix of A is a linear metric space.

Proof: Step 1: Let f.g € A. Define
d(f,g) =X2_, T2, ¥, Jrmnk ~Jmnk Then d is a metric of triple

) 2m_+n+k[1+|fmnk ~Gmnkl)
sequence space of poisson matrix for A.

= | finnk — Pmnk — Gmnke + Rinnic|l = | fnnk — Gmur | Vmun, k €Z7.

= d is translation invariant.

Step 2: Also, d(x + v,a+ b) < d(x,a) + d(y,b)

= Addition is continuous in (4, d).

Step  3: Let A, €C and fe€eA. We shall prove that
d(f{”t].f) — 0(r,s,t — o).

= £ fo(r,s,t > 0, Ymn,k € ZY).

Then A,y — Rﬂ,f{”t] — f(r,s, t — ).
= At £ s Ao e (5, t — 00, W, k € Z*),

Tt
= Arsef T — Ao f(r, 5,6 — 00).
Therefore scalar multiplication is continuous.
Step 4: suppose that d(f 7%, f) — 0(r,s, t — ).

Let b7V = ‘f{”” — fomi|, forany m,n, k € Z*.

mnk mnk

b (rst)

Then €75 = mpicy < 2m+nek . (F757, £) — 0 as 7,5,t — oo,

mnk
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(rst) (rst)  ersh
_ k
Buto e, <1 andhenceb, = = s
mnk
t
= bf;:”? — 0as(r,s t — o).
mnk Sk (r, 8, — 0, ¥Vm,n,k € Z").

(rst)
= bf::;? — 0(r,s,t — o0,¥Ym,n, k € Z").

=

hi'rstj

- d(f[rst}'f) — Em=l E;o:]_ E?:l 2m+n+kn(t;l_i-;:hirsi,l) +

D('rst]

=] Em Em mnk

m=r+1 &n=s5+1 &k=t+1 2m+n+k(1+bf1’5fl}
mnk

oo (e oo D]F;’ztj
d(f{rst]_f) < Xim=1 21 D=1 2m+n+k{ ; }+

(rst)
1+hmnk

1
o0 [+ 4] [+ 4]
m=r+1 Zn=5+1 Zk=t+1 2m+n+k

(4.1)
Let € > 0. Choose m = m(e) € Z* such that the sum of the second series in
equation (4.1) is less that g with this choice of m, the first sum in equation
(4.1)— 0 as 7,s,t — oo. Since b"Y — 0(r, s, t — 0,¥m,n,k € Z*). by our
hypothesis, we have d(f "%, ) < e for sufficiently large r, s, t. Hence the triple
sequence of Poisson matrix of 4 is a linear metric space.

4.3 Theorem

M is a closed subset of triple sequence space of poisson matrix of A.

Proof: Let D(M) be the derived set of M and (f,,;,,) € D(M) then there exists
= ( rft;s;}) EM — fonk-

- p(f{mt} — fmnk) — Qasr,s,t — oo,

mnk

= ‘(frf;g} — fmnk)‘ — 0,V m,n,k.

= ( ],ft]:;}) — (fre ), V. m,n, k

= Uiy —eo (et ) = Gonni)-

Let ((m, n, k), (uvw)) = 1. Then

(fmnk-ttt:rW) = limysp—co (fngl;zsrf.}uvw) = liMyst—on {(frf::::})( ngﬂw})} =

JLI;m:r"st—»m (fé:;:}) ’ JLI;m:r"st—»m (fn?]:tsj?) - (fmnk) ’ (ﬁmw)-

Therefore the triple sequence space of (f,,..x) is multiplicative. We have the triple
sequence space of f € M and D(M) < M. Hence M is a closed subset of the triple
sequence space of poisson matrix A.

4.4 Theorem
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The triple sequence space of (M,=) is an abelian group with the identity
( _ {1 ifr,s,t =0
erst-mni) =g ifr gt >0
Proof: We shall verify

(f{mt} fr:;,?) = (fooo) (erst—000) + (fr11) (erst—111) + (Fa22)(erse—222) + - +
(frst)(eﬂﬂﬂ)

=04+04+0+4+ -+ (first) - 1 = (frst)-
Similarly( (rst) f{””) ( {””). Hence e is the identity. Other axioms are

mnk mnk
verified.

4.5 Theorem

If £, g and h are triple sequences, then (G,*) is an abelian group

Proof: Step 1: Let (uvw,rst) = 1 and u,v,w,r,s,t € Z%.

(fmn.fz " gmnk)[uvw.rst} — (fmnk){tww.rst] . (gmnk){uvw.rst]

- (fmnk){tmw)l ’ (fmnk){”t} ’ (gmnk){ImW} ’ @mnk ){rst}

= [(fmnk){uvw] : (.gmnk )[“VW} '][(fmnk ){”t] : (ank ){rst]]

= [(fmnk * gmnk){tmw)l][(fmnk * Omnk ){”t}]

= (fnk * 9mnic) € G. Hence (G,=) is closed.

Step2: Letf,g,h€G

[fmnk * (ank * hmnk )][r‘st} = (fmnk)[rsﬂ : (gmnk * hmnk){”t]

= (fmnk){mt} ) [(gmnk ){rst} ) (hmnk ){rst} ] ) (fmnk){mt}

= [(fmnk){”t] : (gmnk )[r‘st}] : (hmnk ){”t]

= [(fmnk * gmnk){mt}] ; (hmnk ){”t}

= [(fmnk * .gmnk,) * hmnk]{”t] o
= [frnk * (@mnk * Pnnk )] = [k * Gmnx) * Pk ]- HeNce associativity holds.
Step 3: Define e: Z* — C by (e*?) = 1vr, s, t.

= (e{tmw.rst}) -1

= (e{‘“’“’})(e(”t}) with ((m;fw), (rst)) = 1.

=e€EQq.

AISO (fme * )50 = (£750) - (e59) = (£30) - 1= (£,
= fink * € = fonni- Similarly e = f = fink, NENCe identity holds.
Step 4: Given (fiumx) € G, take g as (gpmme)™P = m
(uvw,rst) _ 1 - _ 1 __ 1 .
(gm?k) {fmn.ic }tuvw.rst,n {fmnk}wvw‘l[fmnk]cmt‘l [fmnk}wuw‘l

(Frmnk) ™9 - (gmn.!z ){Imw} . (gmnk)(rst}_

=g €EaG.

(Frn }i'rstj
AlSO (finnk * Gmni ){”t] = (fmnk){”t] * (Gmnx )[r‘st} ﬁ =e-(r,st).
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= (fnk * Gmnic) = € = (Gmnr * fmni)- HENCe g is the inverse of triple sequence

of f.

5 Open Problem

Whichever matrix or matrices are chosen intead of Poisson matrix, the conditions
given in the article are satisfied?
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