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Abstract

After reviewing Dunkl Pitt’s and Dunkl Beckner’s inequalities we connect both
the inequalities to show a generalization of uncertainty principles for the Dunkl Gabor
transform. Next we present two concentration uncertainty principles such as Benedick-
Amprein-Berthier’s uncertainty principle and local uncertainty principle. Finally, we
study the Dunkl logarithmic Sobolev inequalities. Obtaining best possible constants of
inequalities, we connect the inequalities to show a generalization of the uncertainty prin-
ciples of Heisenberg type.
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1 Introduction

In quantum mechanics, the Heisenberg uncertainty principle states that the position and momen-
tum of a particle described by a wave function in L*(R) cannot be simultaneously and arbitrary
small. Motivated by this principle in 1946, D. Gabor, who won the 1971 Nobel Prize in physics,
first recognized the great importance of localized time and frequency concentrations in signal
processing [15]. In order to incorporate both time and frequency localization properties in one
single transform function, Gabor introduced the windowed Fourier transform (or Gabor trans-
form) by using a Gaussian distribution function as window function. Subsequently, various
other functions have been used as window functions instead of the Gaussian function that was
originally introduced by Gabor. The Gabor transformation has been found to be very useful in
many physical and engineering applications, including wave propagation, signal processing and
quantum optics [6]. For more details on the Gabor transform and its basic properties, we refer
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the reader to [8]. We may also refer to [18] where the author extends Gabor theory to the setup
of locally compact abelian groups, and to [48] for the Gabor transform on Gelfand pairs.

We consider the differential-difference operators T, j = 1,2,...,d, associated with a root
system & and a multiplicity function k, introduced by Dunkl in [10], and called the Dunkl
operators in the literature.

The Dunkl theory is based on the Dunkl kernel K(4,.), 1 € C?, which is the unique analytic
solution of the system

Tu(x) = Lux), j=1,2,..d,

satisfying the normalizing condition u(0) = 1.

With the kernel K(4,.), Dunkl have defined in [11] the Dunkl transform .%p. For a family
of weighted functions, wy, invariant under a finite reflection group W, Dunkl transform is an
extension of the Fourier transform that defines an isometry of L>(R¢, w;(x)dx) onto itself. The
basic properties of the Dunkl transforms have been studied by several authors, see [9, 10, 11, 49]
and the references therein.

Very recently, many authors have been investigating the behavior of the Dunkl transform
to several problems already studied for the Fourier transform; for instance, uncertainty princi-
ples [5, 21], real Paley-Wiener theorems [24], heat equation [39], wavelet transform [50], Gabor
transform [25, 28] and so on.

This paper is a continuation of the papers [25, 29, 30] in the study of the quantitative un-
certainty principles for the Dunkl Gabor transform on R¢. In the classical setting, the notion of
the quantitative uncertainty principles for the Gabor transform was first introduced by Wilczok
[52]. Next, this subject has been extended for the generalized Gabor transforms (see [25, 27]
and others) and for several classes of groups of the form K = R (see [2]).

We recall that the classical quantitative uncertainty principles is just another name for some
special inequalities. These inequalities give us information about how a function and its Fourier
transform relate. They are called uncertainty principles since they are similar to the classical
Heisenberg uncertainty principle, which has had a big part to play in the development and
understanding of quantum physics.

The quantitative uncertainty principles have been studied by many authors for various Fourier
transforms, we refer the reader to the survey [14], the book [19] and the references [1, 4, 5, 13,
21, 22, 38, 43, 44, 51] for numerous versions of uncertainty principles for the Fourier transform
in different settings.

To date, several generalizations, modifications and variations of the harmonic based un-
certainty principles have appeared in the open literature, for instance, Benedick’s uncertainty
principle, Amrein and Berthier’s uncertainty principles, Slepian and Pollak’s uncertainty prin-
ciples, Donoho and Stark’s uncertainty principles and much more [3, 12, 45].

The aim of this article is to formulate some novel uncertainty principles for the Dunkl Gabor
transform. Firstly, we derive an analogue of the Pitt inequality for the Dunkl Gabor transform,
then we formulate Beckner’s uncertainty principle for this transform via two approaches: one
based on a sharp estimate from Dunkl Pitt’s inequality and the other from the Dunkl Beckner
inequality. Secondly, we consider the logarithmic Sobolev inequalities for the Dunkl Gabor
transforms which has a dual relation with Beckner’s inequality. Thirdly, we derive Benedick-
Amrein-Berthier’s uncertainty principle for the Dunkl Gabor transforms which shows that it is
impossible for a non-trivial function and its Dunkl Gabor transform to be both supported on
sets of finite measure. Towards the culmination, we formulate local uncertainty principles for
the continuous Dunkl Gabor transforms in arbitrary space dimensions.
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The remaining part of the paper is organized as follows. In §2 we recall the main results
about the harmonic analysis associated with the Dunkl operators. The §3 is devoted to proving
an analogue of the Pitt inequality for the Dunkl Gabor transform. In §4 we derive the Beckner
uncertainty principle for this transform. In §5 we present two concentration uncertainty princi-
ples for the Dunkl Gabor transform such as Benedick-Amrein-Berthier’s uncertainty principle
and local uncertainty principle. The last Section is devoted to proving the Dunkl logarithm
Sobolev uncertainty principles for the Dunkl Gabor transform.

2 Preliminaries

This section gives an introduction to the Dunkl theory. Main references are [9, 10, 11, 40, 42,
47, 49].

2.1 The Dunkl operators

We consider R? with the Euclidean scalar product {,) for which the basis {e;, i = 1,...,d}
is orthogonal and ||x|| = V{(x, x). For a in R?\{0}, let o, be the reflection in the hyperplane
H, c R orthogonal to «, i.e.

(a, X>a
llal|?

Tu(x)=x-2 (2.1)
A finite set R ¢ R?\{0} is called a root system if R (Ra = {+a} and 0(R) = R for all
a € R. For a given root system R the reflections o, @ € R, generate a finite group W C O(d),
called the reflection group associated with R.
We fix a positive root system R, = {a €eR :{a,pB) > O} for some B € Rd\UHQ. We

a€R
will assume that (@, @) = 2 for all @ € R,. A function k : Z — [0, ) is called a multiplicity

function if it is invariant under the action of the associated reflection group W. For abbreviation,
we introduce the index

Y=y = > ka. 2.2)

@€R,

Moreover, let wy denotes the weight function

) = | | K, P, (2.3)

@€ER,

which is W-invariant and homogeneous of degree 2y. We introduce the Mehta-type constant

Ck = f e_”x2H wi(x) dx. (2.4)
Rd

In the following we denote by
CP(R?) the space of functions of class C” on R.
&(R?) the space of C*-functions on R?.
Z(R?) the Schwartz space of rapidly decreasing functions on R?,
D(R?) the space of C*-functions on R¢ which are of compact support.
Z"(R?) the topological dual of the Schwartz space .7 (R%).
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The Dunkl operators T, j =1,..., d, on R¢ associated with the finite reflection group
W and multiplicity function k are given by

0 B a
ot i o 32500

J a@€R,

f e C'(RY, (2.5)

where a; = (a, ¢)).
We define the Dunkl-Laplacian operator A; on R by

Z k(a)(Wf(X),cw S - f(%(X))),

(@, x) (a, x)?

d
8 f(0) = ) T2 () = af(x) +2
j=1

a€eR*

where A and V are the usual Euclidean Laplacian and the gardient operators on R? respectively.
For y € R, the system

yju(x’y)7 _]: 1,---ada
1,

(2.6)

{ YGM(X’Y)
u(0,y)

admits a unique analytic solution on R, which will be denoted by K(x,y) and called Dunkl
kernel. This kernel has a unique holomorphic extension to C¢ x C.

The function K(x, z) admits for all x € R? and z € C? the following Laplace type integral
representation

K(x,2) = f "D (y), 2.7)
R4

where 1, is the positive probability measure on R?, with support in the closed ball B,(0, ||x]|) of
center 0 and radius ||x||.

2.2 The Dunkl transform

Notation. We denote by L; (R?) the space of measurable functions on R? such that

1
s = ([ 1P ) <o, it 1<p<e,
R

ess sup |[f(x)| < oo,
xeRd

11 |L;°(Rd)

where
dyi(x) = wi(x)dx.

For p = 2, we provide this space with the scalar product

(f. &)@ = f fF0dyi(x).
R
If .7 is a space of a C-valued functions on R¢, denote by
Fraa={f €F : foA=fforall A€ Od,R)

the subspace of those f € .# which are radial. For f € .%,,, there exists a unique function
F : R, — C such that f(x) = F(]|x|)) for all x € R?.
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Remark 2.1. By using the homogeneity of wy it is shown in [40] that for a radial function
f € Li(RY) the function F defined on [0, c0) by f(x) = F(||x|l), for all x € R? is integrable with
respect to the measure r***~'dr. More precisely,

[ reineo =i [ Fowran 28)
R 0
where c
dk = ﬁ (29)
2r+4-10(y + 4)
The Dunkl transform of a function f in L,l (R9) is given by
1
Fp(H) = — f FOK(=ix, y)dy(x), forall y € R, (2.10)
Cr JRrd
In the following we give some properties of this transform (cf. [9, 11]).
i) For f in L}(RY) we have
7 (O < l||f|| (2.11)
D L;"(R‘I) = Ck L}((Rd)' .
ii) Inversion formula: Let f be a function in L;(R?), such that Zp(f) € L}(RY). Then
TN X)) = Fp(f)(=x), a.e. xR’ (2.12)
Proposition 2.1. The Dunkl transform %, is a topological isomorphism from . (R¢) onto itself.
If we put for f in ./ (R?) L
FIp(HO) = Fp(f)(-y). yeR’, (2.13)
we have

QD%:%Q\D :Id

Proposition 2.2. i) Plancherel’s formula for Fp.
For all f in (RY) we have

fR M (0P dyi(x) = fR ) | Zp(NEPdyd&). (2.14)

ii) Plancherel’s theorem for Fp.
The Dunkl transform f — %p(f) can be uniquely extended to an isometric isomorphism on
Li(RY).

iii) Parseval’s formula for Fp.
For all f, g in ./ (R?) we have

fR gy = fR Io(NOFpQEdV(E). (2.15)
Definition 2.1. (/40]) Let x € R? The Dunkl translation operator f +— T.f is defined on

LY(R) by
Fp(tf) = K(ix, )T p(f). (2.16)
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It is useful to have a class of functions in which (2.16) holds pointwise. One such class is
given by the generalized Wigner space #;4(R%) given by

PR = {f € LIRY : Fp(f) € LERY).
Proposition 2.3. (/40, 47]) i) Let x € R%. Forall f in L,%(Rd), we have
17 fll2@ay < Ifll2ga)-

ii) For all f in #;(RY) and x € RY, we have for every y € R4
1
S0 = [ K OKD.OFoNOdE)
R4

iii) For all f in L,%(Rd), we have for x,y € R?
T f () = 7,(/)(%). (2.17)

Several essential properties of 7, f is established for f being radial functions. This is col-
lected in the following proposition ([42, 47]). Let Lf,m d(Rd) stands for the subspace of radial
functions in L (R?).

Proposition 2.4. (i) Let f be in L,im d(Rd) and nonnegative. Then we have

VyeRY, 1,20, 7,feL(RY

and
f Ty f(0)dyi(x) = f S dyr(x). (2.18)
Rd RY
(ii) Let f be in Limd(Rd), 1 < p < oo, we have
VyeR’ ||Tyf||L£(]Rd) < ”f”Lf(]Rd)' (2.19)

Using the Dunkl translation operator, we define the Dunkl convolution product of func-
tions as follows (see [47, 49]).

Definition 2.2. For f, g in D(RY), we define the Dunkl convolution product by

1
VxeR', fupg(x) = — fR T fCDROMO), (2.20)

Ck

This convolution is commutative, associative and satisfies the following properties (see [47,
49]).

Proposition 2.5. i) Let 1 < p,q,r < oo, such that é + é - % = 1. If f is a radial function in

LY(R?) and g an element of L{(R?), then f +p g belongs to L'(R?) and we have

1
lf b g”q{(W) < C_k ||f||Lf(Rd) Hg”LZ(Rd) . (2.21)

ii) Let W = Z‘zi. Forall f in L] (RY) and g an element of LZ(R‘J), the function f *p g belongs
to Ly (RY) with % + Ll] —1 =1 and we have

dis-3|

V4

IS *p g”L;(Rd) < ||f||L;j(Rd) ”gHLZ(Rd) . (2.22)

Ck
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2.3 Basic Dunkl Gabor transform

In this subsection we recall some results on the Dunkl Gabor transform. Fore more details we
refer the reader to [25, 28].

Notation. We denote by:

R := RY x RY.

For p € [1, o], p’ denotes as in all that follows, the conjugate exponent of p.

L,’fk (R, p €[1, 0], the space of measurable functions f on R?? with respect to the measure
dui(x,y) := dyi(x)dyi(y) such that

1
P
1A llp, goay 2= (f |f e I dp(x, y) | < oo, 1< p <eo,
R2d

1Al g2ay == esssup [f(x, )] < oo.
L#k ( ) (xy) Ede

Definition 2.3. For any function h in L,im d(Rd) and any v € R?, we define the modulation of h
byvas:

hy == Fp(NT,(IhP)), (2.23)

where 1,, v € RY, are the Dunkl translation operators given in Proposition 2.4.

We consider the family h,,, v,y € R? defined by
hy (%) = T_yh,(x), x € R

‘We note that we have
Yy ve Rd, ||hy,v||L§(Rd) < ||h||L§(Rd)- (2.24)

Definition 2.4. Let h be in L,%’m d(Rd). For a function f in L,%(Rd) we define its Dunkl Gabor
transform by

1 _
sﬁmmw:aﬁjmmmwmx (2.25)

which can also be written in the form

GPNOY) = f ), (2.26)
where g(t) := g(—t).
Remark 2.2. (i) For hin L, (R?), we have

Wl , _, = llAll (2.27)

2 2mrdy*
ed) LE®D)

(ii) For every [ € L,%(Rd) and h in L,%’md(Rd), for all A > 0 and for all (y,v) € R*, we have

%mww=%m§wx (2.28)

where .
Vi>0,¥VxeRY, g(x) = mg(;).

2
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Proposition 2.6. For f in L;(R?) and h in L} (RY) we have

k,ra

1
14, (f i g0y < I Nz 1All 2o (2.29)
k

Proposition 2.7. (Plancherel’s formula)
Let h be in L,im d(Rd). Then, for all f in L,f(Rd), we have

19 (Olliz g2y = I, 1A (2.30)

2 pd 2pdy "
Ly T2 wd)

As in the classical case, the Dunkl Gabor transform preserves the orthogonality relation
which is shown as follows.

Corollary 2.1. Let h be in Li’m d(Rd). Then, for all fi, f> in L,%(Rd), we have

f Gy (PG VGL (L0, v) = A7, f () H()dyi(x). (2.31)
R2d «®D JRra

By Riesz-Thorin’s interpolation theorem we obtain the following.

Proposition 2.8. We assume that h € Lim RY), f e LAR?) and p belongs in [2, ). We have

1
II%D(f)Ingk(RM) < —z Al 2@l ll 2 (2.32)

P
Cr

3 Pitt’s inequality for the Dunkl Gabor transform

The Pitt inequality in the Dunkl setting expresses a fundamental relationship between a suffi-
ciently smooth function and the corresponding Dunkl transform. This subject was firstly studied
by Soltani [46]. Next Gorbachev et all in [17] have improved the result of Soltani and have given
the Sharp Pitt inequality and logarithmic uncertainty principle for Dunkl transform on R?. More
precisely they proved that, for every f € S(R?) € L (R?)

2 d
f AT NOPdE) < Cil) f P v, 0 1< 224 @y
R4 R4
where
i (2y+21—2/1) )
Ck(/l) =2 2/1[1_‘(27_'_—2”2/1)] (32)

and I" denotes the well known Euler’s Gamma function.
The main objective of this section is to formulate an analogue of Pitt’s inequality (3.1) for
the Dunkl Gabor transform. Formally, we start our investigation with the following lemma.

Lemma 3.1. Let h € L,%’m d(Rd) N LZ"(R[’), then for any f € L,%(Rd), we have

Fo(GPSI)E) = Fo(F)E VT IHP(=E). (33)

We are now in a position to establish the Pitt inequality for the Dunkl Gabor transforms.
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Theorem 3.1. Let h € L}, (R) N LZ(R?Y). For any arbitrary f € S(R?) € L;(R?), the Pitt
inequality for the Dunkl Gabor transform is given by:

2 d
V1R f I Zo(HE| dri(@ < Cu) f PP e[ duaetr,v), 0 < 4 < L5

(3.4)
where Ci(A) is given by (3.2).

Proof. As a consequence of the inequality (3.1), we can write

f IE | ZolgP O (@ < Culd) f P42t i), forall v € R
R4 R2

(3.5)
which upon integration with respect to the Haar measure dy,(v) yields

f I ZolL N[ dpa, v) < Cul) f P2 vy, (3.6)
RY JRY R2d

Invoking Lemma 3.1, we can express the inequality (3.6) in the following manner:

L ) fR ) IEI 1o (NHEP TR (~E)du(€, v) < Ci() fR y 12, V)|2d,uk(t, V).

Equivalently, we have

f el Zon@ | f TP (~E)dy(v)dyi() < Cul) f PGPV dpe. .
Rd R4 R2d

Using the hypothesis on £, the relation (2.18) becomes

G2 ()t dp(t, v) (3.7)

1 e fR e Zo@f dnt) < Gy fR Pt

which establishes the Pitt inequality for the Dunkl Gabor transform in arbitrary space dimen-
sions. O

Remark 3.1. For A = 0, equality holds in (3.4), which is in consonance with Plancherel’s
formula (2.30).

Theorem 3.2. Let h € Li’m d(R") N L,‘:’(Rd). For any function f € S(R?), the following inequal-
ity holds:

f log ”t“|ghD(f)(t’V)|2dluk(t’v)+”h”ii(Rd) L dlong”|32.D(f)(§)|2d7k(§)Z

R2d

(3.8)

/ ( 2’y+d

——— +log 2|lIAl1%, o I I
[F(2y4+d) ] LX(RY) L2RY)"

27+d

Proof. Forevery 0 < A < , we define

PO) = s, [ 16| Zo(N@ @ - o | PPNt 3.9)
)
R4 R2d
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On differentiating (3.9) with respect to A, we obtain

P = =20, ., f 1> tog Il (N dyec@)
& Rd

—2C () f 141> 1og llell 19, ()t Pz, v) = C(A) L PGP dpate.v).
R 2d

(3.10)
where
, _ 1—‘,( 2y+d-22 ) F'( 2y+d+2A )
Ci) = ~CuD(2log2 + f5aer + i ) (3.11)
For A = 0, equation (3.11) yields
(2rd
’ _ 4
C1(0) = —2[ log2 + TS | (3.12)
4

By virtue of Dunkl Pitt’s inequality (3.4), it follows that P(1) < 0, for all A € [0, 25%) and

PO) = [l f | Zo(H@| dyi(@) - Cr(0) fR PO duelt, ) (3.13)
k R([ 2d

2 2 2 2
”h”L%(Rd)”‘f”Lz(Rd) - ”h”Lf(Rd)”‘f”Li(Rd) = O' (3‘14)

Therefore,

2, [ ol FoNE (@) - 260 [ tog 4200, Pyt )
k R4 R2d

5 (3.15)
~C;(0) f G D@y dut,v) <o,
R
Applying Plancherel’s formula (2.30) and the obtained estimate (3.12) of C;(0), we get
2 2
~201hll}3 5 f Nog € Fo(NE)| dyut€) - 2 f Tog |l [FP ()t )| dpuz, v)
R R2d
Iy 2
#2102 + T W 1) < O
4
or equivalently,
2
f Tog [ (t, V)| dpade, v) + WAl f ogligNLZp(F)Edye€) =
R R
4 2 2
= o, *log 2] e L1 e
4

Inequality (3.16) is the desired Beckner’s uncertainty principle for the Dunkl Gabor transform
in arbitrary space dimensions. O
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4 Beckner’s type inequalities for the Dunkl Gabor transforms

Dunkl Beckner’s inequality [17] is given by

, 2’}/+d

f log [l LF(0)Pdye(t) + f log [l€| L Zn(NE)Pdyi(&) = [F(Q;;,) +log2| f F0)Pdyi(o)
R4 R4 R4

4
4.1)
for all f € .(R%). This inequality is related to the Heisenberg uncertainty principle and for that
reason it is often referred as the logarithmic uncertainty principle. Considerable attention has
been paid to this inequality for its various generalizations, improvements, analogues, and their
applications [20].
We now present an alternate proof of Theorem 3.2. The strategy of the proof is different of
given in the previous section and is obtained directly from Dunkl Beckner’s inequality (4.1).

Proof. of Theorem 3.2. We replace f in (4.1) with %D ()., ), so that

fﬂ; togl G0 ()@, v)Pdyi() + fR | 10g||§|||91)[%D(f)(-,V)](§)|2d7k(§) 2

LA ; (42)
| =5 +log2| f 9P (F)(.)| dyi(e), forall v € RY.
r(=7=) Rd
Integrating (4.2) with respect to the measure dy;(v), we obtain
2
f log Il 1, ()&, VP dp(e, v) + f f log [lEll|-Zpl<P (N IE)| dus€,v) =
B R? JR? (4.3)

[F +10e2] [P nenfaucen,

)

Using Plancherel’s formula (2.30), we get

fde log 1119, ()&, )P du(t, v) + fde log lIEIlZ b4, (N MIEPdur(€, v) =

[z, + 102 2] 1

=/ __ k

4

We shall now simplify the second integral of (4.4). By using Lemma 3.1 and relation (2.18) we
infer that

fR 1og €GP (- I dulE. ) fR il fR g IEl| ol (NN dyit@)dve)

Vil fR gl Zp(N@PdN@©).  (5)

Plugging the estimate (4.5) in (4.4) gives the desired inequality for the Dunkl Gabor transforms
as

fde log 111 1,” ()t v)Pdu(t, v) + IIhlliﬁ(Rd) L logligll | Zp(EPdy(é) =

r,(27+d
4 2 2
[ Ce, o 2|Vl LAV
4

This completes the second proof of Theorem 3.2. O
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Corollary 4.1. Let h € L, ,(RY) N L (RY) such that ||h| 2@y = 1. For any function f € S (RY),
the following inequality holds:

Lfmﬂ%ﬁmﬂ%wwﬂ?fmﬁ%m@Wmﬂm
R2d e RA
> exp (- (@) 10g 2)I1f11 5

Proof. Using Jensen’s inequality in (3.8) and the fact that ||A|| L2(Rd) = 1, we obtain an analogue
of the classical Heisenberg’s uncertainty inequality for the Dunkl Gabor transforms as

D
(NHy,v) F 2 12
tog{ [ b2 [2D0IL oy [ e Z2DEF, )
g A1, T T
Gy, v) 1/ |.Z, |2 12
= tog{ [ P D0 st )
A o I o
P(H»v) Z, 2
> [ ol P 4 i+ | ogtien 2 e
g A1 Rd s o
(&
> (Zyj— — +log?2,
I'(=)
which upon simplification with yields the result. O
Remark 4.1. (i) Using the approximation identity
I'(2) 1 0 t
=logz— — -2 dt 4.6
T 2727 7), @+ 1) (4.6)
we infer
() 2y +d
4 LYt
exp T +log2| ~ for 2y +d > 1, 4.7

4
which is the constant of the Heisenberg uncertainty principle for the Dunkl Gabor transform
given in [25].

(ii) Proceeding as above in logarithmic uncertainty inequality (4.1) we deduce the following
Heisenberg uncertainty inequality

1 v 2y+d

} _ ) (2
{ Rdlltllzlf(t)lzdn(t)} { fR NP NOPdyi()) z~exp(r (273‘5 +log?2) fR 0Py,
(4.8)

(iii) Using the approximation relation (4.6) we deduce that the constant in the right-hand
side of (4.8),

()
exXp [@ + IOg 2] X
which is the constant of the Heisenberg uncertainty principle for the Dunkl transform given in

[41].

for 2y +d > 1,
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5 Concentration uncertainty principles for the Dunkl Gabor
transforms

In this Section, we derive two concentration uncertainty principles for the Dunkl Gabor trans-
forms as an analog of the Benedick-Amrein-Berthier and local uncertainty principles in the
time-frequency analysis.

5.1 Benedick-Amrein-Berthier’s uncertainty principle for the Dunkl Ga-
bor transforms
Recently Ghobber and Jaming in [16] have proved the Benedicks-Amrein-Berthier uncertainty

principle for the Dunkl transform which states that if £, and E, are two subsets of RY with finite
measure, then there exist a positive constant Cy(E;, E;) such that for any f € L,f(Rd)

[ iroran < e e [
R4 R4

In this Subsection, our primary interest is to establish the Benedick-Amrein-Berthier uncer-
tainty principle for the Dunkl Gabor transforms in arbitrary space dimensions by employing the
inequality (5.1). In this direction, we have the following main theorem.

Theorem 5.1. Let h € L, ,(RY) "\ L (RY). For any arbitrary function f € L;(R"), we have the
following uncertainty inequality

[FOPdy() + f |- Zp(f )(f)lzdyk(f)}- (5.1)

\E| RI\E,

2 2
||h||Lg(Rd)”f”L]%(Rd)
Ci(E), Ey)

f f P ) dpae,v) + 11 f \Zp(F)EPdyi€) > (5.2)
RNE; JRA k RI\E,

where Ci(E, E») the constant given in relation (5.1).

Proof. Since for all v € R, 9P(f)(.,v) € L3 (R?) whenever f € L}(R?), so we can replace the
function f appearing in (5.1) with 4°(f)(., v) to get

[ lgeanfano < e e | e nfanws | B I@lne)
d A\E, A\E,

(5.3)
By integrating (5.3) with respect the measure dy,(v), we obtain

fR,, fRd |%,D(f)(t, v)|2d,,k(,, V) <
Ck(El’EZ)(f f 4PV duntt ) + f f [ 2o GP O e, ).
RANE; JRY ot I

Using Lemma 3.1 together with Plancherel’s formula (2.30), the above inequality becomes

||h||i£(Rd)||f||z%(Rd)
Ci(EL, E)

f f 42N, V)|2d,uk(f, V)+f | Zp()E) VTP (=E)Pdu(€, v) =
RI\E; JRY RIE, JR4

which further implies

2 2
”h”L]%(Rd)”f”Li(Rd)
Ci(EL, E)

f f P ()| dpste, )+ f EAGIGR f T P (=E)dyi(v)|dyi(€) =
RIE; JRI RI\E, Rd
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Thus using the fact that & € L}, ,(R?) () L°(R?) and relation (2.18) we obtain

||h||z%(Rd)||f”Z%(Rd)
Ci(EL, E)

f f (P COE e, v) + Ml f | Zp(NEFdyé) 2
RI\E; JR k RI\E,

which is the desired Benedick-Amrein-Berthier’s uncertainty principle for the Dunkl Gabor
transforms in arbitrary space dimensions. O

Theorem 5.1 allows as to obtain a general form of Heisenberg-type uncertainty inequality
for the Dunkl Gabor transforms.

Corollary 5.1. Let p,q > 0. Then there exist a positive constant 6;(p,q) such that for any
arbitrary function f € L%(Rd), we have the following uncertainty inequality

([ W20 Pduoon)'( [ IEPIZoOF @) 2 G il 1AL,
(5.4)

Proof. Let p,q > 0 and let f € LZ(RY). Take E; = E, = B,(0, 1) the unit ball in R?. Then by
(5.2)

C(k)

f f [P DG ey v) + Ml f R RGIRAGE
B5(0,1) JR? k B¢(0,1)

dr
Here C(k) := C\(E4, E,).
It follows that

C(k)

2
f IGO0 I dpy, v) + WAl f EPIFD (IO dyi() =
R ¢ R
Now replacing f by f, and h by h 1, we get by (2.28)

2 2
TN 17

y +, loral
fR ||y||2p|%?(f)(5,ﬂv)lzduk(y, R [ fR NEPZp(HAEPdy€) = )

Thus

C(k)

el f MG dpay )+ AR, f P Zo(HEPdyi(€) =
R2d n Rd

The desired result follows by minimizing the right hand side over 4 > 0. O

5.2 Local-type Uncertainty Principle for the Dunkl Gabor Transforms

We begin this subsection by recalling the local uncertainty principle for the Dunkl Gabor trans-
forms proved in [29, 30].



New uncertainty principles for the Dunkl Gabor transform 75

Theorem 5.2. We assume that h € L,

T c R¥ satisfying 0 < u(T) = fd,uk(x, y) < oo. Then for all f € LY(R?), we have
T

(RY). Let 1 < p <2, a> 0 and a measurable subset

2a
Cola ()7 NI fllzcey + NIl 2ogeay s 0 < @ < 222,

27+d 2y+d

D v 2a, 2ap’ 2y+d
G2y gy < 4 Cala DY U WAL >
Caa (TN [ o I A + 171 VIS, ] 0= 222
3 k L}(RY) e L ®4) Lr@HL p
where N
1 +
Cilah) = ¢’ M(W) "Wl
2ap’ 2ap’ 1’ lIA ||L2(Rd)
Cola, h) = (217a 2y- d)z (27+d - 1)4“"” (C(a, p))> —>
Caah) = 2(2) lhll im0
Ck
and 2y+d o 20 a-2y~d
(T
Cla, p) := z . (5.5
P e R

Corollary 5.2. We assume that h € Li’m d(Rd). Letl < p<2anda > 0. Thenforall f € Li(Rd),
we have

2y+d
G2 enar < Crla IV Alzesy + 1Al 2o | 0 <@ < B2,

L 7+ —2p’a (RZd)

2y+d 2y+d

1- 7
92l g e, S Cola DA, WA > 2
1
12z gy < Cal@ I WIS gy + 1A NI, | = 352
where L(R*?) is the Lorentz space defined by the following norm
lgllpoen = sup  [GuT)P  rglly g, (5.6)

TR, 0<py (T)<oo0
and Cj(a, h), j =1-3, the constants given in Theorem 5.2.

Theorem 5.3. We assume that h € Lim d(Rd). Let a,b > O and 1 < p < 2. Then for all
f € L;(RY), we have

b
Tath ot 2y+d
Cla, b [N Fllzaey + NI Al 2o | || 1 PGP ;, ey 0 <@ < G
a a +z+ 2 d
Cata, b, (Il 2;]1;) |1yl f 2;’@,))47%@ | lcx, v)ll”%D(f)I L 2,
19 P ey < (®
L (R2)
1 1 _b
a 2 2 a 2a+b
Cs(a,b, h)[nfuLz(Rd) I ey + Iy [ 11 2,,@,)]
bcgD 2a+b 2y+d
x,V)||°¥, A a= =,
eIl o
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where .

Ciab.hy = [(2)E + ()7 (Cola el

b

Co@b,) = [T + (2 TE7 |7 (020 C (1) 7

Cilab ) = [(2)F5 + Gyl (o3 Cola, )™,

and Cj(a, h), j =1-3, the constants given in Theorem 5.2 and 04 the constant given by

o drYy
TU Ay + T2y + d)

In the remember of this Subsection, we derive some new local uncertainty principles for
the Dunkl Gabor. Recently Jaming and Ghobber have proved the following local uncertainty
principle for the Dunkl transforms:

Proposition 5.1. ([16]). Let E be a subset of R? such that 0 < y(E) := fdyk(x) < oo. For
E

0 < s < 2 there exist a positive constant €(k, s) such that for any f € LX(RY)

f | Zo(AE dvié) < Sk, )7 E) T £ (5.7)
E k

The main objective of this Subsection is to establish the local uncertainty principle for the
Dunkl Gabor transforms in arbitrary space dimensions by employing the inequality (5.7).

Theorem 5.4. Let h € L2 ra d(Rd) L7 (RY). Let E c R? as above with finite measure. Then, for
any f € L;(R?), we have

||Al*
2 LZ(R”[) 2 N d
G2, V)| du(t,v) > y

f [
s Sk, $)(y(E)

flyD(f)(‘f)lzd')’k(f), 0<s<
E

(5.8)
where C(k, s) the constant given in the relation (5.7).

Proof. Since 4P(f)(.,v) € LIA(RY), whenever f € L2(R?), so we can replace the function f
appearing in (5.7) with 4°(f)(.,v) to get

f | Zol G dri@) < Sk, SOE) TGP SN g Forall v € RE.
E k

(5.9)
For explicit expression of (5.9), we shall integrate this inequality with respect to the measure
dyi(v) to get

f fR | Zp[G () E due&,v) < Cll, $)(yi(E)) T fR P
E d 2d

GP(F)(t, V) du(t, v)

which together with Lemma 3.1 gives

G0V dp(t, ).
(5.10)

f f \To(NOPTIIP(-Edy(E)dn(y) < E(k, $)(yi(E))> f 2]
E JR4 R2d
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Using the hypothesis on £, inequality (5.10) reduces to

WAl e fE | (O dy(@) < Clk, 5)(yu(E)) fR AP G2 v dpude, ).

Or equivalently,
2 ”h”iz(m 2y +d
f 1P |42 ()| dpadt, v) = - = f [ Zp(NEFdyi(é), 0<s< :
g Clk, $)(ye(E)) e 2
(5.11)
This completes the proof of Theorem 5.4. O

Let E be a subset of RY. We define the Paley-Wiener space PW,(E) as follow:
PW(E) = {f € LLRY) : supp Fp(f) € E}.

Involving Plancherel’s formula (2.14), definition of the Paley-Wiener space PW,(E) and the
previous theorem we obtain the following:

Corollary 5.3. Let E be a subset of R? such that 0 < y(E) < co. Let0 < s < 27; 4 For any
f € PW(E), we have
2s
C(k, )(yi(E)) >+ s 2
1 g0, < ”h”Z" PN et (5.12)
R

L} (RY)
where C(k, s) the constant given in Proposition 5.1.
By interchanging the roles of f and .%p(f) in Proposition 5.1, we get the following:

Corollary 5.4. Let F be a subset of RY such that 0 < y;(F) < co.
For(Q<t< # and for any f € L}(R?), we have

2t

7| |I§|I’ﬁo(f)lliz(Rd), (5.13)

f |f(y)|2d7k(y) < C(k, t)(yi(F))
F

where C(k, t) the constant given in Proposition 5.1.

Involving Corollary 5.4 and using similar ideas given in the proof of Theorem 5.4, we prove
the following.

Corollary 5.5. Let F be a subset of RY such that 0 < y(F) < co. Let 0 < t < 272”1. For any
f € LX(RY), we have

fR d fF 9P| di(y.v) < Ek, Yy (F)) T WAl e fR d AP o (@[ dyi@), (5.14)
where C(k, t) the constant given in Proposition 5.1.
Let F be a subset of RY. We define the generalized Paley-Wiener space GPW,(F) as follow:
GPW(F) :={f € LR : Vv e R, suppF (f)(.v) C F}.

Applying Plancherel’s formula (2.30), the definition of the generalized Paley-Wiener space
GPW,(F) and the previous corollary we obtain the following:
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Corollary 5.6. Let E and F be two subsets of RY such that 0 < y(E), y(F) < co. Let 0 < s,t <
2y+d

1) For any f € GPW(F), we have

10y < Sk, DV(F)) > fR NP ZoE dve@. (5.15)
ii) For any f € PW(E)(\ GPW(F), we have
I < (S D) Sk, ) By F) ™

( fR d 1P 2o dn@) ( fR e

where C(k, t) the constant given in Proposition 5.1.

L (5.16)
GPN | duy, )’

We finish this Subsection by establishing another version of Heisenberg-type uncertainty
inequality for the Dunkl Gabor transforms in arbitrary space dimensions.

Theorem 5.5. Let 0 < p < 2 and g > 0. Then for any f € LX(R%), we have

p+q |
L2 (RZ([)

7 (5.17)

1y < € ke po @) || IV G () - Z DNy

where
2p

D+ g % a4 p_
Clhpogy = (— P 2=) G+ (7]

Qy+d) >+ ||n|l*

12 (]R‘l)

27+d

Proof. Let0 < p < =-~,g>0andr > 0. Then

I = WZo P = [ o IO N + [ mnerane.  ss)

<(0.1)

where B,(0, r) denotes the ball of R? of radius r.
From Theorem 5.4 and by simple calculation, we have

(dk)z%m P)
Q2y + )7 |12

f TP < 2 f P42 P dirv). (5.19)
B;(0,r) R2d

L2RY)
Moreover it is easy to see that
[ 1zan@rane < [ iPIEs @R (5.20)
BS(0.r) Rd

Combining the relations (5.18), (5.19) and (5.20), we get
2p

d) 2+ S (k,p) -
A ga, < S B [[IDIPIG2 DI, sy + 72NN F(OI s g

2y+d
QYT

We choose
a2y +d)¥'a iy o, NIEIT (2,

P(d)F 6k, p) [ IMIPLL iz, ey
we obtain the desired inequality. O
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6 Dunkl logarithmic Sobolev inequalities and applications

This Section is devoted to establish new Dunkl logarithmic Sobolev inequalities. Next we use
these inequalities to obtain Dunkl logarithm Sobolev type uncertainty inequalities for the Dunkl
Gabor transform. To facilitate our intention, we start with the following definitions:

Definition 6.1. (i) The Dunkl transform of a distribution u in .'(R?) is defined by

(Fpu), @) = (u, Fp' (@), forall ¢ € S (RY). (6.1
(ii) Let u be in 7" (R?Y). We recall that
QQZD(TJ'M) = l'ij]_)(l/t), ] = 1, ceny d. (62)

Definition 6.2. [23] Let s € R. The Dunkl Sobolev space H E(R") of order s is defined by
H{RY) = {f € 'R : (1 +lEIM)2.Fn(f) € LERY). (6.3)
Remark 6.1. Using Parseval’s formula (2.14) and relation (6.2) we can see that
H{RY) = {f € L;RY) : Vif € LRY), (6.4)

where V. denotes the Dunkl nabla operator given by V; = (Tl, - Td). Fore more details on the
Dunkl Sobolev spaces we refer the reader to [26].

Definition 6.3. For 1 < p < co and b > 0, the weighted Lebesgue space on R? is defined by
L7, = {f € LIRS - (0" f € LIRY), (6.5)
where (t) is the weight function given by (t) = (1 + ||1||>)"/?, t € R%.
Now we recall the modified logarithmic Beckner’s inequality [33].

Theorem 6.1. For any f € H{(R') N L; | (RY),

y o 2y+d
1;((2:;))”]” IIii(Rd) < fR | |f(OF log(C(k, d)(x)*)dyi(x) + jl; , log(K (k, DIIEIN | Zp ())& dyi(&),
(6.6)
where K(k,d) is a positive constant and
A 2(d+2y B
Clk,d) := (—2r(2y " d))w

In the following we prove another version of uncertainty inequalities for the Dunkl Gabor
transform:

Theorem 6.2. Let h € L,im d(Rd) N L,‘;"(Rd). For any arbitrary function f € H;(Rd) N L,i’l(Rd)

we have

4P ()| Tog (Clk. )1 + 1Pt v) + Il ey | 1Zp(NOF log(K k. d)IENdyi(&) =
R R R4

NG 2
s L

(6.7)
whenever the L.H.S of (6.7) is defined.
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Proof. As a consequence of inequality (6.6), we have

f P () )| Tog ( Clk.d)(1 + 1) )dyi(r) + f | PGP (N Tog(K k. d)iENdyi(&) =
R4

I;((zyid) f P ()t )| dy(), forall v € RY

which upon integration yields with the measure dy;(v)

f (G2t )| Tog ( Clk, d)(1 + 11 )dpaat, v) + f log(K(k, DIED| ZolZL () I dp(é,v) =
R2d 2d

R

o [ aenfauen.
(6.8)
Using Lemma 3.1, relation (2.18) for the second integral on the L.H.S of (6.8) and invoking
(2.30), we get

f (4P Tog ((Clk, )1+ 1)) dpu(t, ) + I f | Fo(HEF log(K k, DIIENdye(&) >
R4

()
F( Zy%rd ||h||L2(Rd)||f||L2(Rd)
(6.9)
This completes the proof of Theorem 6.2. O

Based on the Dunkl logarithm Sobolev type uncertainty inequality (6.7), we shall derive
another uncertainty principle for the Dunkl Gabor transform in arbitrary space dimensions.

Theorem 6.3. Let h € L2, ,(R%) (\ LX(RY) such that }h]}
function f € H{(R)) N L; (R \ {0}, we have

LRy ~ = 1. Then, for any arbitrary

r (Zyz-f-d))
€X p ( I~(23/2+d)

C(k, K (k, DIIVifll2ra)

fR RLUEEAGE V| duelt, v) > 2y = I zgay (6:10)

Proof. Let f be in H{(R?) N L, (RY) \ {0}. For ||A|, _, = 1, we infer from (6.7) that

Lz(R")
,(2y+d)
FEa, s g < f %Pt Tog( Ck, dYAHIP) dpae(r, v)+ f log(K (k. DIEID 1 7o) dye(&).
(6.11)
Using Jensen’s inequality in (6.11), we can deduce that
(5 Pl 1 Fo(NEP
<log C(k,d h—1 2d —fl K(k,d —d .
r(w) < log C(k,d)( fR ST (Pt )+5 | Toa(K e DIEP) U, )
(6 12)
To obtain a fruitful estimate of the second integral of (6.12), we set
a‘ 2
do(§) = M dyi(§), so that fko(§)= 1. (6.13)
A1, o R
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Again by employing the Jensen’s inequality, we obtain

fR , log(K>(k, DIIEIPFp()E)dyi(€) If IIii(Rd) j}; | log(K*(k, d)IIEIP)|dpw(é)

IA

112 log { K (K. ) f 1P 1dpe(©))

< IR, log | D) f IEPIZo (P dye)
k ||f||L2(Rd) d
K2 k,d
< IR, Tog | i) f Ve OPdyd). (6.14)
k ||f||L2(Rd) d

Using the expression (6.14) in (6.12), we infer
(2 Ck,d)K(k,d
() o ( (k,d)K(k,d)

2y+d -
r) 18 o

{fm P (e[ (1 + 1P, MIVifles)  (6.15)

Expression (6.15) can be rewritten in a lucid manner as

(.

Applying Plancherel’s formula (2.30) with ||A]|?

r (2y2+d))
eX p(l—‘(Zyz#—d)

— Ck,d)K(k,d)

D 2 2
G| (1 + 1P )dp(1, v) f Ve Py 2 112 5 (6:16)

L) =1, we get

(27+d)
2
eX p l—~(2y+d))

Cr. KKk d)IIfIILz(Rd)

{ f PP dpat, ) f VefOPdyo) >
s IV Nz

which upon simplification gives the desired inequality

1—\/(272+d))
r(2y+d)

exp(
2|¢gD 2 3 _ 2
f |G|yt v) 2 e DRE DTS fnL,g(Rd)”f”LiW) 182 ey

This completes the proof of the theorem. O

Remark 6.2. 1) Let h be in L, (R?). We proceed as in [7], we define the modulation of h by v
otherwise, as follow:

M(h) == Fp(NT,(Fp(W)P)). (6.17)

Subsequently, we define the generalized Gabor transform ¥;" as follow:

1 _— v
Y (y,v) €R*, 1LP(H,v) = o fR ) FOT_(A,(W)Y)dyi(x) = | *p A ()(y).  (6.18)
It is clear that
NP =92 0 (6.19)

Thus, by involving Plancherel’s formula (2.14), we derive that the two integral transforms are
equivalent and then all results proved for one are valuables for the second. So, I reclame that
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all results proved in [29, 30] and in this paper for the Dunkl Gabor transform 4P are valuables
for the integral transform ¥,P and it is suffice to replace h by Fp(h) to derive the analogues
results. Finally, I note and I insist that any adaptation of results proved for the Dunkl Gabor
transform ghD in the context of the transformation ”//hD is a plagiarism (in particular results
proved in [29, 30] and in the current paper), since I mentioned that the two transformations
coincide modulo the formulas (6.19) and (2.14).

2) We note that we have studied these types of uncertainty principles and others for some
integral transforms as the k-Hankel Gabor transform, the (k,a)-generalized wavelet trans-
form, the generalized Stockwell transforms, the deformed Hankel Gabor transform, the g-Dunkl
wavelet transform, the q-Bessel Gabor transform, and others integral transforms. These studies
have given some papers. We cite as examples [31, 32, 33, 34, 35, 36, 37].

3) When W = Zg all results of this paper for the Dunkl Gabor transform %hD are true
without the assumption that the function h is radial. It suffices to choose a function h such that
7(1hf*) = 0.

7 Open Problem

In the present paper, we have successfully studied new quantitative uncertainty principles asso-
ciated with the Dunkl Gabor transforms. The obtained results have a novelty and contribution
to the literature. It is our hope that this work motivate the researchers to study the qualitative
uncertainty principles as Hardy’s, Morgan’s, Beurling’s and Miyachi’s uncertainty principles
associated with the Dunkl Gabor transform.
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