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Abstract

In this paper, we investigate the deformed Gabor transform for some problems of
time-frequency analysis and reproducing kernel theory. Firstly, we present for this trans-
form the main theorems of harmonic analysis as Plancherel’s, Lieb’s and inversion
formulas. Next, we formulate some quantitative uncertainty principles including the
Heisenberg uncertainty principles, Benedick-Amrein-Berthier’s uncertainty principle,
local uncertainty principles and Shapiro’s uncertainty principle. In sequel, we derive
for the deformed Gabor transform some applications of the Tikhonov regularization on
the generalized Sobolev spaces.
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1 Introduction

Recently, Ben Said and all in [4], have given a foundation of the deformation theory of the
classical situation, by constructing a generalization .%; of the Fourier transform, and the holo-
morphic semigroup -# ,(z) with infinitesimal generator

e 2
Lo = IXIT A = Xl a>0,

acting on a concrete Hilbert space deforming L?(R?). Here A, is the Dunkl Laplacian See [13].
The deformation parameters consists of a real parameter a > 0 coming from the interpolation of
the minimal unitary representations of two different reductive groups and a parameter k coming
from Dunkl’s theory of differential difference operators [13].

As it turned out, various known integral transforms are covered by .7, :
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Dunkl transform | _*2% | Fourier transform
[14] [25]
/ -2
(k,a: general) !
k-Hankel k—0 Hankel transform
transform [4] - [28]

As of now, the (k, a)-generalized Fourier transform .%;, has witnessed an ample amount
of research in the realm of harmonic analysis, which include study of the kernel of the (k, a)-
generalized Fourier transform [9], Pitt’s inequalities [21], uncertainty principles [21, 26], the
(k, a)-generalized wavelet multipliers [35, 36], the (k, a)-generalized wavelet transform [37, 38,
40], and many more.

One of the aims of the Fourier transform, is the study of the time-frequency analysis. In
the sixties the time-frequency analysis has emerged with the works of Gabor [19] who provided
an interesting way to study the local frequency spectrum of signals by introducing many time-
frequency representations, as, for instance, the short-time Fourier transform, the continuous
wavelet transform or also the Wigner distribution where all of these representations have a same
common point, that is the simultaneous representation of the space and the frequency variables
in a same set called the time-frequency plane.

The Gabor transform has been successfully used to analyse signals in numerous applica-
tions, such as seismic recordings, ground vibrations, geophysics, medical imaging, hydrology,
gravitational waves, power system analysis and many other areas.

In this paper, we consider the case a = %, n € N and d = 1. We shall call the generalized
Fourier transform .%, > the deformed Hankel transform and we will denote it (simply) by .7 ,,.

We recall that in [44] we have studied the generalized translation operator on the deformed
Hankel setting. In particular, we have proved its positivity on suitable space of functions. Prof-
iting of this positivity in [45] we have introduced the generalized Gabor transform in the setting
of the deformed Hankel transform and we have studied its harmonic analysis. In the same paper
we have derived some quantitative uncertainty principles for this transform as the Heisenberg’s
uncertainty principles, the Beckner uncertainty principle, the Pitt uncertainty inequalities, the
Benedick-Amrein-Berthier uncertainty principle and the local-type uncertainty principles.

The purpose of this document is threefold:

e On one hand, we want to prove a new inversion formula for the deformed Gabor trans-
form.

e The second aim of this paper is to derive some novels versions of quantitative uncertainty
principles for this transform. It is worth mentioning that quantitative uncertainty princi-
ples have a long and rich history; we refer the reader to the survey [18], the book [24]
and the references [5, 21, 26, 27, 56] for numerous versions of uncertainty principles for
the Fourier transform in different settings. To date, several generalizations, modifications
and variations of the harmonic based uncertainty principles have appeared in the open lit-
erature, for instance, Benedick’s uncertainty principle, Amrein and Berthier’s uncertainty
principles, Slepian and Pollak’s uncertainty principles, Donoho and Stark’s uncertainty
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principles and much more [1, 12, 53]. In the classical setting, Wilczok in [57] is the first
who introduced and studied the notion of the quantitative uncertainty principles for the
Gabor transform. Later on, similar results appeared for several extended Gabor trans-
forms in different setups (see, e.g., [2, 3, 16, 17, 30, 31, 32, 39, 41]).

e Keeping in view the fact that the reproducing kernel theory for the deformed Gabor trans-
forms is yet to be investigated exclusively, our third endeavour is to investigate some
problems of the reproducing kernel theory associated with this transform. We note that
in [31], we have the first who introduced and studied the notion of the reproducing kernel
theory for the Gabor transform in the quantum theory setting. Later on, similar results
appeared for several extended Gabor transforms in different setups (see, e.g., [32, 39]).

The remainder of this paper is arranged as follows.

In §2, we recall the main results about the deformed Hankel transform and the generalized
translation operators. In §3, we investigate the harmonic analysis associated with the deformed
Gabor transform. More precisely Plancherel’s, Lieb’s and inversion formulas are established.
§4 is devoted to study the Shapiro’s uncertainty principle for the deformed Gabor transform.
Next, in §5 we establish the Heisenberg, Benedicks and Donoho-Stark’s type uncertainty prin-
ciples for the deformed Gabor transform. Finally, the last section is devoted to introducing
the generalized Sobolev spaces W/, (R) associated with the deformed Gabor transform. After-
wards, we give some applications of the general theory of reproducing kernels to the Tikhonov
regularization, which gives the best approximation of the deformed Gabor transform on these
generalized Sobolev spaces.

2 Preliminaries

This section gives an introduction to the harmonic analysis associated with the deformed Hankel
transform. Main references are [4, 6, 44].

2.1 Deformed Hankel transform

Notation. Let us denote by

For p € [1, o], p’ denotes as in all that follows, the conjugate exponent of p.
n(2k-1)

. n_2
Mk,n e 5 D SR n €N,
) r(%)

(2k=2)n+2

dYin(x) 1= Mialxl ™ dx, k= =L
Lf,n(R)’ 1 < p < oo, the space of measurable functions f on R such that

1
Ay @ = f f@Pdyen(®)’ <o, if 1<p<oo,
’ R

ess sup |f(x)| < oo.
xeR

11 ey

For p = 2, we provide this space with the scalar product
(f,&1,® = f F)EX)dYin(X).
: R

For k > ”n;l, and f € L,i’n(R), the deformed Hankel transform is defined by



Deformed Gabor transform and applications 89

Fen(F)A) = f JOB (A, X)dyin(x), forall 1 eR, 2.1)
R
where By (4, x) is the deformed Hankel kernel given by

n Lk =5 + 1)

1
—————AX 2 (1| AX] 7). 2.2

Bin(d,%) = Juey (mlAx]7) + (=i)'(

Here

(=1)ym (u)Zm

m' INa+m+1) 2

Jalt) =@+ 1)(3) S =T+ 1) )

m=0

(2.3)

denotes the normalized Bessel function of index a.
Next, we give some properties of the deformed Hankel kernel.

Proposition 2.1. i) For z,t € R, we have
Bk,n(za t) = Bk,n(t’ Z), Bk,n(za 0) = 1, Bk,n(za t) = Bk,n((_l)nz’ t)

and By ,(Az,t) = By ,(z, At) for all 1 € R.
11) There exists a finite positive constant C only depends on n and k, such that for all x,y € R
we have
IBia(x, )| < C.

Convention:([26]). We shall replace By, by the rescaled version By ,/C but continue to use
the same symbol By, and we obtain

Vx,y€R, [Bialx,y)l < 1. (2.4)

Remark 2.1. (i) We note that the previous inequality implies that the deformed Hankel trans-
form is bounded on the space L,lc’n(R), and we have

-7 (e @) < Wl )0 (2.5)

forall fin L,Ln(R).
(ii) The deformed Hankel transform F, provides a natural generalization of the Hankel
transform. Indeed, if we set

BY(x,y) = 3(Bia(x,y) + Bea(x,—y))
. 1
= Ju-z(nlxyln).

Then, the deformed Hankel transform 7, of an even function f on the real line specializes to a
Hankel type transform on R,. In fact, when f(x) = F(|x|) is an even function on R and belongs
to L, ,(R), we have

2nk—n )

(3™

F( 2nk-;2—n ) 0

00

2 ( 2nk+

VE €R, Fin(f)E) = F(r) jacs (n(rig )ra 5 dr. (2.6)

The authors in [4] have proved the following.



90 H. Mejjaoli

Proposition 2.2. i) Plancherel’s theorem for Fy .
The deformed Hankel transform f w— %, ,(f) is an isometric isomorphism on L,%’n(R) and we
have

f P i) = f T DL dYnD). @.7)
R R

ii) Parseval’s formula for .
Forall f, g in L} (R) we have

f F()g(XN)dyin(x) = f Fen(P)DFrn(@)(Ddyin(). (2.8)
R R

iii) Inversion formula.
The deformed Hankel transform is an involutive unitary operator on L,i L(R), i.e., we have

Fin(H) = Fea(H(=1)'x) xeR. (2.9)

Proposition 2.3. Let f be in L} (R), p € [1,2]. Then F,(f) belongs to Liln(R) and we have

|- Fn f)||L£/n(R) <Nz e -

Definition 2.1. Let U,V be two measurable subsets of R. Then:

(1) We say that the pair (U, V) is weakly annihilating, if supp f C U and supp F.,(f) C V
implies f = 0.

(2) We say that the pair (U, V) is strongly annihilating, if there exists a positive constant
C := Cy,(U, V) such that for every function f in L,in(R),

CUFn N o + 1A ) = I (2.10)

Here A° := R\A is the complement of A. The constant Cy,(U, V) will be called the annihilation
constant of (U, V).

Now, we recall the following Benedicks-type uncertainty principle for the deformed Hankel
transform proved by Johansen in [[26], Theorem 9.1].

Proposition 2.4. Let U,V be two measurable subsets of R with

’)/k,n(U) = fdyk,n(x) < oo and ’)/k,n(V) = dek,n(x) < 0.
U \%4

Then the pair (U, V) is a strongly annihilating pair.

2.2 Generalized translation operator

Definition 2.2. (/37]) Let x € R. We define the generalized translation operator f — T<"f on
L; (R) by
k.n

Fin@" ) = B, ) Fin(f). @2.11)
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It is useful to have a class of functions in which (2.11) holds pointwise. One such class is

given by the generalized Wigner space % ,(R) given by

WiaR) = {f € Li,(R) : Fin(f) € Ly, (R)}.

On the follow we recall several properties of the generalized translation operator.

Proposition 2.5. (/37, 44]) (i) Let f be in Lin(R), we have

k,
”TxanLG(R) < ”f”Lf,n(R)’ Vx eR.

(ii) For all f in #.,(R) we have

%) = fR Bin((=1)"%, ) Biu((=1)"y, O Fin(NE)dyia(§),  Yx,y €R.

(iii) For all f in Lin(R) and for all x,y € R, we have
k. _ _kn
T f) = 1" (HX).

(iv) For all f in #,(R) and g € L}c’n(R) N LS (R), we have

ek [ 0RO = [ F0rt, om0

(2.12)

(2.13)

(2.14)

(2.15)

Recently, the authors in [6] have proved for the generalized translation operators the

following results.

Theorem 2.1. (i) Let x € R and let | € L]’:’n(R), 1 < p<oo Fork > %, the generalized

translation operator o s given by

w0 = [ fauae
R

here
ji/k,n(x’ Y, Z)d)/k,n(z)’ if Xy * 0’
dZe () = { d5,(2), it y=0,
dé,(2), if x=0,

where K ,(x,y,.) is given explicitly in [6], and is supported on the set
1 1 1 1 1
{ze®R: Il = Iyl | < l2lr < xl7 + [yl ).
(ii) For all f € Lin(R), 1 < p < o0, we have

k,
VxeR, |t flly @ < 4l -

(2.16)

(2.17)

On the follows we recall the “trigonometric” form of the generalized translation operator.
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Theorem 2.2. ([44]) For f € L}Qn(R) write f = f.+ f, as a sum of even and odd functions. Then

Ay = 2 [ A+ 1B cos pfing v

(2k )n
n!sgn(x) nk—§ |x|" — |yl7 cos ¢
+ ffO(«x }’>>¢n){(2k _ )n ( % )
€x, YD
+ (r;‘ksfni})i ”k 2(|)’| <<—|X|"00590)}(Sln90)2nk "dgo]

2

where C is the Gegenbauer polynomials and

€5 Yy = (X7 + [yl7 = 2lxyl7 cos @)?. (2.18)

Below we will recall the positivity of the generalized translation operator on even functions
in L,i’n(R), which is far from being obvious. This result will be crucial for the rest of the paper.
To do so, we will give an explicit expression of the translation operator acting on such functions.
Let L? (R) be the space of even functions in Lf L(R).

k,n,e
Corollary 2.1. ([44]) For all f in L pe®), 1< p < oo, we have
Tf) = f JEx ¥, n){l +(=1)" w 2(COS (p)}(sm ©)?"de.

Now, let us go back to the properties of the generalized translation operator.

Proposition 2.6. (/44]) Let f be an nonnegative even function of W ,(R). Then
(i) For any x € R, we have TX f > 0.
(ii) For every x € R, we have ‘r "fe L 2R) and

) dYia(y) = f FOdyia ). (2.19)
R R
We close the notion of the generalized translation operators by giving the following results.
Theorem 2.3. ([44]) (i) For all nonnegative f in Lk ne(R), we have

VxeR, >0, 77"feL,,®)

and
[ f0inam) = [ Fodyo (2.20)
R
(ii) For all f in L” JR), 1 < p< oo, wehave
VxeR, ||Tk"f||LP @ Sl @) (2.21)

By means of the generalized translation operator, we define the generalized convolution
product of two suitable functions f and g by

Fren g0) = fR (=1 )g0)dyen(). (222)

Now, let us go back to the properties of the generalized convolution product.
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Proposition 2.7. ([6]) The following statements hold true.
(1) The generalized convolution product is both commutative and associative.

(1) Let f € L,in(R) and g € L,i’n(R). Then the function f *;, g defined almost everywhere on R
by

f#an 8(x) = Rr?f«—D%%donﬁ@>
belongs to L,in(R).

(iii) Assume that 1 < p,q,r < oo satisfy é + é -1 = % Then, for every f € Lf;n(R) and

g€ LZ’n(R), the convolution product f *, g belongs to L,’c’n(R) and

IS *n 8lly @) < HIflly @ llgllg, - (2.23)

(iv) For f € L} ,(R) and g € L ,(R), we have

Finlf 51 8) = Fien( ) Fin(8). (2.24)

Involving Theorem 2.3 we improve the estimate given in Proposition 2.7 iii). More pre-
cisely, we have:

Corollary 2.2. Assume that 1 < p,q,r < oo satisfy % + é —1 =1L Then, forevery f e L (R)

r k,n,e

and g € LZ’H(R), the convolution product f s, g belongs to L; ,(R) and
1 e 8llg ) < 1l eollgllis e (2.25)
We close this section by recalling the following result which will play a significant role.

Proposition 2.8. /37, 44] Let f and g in Li,n(R). Then f %, g € Lin(R) if and only if
T ) Fra(g) belongs to L,f’n(R), and in this case we have

Fin(f #kn 8) = Frn(f)Fin(g).

An immediate consequence of Proposition 2.8 and the Plancherel formula (2.7) is the fol-
lowing statement which will be used later.

Proposition 2.9. Let f and g be in L,in(R). Then, we have

fR |f #50 8OPdyin(x) = fR | Zn(EPIFn(@)E dyin(@) (2.26)

whenever both sides are finite.
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3 Deformed Gabor transform

For 1 < p < oo, let Lfl’k’n(Rz) be the space of measurable functions f on R? such that

1
P
1Al w2 (fz lfCe P dptyen(x,y) | < o0, I<p<o
W R

esssup |f(x,y)| < oo,
(ry)eR

1Az, @

where duy . (x,y) := dyi,(X)dyi. ().

Definition 3.1. For any function h in L?> (R) and any v € R, we define the modulation of h by

k.n,e
vas.

hy := Fa(NT(RR)), 3.1)

where T,’i’", v € R, are the generalized translation operators.
Remark 3.1. (i) Using the positivity of the generalized translation operator on even functions
given by Theorem 2.3, we see that the formula (3.1) is well defined.

(ii) Using Plancherel’s formula (2.7) and relation (2.19), we get for all h in L> (R)

k,n,e
”hv“Lin(R) = Hh”Lin(R)' (3.2)
We consider the family 4,,, v,y € R defined by
hyy(x) = 7 (%), x € R,
We note that we have
Yy, veER, ”hv,y”Lin(R) < ||h||Liﬂ(R)' (3.3)

Definition 3.2. Let h be in L?

ine®R)- For any function f in L,%,n(R) we define its deformed Gabor
transform by

G = [ FOR W (34
which can also be written in the form
GO0V = f o raB)), (3.5)

where r,(g)(1) := g((—1)"2).

Remark 3.2. By a standard computation it is easy to see that, for every f € L,in(R) and any h
in Li,n,e(R), for all A > 0 and for all (y,v) € R?, we have

GEF) . v) = %,f’”(f)(%, ), (3.6)

1
a
where

1 X
V>0, VxeR, g(x):= mg(;).

(2k—
t

n
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Proposition 3.1. For f in L; (R) and h in L}, ,(R) we have

19" Py, gy < Wiz ollillzz, - (3.7)

Proof. The result is immediately from (3.4), the Cauchy-Schwarz inequality and (3.3). O

Proposition 3.2. (Plancherel’s formula) Let h be in Lin’e(R). Then, for all f in L,in(R), we have

19" (Plliz, ey = 1A

LZ,®

||f|| o (3.8)

Proof. Using relations (3.5), (2.26), Fubini’s theorem, relations (2.9), (3.1), Plancherel’s for-
mula (2.7) and relation (2.19), we get

fR fR U 0 T POy n ()Y en() fR f B D ER Tn o dyinE)dyin()

f ﬁ | Zia(DEPT (AP (=1 E Ay n(E)din(v)

R JR

f EROGH fR T BPY DAY () )dyia(€)

I o VI,

O

As in the classical case, the continuous deformed Gabor transform preserves the orthog-
onality relation. However, we have the following result.

Corollary 3.1. Let h be in L,in’e(R). Then, for all f, g in L,%’n(R), we have

fR G D0G @0 dpay v) = 1Al fR FOORE)dyin(). (3.9)

Proposition 3.3. Let h be in L,in’e(R). Then for any f be in Li,n(R) and any p € [2, o), we have

195" Py, sy < WALz olilze, - (3.10)

Proof. Using Proposition 3.1 and Proposition 3.2 the result follows by applying the Riesz-
Thorin interpolation theorem. O

By simple calculations we prove the following:

Lemma 3.1. Leth e L}, (R)( LY " (R), then for any f € L A(R), we have

k,n.e
T GE (DN)E) = Fral HE AT IHE(=1)8). (3.11)
Henceforth, the function /4 will denote an arbitrary nonzero element in Lkn LR).

Now, we will prove a new inversion formula for the deformed Gabor transform.
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Theorem 3.1. (Inversion formula). For any function f in L}m(R) N Lin(R) such that F,(f)
belongs to L,Ln(R), we have

fO) = fR ( fR G ()T Ry (X dyin())dyen(v), ace.y € R. (3.12)

2,
k,n

To prove this theorem we need the following lemma.

Lemma 3.2. (L,%’n inversion formula). Retain the assumption of Theorem 3.1. For any function
fin Ly, (R) N L, (R), we have

1 J
10)= i lim [ [ F@ PO P I OduE . (13)
Ll%,n(R) -

where the limit is in L,%’n(R).
Proof. As fisin L (R) N L; (R) then from (3.5) we have

G, V) = fFgp Falh)(X).
Thus using (2.24) we get

Fen @y (NE) = Fin(HE Fin(ra(h))E), € €R. (3.14)

From (3.1) we have

Fienlh)E) = T UHDY(-178), € € R (3.15)

On the other hand using (2.11), and the fact that the function £ is even and |A|* € L}c’n(R), we
deduce that the function A — L%(,n(rﬁ’”lhlz)(/l) is continuous on R and we have

YAER, Fin(re"IhP)A) = Bea(d, ). Fin(l)A). (3.16)
By taking A = 0 and using the relation (2.14), we obtain
f PN Odyen®) = I (3.17)
R n

Thus from (3.15) and (3.17) we get

fR | Fka(h)EP dyin(v) = jl; T (WP (=1)"E)dyin(v) = IIhIIiiH(R)- (3.18)

This relation shows that for £ € R :

e The function v — Z; ,(h,)(£) is in L,%’n(R).

e The function v = 75" (h*)((—1)"¢) belongs to L} (R).
From (3.14), (3.15) and (2.9) we have for £ € R 7

fR Fen @y " (P NE Fa () E)yicn(v) Fen(NE) fR Fen(ra(h))E) Fin(y ) E)dYicn(v)

( f A1 E)dyin ) Fial ). (3.19)

R
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Using this relation and (3.18) we get

1
1A,
k

2,®

Fen())E) = f Fen @, " (P INE Fa()E)yin(¥).
R

Thus using this relation and the relation (2.11) we obtain

1

j
f ( j}; Fen Gy " (D) VIE) Fien @ B ) )Y in(V)dyin(é) =
-J

J
[ Furi@suenan.©
-J
But as fisin L,f,n(R), we have
J
lim [ (OB(-1E Ny = 0. y €R
-J

the limit is in L7 (R).
Thus this relation and (3.21) imply that fory € R :

J
10 = o tim [ ( | F DO T I,
The limit is in L ,(R).

Proof of Theorem 3.1
Using the relation (3.23) we deduce that for almost every y € R

f) = e

2
Lk,n R)

On the other hand from (3.14), (2.9) and (3.18) we deduce that

]
f fR B D) N Fon P h )N yien (Ve n(E)

J

j
f ‘ fR | Zkn(ra(M))E) T n (T ) ENd Yk n (V)
-J

G 2
< NP Pl @l ) < .

A

Then by applying Fubini’s theorem, we obtain for almost every y € R

J dyin
£0) = lim f ( f el G PO T ) )y @) L)
U hIE,

We consider for y € R, the sequence U; given by

J
U0) = [ Fol@ DO Fur O E).
=J

J
lim f It fR Fin G P DO T B YOV AV E).
-J

97

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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This sequence satisfies the following

VyeR, limUj0) = f Fial G (D IE Fun T YOy (©).
R

On the other hand for all v € R, we have

\U;(n)l < fR | Zin( G (D NE Fin(Ty" 1)E) | dyian(€).

By making the same calculus as for (3.24) we deduce that the function

v o fR | Fr GO Fin ) | dyenlE)

is integrable on R with respect to the measure dy; ,(v). Then by applying the dominated conver-
gence theorem to the relation (3.25), we obtain for almost every y € R

1
2 fR ( fR Tl DO T AT ) Oy )dyn).  (3.26)

Lin (R)

fy) = i

By applying (2.9) and Parseval’s formula (2.8) to the second integral of the second member of
the formula (3.26), we get

fo) = f ( f G ()" By (dyin(0))dyien (), ace. y € R.

R R

17117

12,®

4 Shapiro’s dispersion theorem

In this section we will assume that / is a fixed function in L,f’n’e(R) such that ||A]| 2® = 1.
We denote by B(L,%’n(R)), the space of bounded operators from Li,n(R) into itself.

Definition 4.1. (i) The singular values (s;(A)) en of a compact operator A in B(L,%,n(R)) are the
eigenvalues of the positive self-adjoint operator |A| = VA*A.

(ii) For 1 < p < oo, the Schatten class S , is the space of all compact operators whose
singular values lie in I’(N). The space S , is equipped with the norm

IAlls, = (> (s, (4.1)
=1
(iii) We define S , := B(L,in(R)), equipped with the norm,
MAlls, == sup 1AVl e 42)
veL,%ﬂ(R):||v||L]% ®=1 ‘

Definition 4.2. The trace of an operator A in S| is defined by

tr(A) = D (A v ) (4.3)

=1

where (v;)jen is any orthonormal basis of Li’n(R).
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Remark 4.1. If A is positive, then
tr(A) = [|Alls, - (4.4)

Moreover, a compact operator A on the Hilbert space Lin(R) is Hilbert-Schmidt, if the positive
operator A*A is in the space of trace class S . Then

IAlGs = llAlS, = 1A"Alls, = 1r(A"A) = Z llAv;II7 (4.5)

2
. L2, (R)
j=1

for any orthonormal basis (v;) jen of Lz’n(R).
The proof of the statement bellow requires the following notation:
e Let P; be the orthogonal projection from L7 (R?) onto the space ghk’"(Lin(R)).

e Let Py be the orthogonal projection from Lik.n(Rz) onto the subspace of function in

Lﬁkﬂ(Rz) supported in the subset U € R? where 0 <y ,(U) := fU du ,(x,v) < .

e We put
1Py Pl = sup {IPyPivll e v e L2, (B2, IVls, o = 1.

Definition 4.3. Ler 0 < & < 1 and U C R? be a measurable subset. For f € L{, (R), we say that
ghk’”( f) is e-concentrated on U if

1" Pz wo <97 Dl oy

where U¢ is the complement of U in R,

Proposition 4.1. Let ("Dj)jeN be an orthonormal sequence in Lin(R) and U be a measurable
subset of R? such that 0 < p,(U) < co. For every nonempty finite subset & C N, we have

S (1M el ) <@

je&

Proof. Since (cp j)jeN is an orthonormal sequence in Li’n(R), by (3.8) we deduce that (ghk’n(‘pj))jeN

is an orthonormal sequence in L,zlk’n(Rz). Moreover, since the operator Py P, is of Hilbert-
Schmidt type, then, by (4.5) and (4.3), it is easy to see that

D PuGE @) G @iz @y = D (PaPUPEY" (@) 4y @iz o)
je& ' je& '

< tr(PhPUPh)

= 1Py Pils-

Further, proceeding as in [30], we get

IPyPullas < Vi (U).
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Thus,
D (PG @) Gy D)z, w2 < (U, (4.6)

je&
On the other hand, by Cauchy-Schwarz’s inequality we have for every j € &,
<PUghk’n(§0j)’ gghk,n(‘;Dj)>[,;2”w(]R2> =1- <Pch:’n(¢j)’ ghk’n(gpj))L}%k‘n(RZ)
> 1= I[1u %, " @llzz,_2)-

In particular, by relation (4.6), we obtain

Z(l—nnw%k"«o,)uy (Rz) D {PUG @) Gy D)3, s < U,

je& je&

O

Next, we shall use Proposition 4.1 to prove that if the deformed Gabor transform of an
orthonormal sequence is e-concentrated on a given centered ball in R?, then a such sequence is
necessary finite

Proposition 4.2. Let € and 6 be two positive real numbers such that 0 < € < 1. Let & C N
be a nonempty subset and ((,oj)je(ﬁ be an orthonormal sequence in L,in(R). If, for every j € &,

fﬁhk’"(go ;) is e-concentrated on the ball
B>(0,6) := {(x,v) € B : [I(x, vl < 6,
then the set & is finite and

( ((Zk ])n+2)) 202k=1)n+4

Card(&) < W “4.7)
Proof. Let .# C & be a nonempty finite subset, then by Proposition 4.1, we deduce that
> (1= M0r %@l ) < sk (B2(0. ). (48)
neM ’
However, for every j € .#, we have
( ((2k 21’2)n+2)) 2Qk=yn+d
11 e,06¢ %) "l @y <€ and  pya(Ba(0,0)) = T, ", (4.9)
Hence, by combining relations (4.8) and (4.9), we deduce that
@k-Lns2
Card(AZ) < —( Z(k > ) A
[(==)1 -e)
which means that & is finite and satisfies relation (4.7). O

For a positive real number p, the generalized p™ time-frequency dispersion of ghk’”( f)is
defined by

PG (f)) = ( fR I [ dpta ) :
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Corollary 4.1. Let A and p be two positive real numbers. Let & C N be a nonempty subset and
(cp /)jeg be an orthonormal sequence in L,in(R). Assume that for every j € &,

Po( G, " (@) < A

Then & is finite and
2(2k=Dn+4

Card(&) < M(k,n,p)A~

where (k=1n+2\y2
8kn+(p—4)n+8 (1"(_2—“))
M(k,n,p)=2" w» —" "7
( P) I—-(Zkr:l+2)

Proof. Since pp(ghk’"(go 7)) < A, for every j € &, it follows

1

PAG () < e (4.10)

f L 1G5 (@) v)Pdptyn(x,v) < —=
B5(0,A27) (A2p)

1
The inequality (4.10) means that for every j € &, %}f"”(cpj) is E—concentrated in the ball
B, (0, AZ%). According to Proposition 4.2, we deduce that & is finite and

2(2k=Dn+4

Card(&) < M(k,n,p)A~ = .
O

Lemma 4.1. Let p be a positive real number. If (go j) is an orthonormal sequence in L,f’n(R),

jeN
then there exists jy € Z such that

Ph(G " (@) > 270D, VjeN.
Proof. Proceeding as in [41], using the assumptions ||A]| 2 ® = 1 and the fact that (cp j)jeN is
an orthonormal sequence in Lin(R), we infer that there exist a positive constant C;(k, n, p) such

that
1

—.
(Cl (k9 n, P))
Moreover it is easy to see that there exists j, € Z such that

PG (@) >

;2 > 217(]'0—1)'
(Ci(k,n, p))

Thus the desired result is proved. m|

Theorem 4.1 (Shapiro’s dispersion theorem for %{""). Let (go f)jeN be an orthonormal sequence
in Lin(R). For every positive real numbers p and for every nonempty finite subset & C N, we
have

. » 1 3 brp ey T
0 (%k’ () = —( —— ] (Card(&)) "2exnna, 4.11)
JZ‘( AAD) 2 | *M(k.n. p)
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Proof. For every j € Z, let
Pi={meN : p(@ " (o) € [27,2))].

Then, for every m € P;,

n 2 j
f I WP |G (@) e V[ dptin(x, v) < 277
RZ

That is the sequence (Om)mep; satisfies the conditions of Corollary 4.1, and therefore P; is finite
with
2(2k— l)n+4)

Card(P;) < M(k,n, p)2 4.12)

Form € Z, m > j,, we denote by Q,, := U P;. According to (4.12), we have
J=Jo

2(2k— 1 n+4

M(k,n, p)2 e
3

n

Card (Q,,) = Z Card(P)) <
J=Jo
4kn— 2n+4

M k n 2 202k=1)n+4 . . )
(k.. p) 20770 then we can choose an integer m > j, such

Now, if Card(&) >

3
that
4kn— 2n+4 4kn— 2)1+4

M(k,n, ];)2 2(2(2k l)n+4)(m b Card(é’) M(k,n, };)2 2(2(2k—y’1)n+4)m. 4.13)

Thus, by (4.13), we get
o Card(&) oy e 3 -
Pr( @) > =220 > ~(Card(&)) T | ——— :
;(p h f) 2 2 28k38M(knp)
M k 24A)l 2n+4 -

Finally, if Card(&’) < &, l;) PG ° then

2. (@) > Card(@)2977 > (Card(£)) "+ ( — ) o

e 275 M(k,n, p)

O

Remark 4.2. By taking Card(&’) = 1, relation (4.11) appears as a general version of Heisenberg-
Pauli-Weyl inequality for the the deformed Gabor transform including the p™ dispersion.

Corollary 4.2. Let p > 0 and let ((p j)jeN be an orthonormal sequence in L,%,n(R). Then for every
& CN

k,n k,n
g (| mei ) . A @, i o)
JG
1 3 o T L
>—( ey B ] (Card())" 0. (4.14)
n,p
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Proof. The result is an immediate consequence of Theorem 4.1 together with the fact that
G, I < 27(vIP + |x1P).
]

The dispersion inequality (4.14) implies that there is no infinite sequence (gp j)jef’ in Li’n(R)

such that both sequences

M5 )

and  [|1xl 9 ¢))

2 2 2 2
Lﬂk,n R*) Lﬂk,n R*)

are bounded. More precisely:

Corollary 4.3. Let p > 0 and let (go j)/‘eN be an orthonormal sequence in Livn(R). For every
& c N, we have ‘

2 2

L gk L okn
su Hv%ﬁ’ ; ,'x%fﬁ’ ;
J'Eﬁ’p( l l " (QOJ) Ll%k,)z(Rz) | | h (SOJ) L;zlk,n(Rz))
1 3 2(2kfll))n+4 np
Z 7 T (Card(&))2@ 03, (4.15)
4\ M(k,n, p)2=5
In particular,
2 2
L egkn L gkn
su HVZ%’ ; +Hx2§4’ ; = oo0.
Jeg( | | h (<pj) lelk,n(Rz) | | h ((pj) Lf'k,n(Rz))

Theorem 4.2 (Shapiro’s Umbrella theorem for %hk’"). Let & C N be a nonempty subset and
(90 j)jeéa be an orthonormal sequence in L,in(R). If there is a positive function g € Lik,,, (R?) such
that

Gy ()6 )] < g(x,v)

for every j € & and for almost every (x,v) € R?, then & is finite.

Proof. Following the idea of Malinnikova [29], for every positive real number 0 < € < 1, there
is a subset A, . C R? such that

:uk,n(Ag,a) = inf {/Jk,n(U) : |g(x’ V)|2 d,uk,n(x’ V) < 82} s
U(,’

and

f g, VII* dutgn(x, v) = &%,
AL‘

8.€

Hence, according to the hypothesis, for every n € & we have

I

c
g€

G () (x, V)‘2 dpyp(x,v) < €7,

and by Proposition 4.1, we get Card(&)(1 — &) < t(Age). O
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S Concentration-based uncertainty principles

5.1 Heisenberg’s-type uncertainty principles

Proposition 5.1. Let h be in L, (R) N LY (R). Then, %hk’”(Lin(R)) is a reproducing kernel
Hilbert space in L,in(R) with kernel function

v, ) = f Ty O () dYin(). 5.1)

1Al

L ®)

The kernel is pointwise bounded.:
Y X v 0l < 15 Y (X, V), (x,v) € R (5.2)
Proof. Let f € L; (R). We have

G (x,v) = fR FO )y, (6 v) € R

Using Parseval’s relation (3.9), we obtain
1

G (f)(x,v) = f G VG (hy )XV )ty (X V).

||h||L2 (R)
On the other hand, using Proposition 2.8, one can easily see that for every (x,v), (x',V') € R?
the function

’ 1 n ’ ’
X —— G, )X, V) =

f v x! (y)hv,x(y)d')/k,n (y)

belongs to Lin(R). Therefore, the result is obtained. O
In the following we will prove the concentration of %hk’”( f) in small sets.
Proposition 5.2. Let h be in L, (R) and U C R* with
0 < we,(U) < 1.
Then, for all f € L ,(R) we have

19, () = xv %y " (Dllez, @ 2 A= Ol @llflzz @), (5.3)

where yy denotes the characteristic function of U.

Proof. From Plancherel’s formula (3.8) we have

k.n
W, IR, o = WG,

_ k,n k,n (54)
= g~ (f)an o IO,
On the other hand from the relation (3.7) we have
f Gy (D P dpin( ) < 19" D g in(U)
U Hen (5.5
<

MO, o I,

Thus the result follows immediately by integrating (5.4) in (5.5). O
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Remark 5.1. We assume that 0 < ;. ,(U) < 1. If ghk’"( f) is supported in U, then f = 0.

Proposition 5.3. Let h be in Lkne(R) such that ||h|| 2@ = = 1.
Let s > 0. Then the following uncertainty znequalmes hold.

1. A Heisenberg-type uncertainty inequalities for the deformed Gabor transform:

(i) There exists a constant C(k,n, s) > 0 such that, for all f in Lin(R), we have

k,
1 g

> Ci(k,n, S)“f”Li,n(R)' (5.6)

R2)
(ii) There exists a constant Cy(k,n, s) > 0 such that, for all f in Li’n(R), we have

[IERALTHERY

scpk.n
'Y,

> Cy(k, n, IS (5.7)

2 (R?) L, ®)
kn

2. A Faris Local uncertainty inequality for the deformed Gabor transform:

There exists a constant C3(k,n,s) > 0 such that, for all f in L,f’n(R), and every subset
U C R? such that 0 < p;.,(U) < oo, we have

9" (Dlliz, gy < Cotks 1, 9) VpaeaO|[ 11 G, ») (5.8)

, (R2)
Proof. (1) Letr > 0 such that 0 <y ,(B2(0, r)) < 1 where B,(0, ) is the open ball of R? defined

by
By(0,7) = {(x,v) € R? : [|(x, VIl < r}.

By applying the relation (5.3) with U = B,(0, r) we obtain
(U= O, ) < f 9P, v)
B>(0,r)¢

< & 1Ce, MIPIZ" () v)Pdpx, v)

ICelIzr

X% KA

r2v (Rz)
Thus we obtain the relation (5.6) with C;(k,n, s) := 1’ /1 — . ,(U).
(i1) By applying the inequality ||(x, v)||* < 2°(]v|* + |x|*) in (5.6), we get

(Cl(’ n, s))°

[1xt GO, 2 R, (5.9)

We replace f by f;, in the relation (5.9), we apply (3.6) and next we make a change of variables
in each term, we obtain the following relation:

(C1(k n, S))

2 k

+ 7 |v|354""<f>||

L2 (R2)

Then (5.7) follows by minimizing the left hand side of this inequality, with respect ¢ > 0.
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(2) Using the fact that

193" (Dl ) < VrtinDIG Dl e

and the fact that
k,
[E2 n(f)”Lf,jm(Rz) < ”f“L,%ﬁ(Rﬁ

then we get

19" Dllz, 0n < VB DSz,

Finally, we obtain the result from (5.6). O

5.2 Benedicks’s-type uncertainty principle

In the following we will prove the concentration of %hk”( f) in arbitrary sets of finite measures.

Theorem 5.1. Let h be in L,%,n’e(R) and U C R* with 0 < pt;,(U) < oo.
If Ph(LZk’n(Rz)) N PU(LZM(RZ)) = {0}. Then, there exists a constant C := Cy,(h, U) > 0 such
that for all f € Lin(R), we have

95" () = xu %" (Dlliz, w2) 2 Cllfllzz, e)- (5.10)

For the proof of this theorem, we need the following lemma.

Lemma 5.1. ([57]). Let 7€ and 74 be two closed subspaces of a Hilbert space F¢ satisfying
J4 (7 = {0). Let Py and P,y denote the corresponding orthogonal projections, and as-
sume the product P P to be a compact operator. Then, there exists a constant C > 0 such

that for f €
WPz flloe + 1P og flle = Cllf e (5.11)

Proof. of Theorem 5.1. Defining .77 and % by
A = Py(Ly, (R?), 5 := Py, R)).

We proceed as in [30], we prove that

1
1PuPlns = | bewGr PO 25 0PtV g, 9))” < NI, o Vita(U) < o,

RZxR2

Hence, Py P), is a Hilbert-Schmidt operator and, therefore, compact. Now, Lemma 5.1 implies
the existence of a constant C > 0 such that (5.11) holds for P := Py and P4 := P). Since

Pys(4"(f) = Ud - PY¥, " (f) = 0,

this leads to (5.10). m
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Definition 5.1. Let h be in L}, ,(R) and U C R? such that 0 < pi,(U) < 0.
(1) We say that U is weakly annihilating, if any function f € Li’n(R) vanishes when its

deformed Gabor transform %hk’"( f) is supported in U.
(2) We say that U is strongly annihilating, if there exists a constant &, ,(U, h) > 0 such that
for every function f € L} (R),

19, = xv %" (Dlliz, w2) = CeaU. IS l22, o). (5.12)
The constant €, (U, h) will be called the annihilation constant of U.

Remark 5.2. (1) It is clear that, every strongly annihilating set is also a weakly.

(2) From Proposition 5.2, we see that any set U C R?> with 0 < . ,(U) < 1, is strongly
annihilating.

(3) As the operator Py Py, is Hilbert-Schmidt hence is compact, then from [24] we have if U
is weakly annihilating, it is also strongly annihilating.

(4) If ||PyPyll < 1, then for all f € L,f’n(R)

—T—]FT;EM4WU)—XwﬂmUNm“®A2Hﬂ@AmMM@@y (5.13)
—\Wulh ’ ’ ’

(5) Following the result established in a general context in [24] p.88, we have if U is strongly
annihilating, then ||Py Pyl < 1.

In the next, we give Benedicks-type uncertainty principle for the deformed Gabor transform

Theorem 5.2. Let r,R > 0 and let O # h be in Lin,e(R) N L,‘;’n(R) such that

supph C (-r,r). (5.14)
For any subset U := I x (=R, R) C R? such that

0 <yind) < o0,
we have

Py(L;, (R*) N Py(L;, (R%) = {0}, (5.15)

Proof. Let F be anon-trivial function in Py(L;, (R*)NPy(L;, (R?)), then there exists a function

f € L} (R) such that F = 4"(f) and supp F C U.
Let v € (—R, R), and let ¢, be the function defined on R by

W) = (1)) AT 1.
Then for all (x,v) e U
F(x,v) = Fia(,)(x).
Thus
supp Fi.(¥,) C I, with y;,,(I) < co.

Moreover, since supp h C (—r, r) we deduce that
suppy, C supp 7'fﬁ’”|h|2 C(-r—R,r+R).

Thus, using Proposition 2.4, we deduce that for every v € R, ¢, = 0, which implies that
F =0. m]
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Consequently, we obtain the following improvement.
Corollary 5.1. Let r,R > 0 and let O # h be in Li”’e(R) N L,‘;’H(R) such that
supph C (-r,r). (5.16)
Let U := I x (=R, R) c R? such that
0 < yia(l) < o0,

Then, there exists a constant C := Cy,(h, U) > 0 such that for all f € L,in(R), we have

195" () = xu %" (Dlliz,_ e2) = CUAliz e lllzz, e (5.17)

5.3 Donoho-Stark’s uncertainty principe

Now we will derive a sufficient condition by means of which one can recover a signal F be-
longs to Lﬁkﬁ (R?) from the knowledge of a truncated version of it, following the Donoho-Stark
criterion [12].

Let h be in L}, (R). A signal F € L (R?) is transmitted to a receiver who knows that
F e %hk’"(Li,n(R)). Suppose that the observation of F is corrupted by a noise .4" € L (R?)
(which is nonetheless assumed to be small) and unregistered values on U € R?. Thus, the
observable function r satisfies

| Fe,v)+ A (x,v) if (x,v)eU*
rxv) = { 0 if (x,v)eU.

(5.18)
Here we have assumed without loss of generality that .4~ = 0 on U. Equivalently,
r=d-Py)F +.1. (5.19)
We say that F' can be stably reconstructed from r, if there exists a linear operator
Lyy: L, (R = L, (R?)
and a constant 6 ,(U, h) such that
IF = LuaMlzz, g2y < Cin(U DIA NIz, ey (5.20)
Theorem 5.3. Let r,R > 0 and let 0 # h be in L, (R) (" LY, (R) such that
supph C (-r,r)
and let U := I X (=R, R) c R? such that
0 < ypaI) < oo.

Then F can be stably reconstructed from r. Moreover, the constant 6;,(U, h) in (5.20) is not
larger than (1 — ||PyPyl))~".
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Proof. We apply the same arguments that used in [12]. From Corollary 5.1, U is strongly
annihilating, then from Remark 5.2 we have ||Py P,|| < 1. Therefore I — Py P}, is invertible. Let

LU,h = (Id - PUPh)il.
As F € %;’"(L,in(R)), then (I — Py)F = (I — PyPp)F. Thus by simple calculations we see that
F _LU,hr = —LU,hJV.

So that

|F - LU,hr”Lgk_n(RZ) = ||LU,h</V”Lflk,n(]R2) ll(/d - PUPh)_lll ||=/V||Lﬁk’n(R2)

(1= IPyP,ID™ ”f/V”Lﬁk,n(Rh’

IAN A

which allows to conclude. m]

Remark 5.3. (An algorithm for computing Ly;,r)
The identity

Lyy = (Id = PyPy)™" = ) (PyPy)
=0

suggest an algorithm for computing Ly r. Using the similar method given in [12], we give an
algorithm for computing Ly r. Indeed, put

F™ =" (PyPy)'r,
=0
then F™ — Ly ,(r) as m — oco. Now

FO = r
FO = r+ PyP,F©

F@ = r+PUPhF(1) (5.21)

and so on. The iteration converges at a geometric rate to the fixed point
F =r+ PyP,F.

Algorithms of type (5.21), have been applied to a host of problems in signal recovery see [12],
and others.

6 Practical real inversion formulas for %f‘”

6.1 Tikhonov regularization

Nowadays, the general theory of reproducing kernels have found many applications to Integral
transforms, Inverse problems, Integral equations, Inversions for a family of bounded linear oper-
ators, Sampling theory, Linear differential equations with variable coefficients, Approximations
of functions. Arguing from these point of view, many works were done on them, we refer in
particular to the papers of Saitoh et al. [51, 52].
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Before the applications to the Tiknohov regularization, we shall examine the concept of the
Moore-Penrose generalized inverses from the viewpoint of the theory of reproducing kernels.
Here, we will be able to realize the natural and powerful method of the theory of reproduc-
ing kernels for the best approximation problems that lead to the Moore-Penrose generalized
inverses.

Let E be an arbitrary set and let Hy, be a reproducing kernel Hilbert space admitting the
reproducing kernel K on E. For any Hilbert space .7 we consider a bounded linear operator L
from H,, to 7. Then the following problem is a classical and fundamental problem which is
known as best approximate mean square norm problems: For any member d of ¢

inf |[Lf —d||». 6.1
inf ILf ~dllr (6.1)

This problem carries, however, a complicated structure, when the Hilbert spaces are infinite
dimensions and the problem leads to the generalized inverse in the sense of Moore-Penrose.
However, this extremal problem is involved in both the existence of the extremal functions in
(6.1) and their representations. So, we shall consider its Tikhonov regularization. We start it
with the following fundamental theorem.

Theorem 6.1. ( [51].) Let Hg be a Hilbert space admitting the reproducing kernel K(p, q) on
a set E and 7 an Hilbert space. Let L : Hy — ¢ be a bounded linear operator. For r > 0,
we introduce the inner product in Hx and we call it Hk, as

s g, = rlfi Pug + (Lfi, L)

Then:
1) Hk, is a Hilbert space with the reproducing kernel K,(p, q) on E and satisfying the equa-
tion
K.(..q) = (rl + L")K(., ),
where L* is the adjoint operator of L : Hx — 7.
ii) For any r > 0 and for any h in €, the infinum

. 2 R
inf {rILfIG, + LS = E, )
is attained by a unique function [, in Hx and this extremal function is given by

In this Section by applying the general theory of reproducing kernels and in particular the
Tikhonov regularization, we shall consider the practical constructions of approximate solutions
for bounded linear operator equations involving the deformed Gabor transform. The functional
spaces used in our analyse are the generalized Sobolev spaces that are built from the deformed
Hankel transform and deformed Gabor transform and that are the typical Hilbert spaces in our
setting.

6.2 Reproducing kernels

Notation. Let us denote by

FR) :={f € C°(R,C) : ¥ j,m € N4, I f1ljm < oo}, where C*(R, C) is the function space
of smooth functions from R into C and || f||;,» := Sup,x |x/D™ f(x)|. This space is known as the
Schwartz space.

7’ (R) the topological dual of the Schwartz space .7 (R).
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Remark 6.1. We note that Johansen in [[26], Lemma 2.12] has proved that the Schwartz space
is invariant under the deformed Hankel transform.

Definition 6.1. The deformed Hankel transform of a distribution t in .'(R) is defined by
(FPen0).0) = (. T, (), forall p € S(R). (6.3)
Definition 6.2. Let s € R, we define the generalized Sobolev space W} (R) as
fue 7 ®) : (1 + 1P Fraw) € LT, R)}.

We provided this space with inner product (., .)ws ) given by:

(f:&w;,® = fR (1 + P Pen(NE Frn(@Edyin@), forall f,g € W, (R). (6.4)

The norm associated to the inner product is defined by:

1Allwg, @ = ( fR (1 + P\ DEPdyin(©)).

Qk—1)n+2

Proposition 6.1. For s > =——,

reproducing kernel:

the generalized Sobolev space W} (R) admits the following

B n _1 " D B n\G s
Ky(x,y) = f il CD'E: OB 3) oy,
R

(L + 1Py

(i) for all y € R, the function x — K(x,y) belongs to W/ (R),
(ii) the reproducing property: for all f € W} (R) andy € R,

FO) = K )ws @)-
Proof. 1) Let y be in R. It is easy to see that the function

Bin(£,)
(1 +1&P)

belongs to L, ,(R) N L; ,(R) when s > W Thus the function K is well defined and we can
write

Ty: &

Ky(x,y) = Z,(T)(x), forall x € R.

Moreover, from Proposition 2.2, we can see that the function K(., y) belongs to L,%’n(R), and we

have Bo(E.y)

Z, _ Dknl»Y)

FreaK (L ))(E) = d+ Py (6.5)
As By ,(¢,y) is bounded, we obtain

1

|- Zi (K, )@ < a+iepr

and
- dynl® | r((Zk—zern+2)r(s_ (2k—21n)n+2) %
1Kl 0 < o) o= ([ S = = ) <o (66)
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This proves that for all y € R the function K(., y) belongs to W,j,n(R).
(i) Let f be in W[ (R) and y in R. From (6.4) and (6.5), we have

oK @) = f Fin P EBinly, (1) Oy (), 6.7)
’ R
and from inversion formula, we obtain the reproducing property

f()’) = <f, KS(X, }’)>W;n(R)
This completes the proof of the proposition. O

Corollary 6.1. For s > %, the generalized Sobolev space W,f,n(R) is embedded in C(R).

6.3 Extremal function associated with the deformed Gabor transform
Letr >0, s> 0and & be in Li’n’e(R). We introduce the inner product in the space W} (R)

<f’ g)g}f‘ﬂ”’r,wlfﬂ(]g) = }"<f, g>W,f’ﬂ(R) + <ghk,n(f), g}f’n(g»Lﬁk’n (R2)» f’ 8 € Wlfn(R)

The norm associated to the inner product is defined by:
2 . 2 k.n 2
W oy 2= Uy 0 + IO, oy

From (3.9), the inner product (., )y kn . s (®) can be written as
“h " kan

L8t = TF w0 + WAIEy o, (8022, o (6.8)

Remark 6.2. Simple calculations give that the norms ”'”WE ®) and |||l gkn . s ®) are equivalent
N “h " kn
forr > 0.

Proposition 6.2. Let s > % and h be in L,in’e(R). Then the generalized Sobolev space

(W ,(R), <., .>%Ik,n’r’wg (®))» POSsesses the reproducing kernel R"r‘;’ satisfying the following identity
-1
KEn0ey) = (FT+ &G Gy") Ki),

where
@ L (R?) — W ,(R)

is the adjoint operator of ghk’" given by

G @ = LG Dwy .  fEWLR), g€ Ly ®).

(i) IR Co )l @y < X2, forall y € R,

(i) 19" (R g ey < S5 forall y € R
(i) | (ghk’”)*ghk’n(ﬁi,z("y))”WE.n(R) < C(k,n,s), for all y € R, where C(k,n, s) is the constant
given by (6.6).
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Proof. From Corollary 6.1 and Remark 6.2, we deduce that the map

u — u(y), y € R, is a continuous linear functional on (W,j’n(R), (., .)glk,n (R)). Thus from

,r,W,fA'
[51], (W,j’n(R), (., '>%f’",r,W,f’n(R)) has a reproducing kernel denoted by RI;Z On the other hand, we

have )
f(y) = <f’ Rr:Z(’ y))g}f\'v”’r’wlin(R)

r RSy, @ (G (DG Sz, @
ST+ GG IR g o

Thus,
(rl + (G YGK (L y) = K p). (6.9)

r,

Furthermore, the previous identity implies that

211qk, 2 ko ouk 2 knyxcgkn ok, 2 2
PISKC My o0 + 2095 I, oy + I G SEC Dl 01 = WK DI ey
From this relation and using the fact that

IKsC Dl ) < Clk,n, 5),
we obtain the properties (1), (i), and (iii). O
Remark 6.3. Using similar ideas as in Proposition 6.1, we prove

Bia((=1)"€, X)Biu(€.y)
Rk,n , :f k, §
W= | Ry + P

L;,®)

AYin(&). (6.10)

We can now state the main result of this paragraph.

Theorem 6.2. Let s > %<2 and h be in L2, (R).

i) Forany g € Lik,n(Rz) and for any r > 0, the best approximate function f, in the sense

: 2 _ k.n 2 _ 112 _ k,n s 2
einf (A ) + N8 =4O o} = il + 18 =G il o) (6.11)

exists uniquely and [, is defined by

£7(0 = (8. G (RGO @),

1i) The best approximate function f, is represented by

Jrg(X) = f g0m VO, X, Y)dityn(, Y),
R2

where

g Ve AR 1O B (1€, 9B, )
0“7 (v, x,y) = fR dyen(®).

r(1+[IE1P)* + |IAIl?

Lgm (R)

(iii) The extremal function f;, satisfies the following inequality:

. C(k,n,s)
VyeR, |f,0l< WHgHLgkﬂ(RZ)-
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Proof. (i) The existence and uniqueness of extremal function f;, satisfying (6.11) is given by
[52], and the extremal function f;, is represented by

£ = @G QI @2, YER.

(i1) Involving Lemma 3.1 we have

G (), v) = f \/r’;’"(|h|2>(<—1)nf>%,n<f><f>3k,n(<—1)"5, X)dyin(é), forall x € R.
R

Using the properties of the kernel .Rf;: and the definition of the deformed Gabor transform, we
get

(RP((=D"E)Bin((=1)"E, X)Biu(€, y)
r(1 + |ER) + |1All?

k.n
GERER D)) y) = fR v

dyin(€) = Q51 (v, x, ).

L3, ®)
This gives the result.
(i11) From Proposition 6.2 (ii), we have
. o kn C(k,n,s)
£ < lglliz, @ IF " (R, @2 < el e
Thus the theorem is proved. O

Corollary 6.2. Let s > %52 and r > 0. If f is in W} (R) and g = 9" (). Then
i) {f; >0 converges uniformly to f as r — 0.

(ii) For all y € R, f(3) = lim £, ().
(iii) For all y € R, |f() = f2,0)| < Ckon, )l fllw: o
(iv) For all y € R, |f2, 0] < C(k, n. )| llw;, -

Proof. Let f be in W (R).
(i) Then
VyeR, fr0) = (@G QG @) (6.12)

But from (6.9), we have
VyeR, lim(@ )G (R0 ) = K. ).

Thus
lim £, = (. Ky 3Dwg, 0 = O

(i1) From (6.9) and (6.12), the extremal function f;, satisfies

VyeR, f,0) = fO)=r{f, K50 -

Thus by Proposition 6.2 (i) we obtain

VyeR,  1f5,0) — FON < rllflwg, @I85 Gl @ < Clkan, )l fllwg -

(iii) From (6.12) and Proposition 6.2 (iii), the extremal function f;, satisfies

Yy eR, 17,0 < Iflwe, @l G (R yDllwg, @ < Cln, )l fllw: @-
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Remark 6.4. Let s > W and r > 0.
If %hk’" is isometry (i.e. (%hk’")*%f " = Id) then
(i) <., ->g]j"”,r,wlf,n(R) =(r+ 1), ->W]j,n(R)-
(ii) R¥7(x,y) = 27 K,(x,y), forall x,y € R.
(iii) For all y € R, f7,(y) = =(4,")'8(), g € L2, (R?).
(iv) Forall y € R, f', ., (¥) = Luy), ue Wi (R).
G, (u s

6.4 Extremal functions associated with the partial deformed Gabor trans-
form

Notation. Let & be in L;f’n’e(R) and let v € R. We denote by ,@,’ff the partial deformed Gabor
transform defined by

P =G v),  forall f e L, (R).

Proposition 6.3. Let h be in L> (R) N Ll‘fn(R) and let v € R. The transformation 3”,’1‘3 isa

k,n,e
bounded linear operator from W/ (R), s > 0, into Lin(R), and there exist a positive constant

Cin(v, h) such that we have
PNz ) < ConveDIf g,z f € W, (R).

Proof. Using the relation (3.11) and Proposition 2.9 we obtain the result. O

Letr >0,5>0,v e€Rand /& bein Li,n’e(R) N L,‘fn(R). We introduce the inner product in the
space W/ﬁ,n(R)

Fs 8 gt sy = TS 80wy, ) + (P, Py @2, ®, [ 8 € Wi, (R).
The norm associated to the inner product is defined by:

2 R 2 k,n 2
W ey 2= Uy oy + IPELCIG,

hy?
Remark 6.5. Simple calculations give that the norms “'”Wk‘n(R) and ||.||’@5n’r’wz ®) are equivalent
forr>0andveR. o
Proposition 6.4. Let r > 0, v € R, s > Z52 and hbe in LY, (R) N L, (R). Then the general-
ized Sobolev space (W, (R), (., '>=@ff3”’wxf,n(R))’ possesses a reproducing kernel o, satisfying
the identity
-1
Hogin (s3) = (i + (P30 Zpe) K(oy) (6.13)

where (33}]["’;’)* : L,f’n(R) — W} (R) is the adjoint operator of @2‘3 given by

(P (D Q2w = (P Owp e [ EWLR), g € L, (R).

Moreover the kernel P satisfies the following properties
. " ik,
(i) IIXWE,:,r(.,y)IIWén(R) < #,for ally e R.

(W) NP (Kt (i ) < S for all y € R.

(iii) WD) Py (Kt (o WDllwg, @) < Clkon,s), for all y € R, where C(k,n,s) is the

sV

constant given by (6.6).
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Proof. From Corollary 6.1, Proposition 6.3 and Remark 6.5, we deduce that the map

u = u(y), y € R, is a continuous linear functional on (W} (R), (., .) W (R)). Thus from
3 “ hy? ki

[51]}; (W,f’n(R), (,) Wﬁjﬁv’ywxi,n(m) has a reproducing kernel denoted by 7, P On the other hand,
we have

o) = Tt (I o e
r(fs Kot (s Vwy, @ + (P () Py (Hpr Iz @0
(4 () Pi) Kot o D o

Thus,

R

(L + (D)) Py Koo () = Ky, 9) (6.14)

Furthermore, the previous identity implies that

P st o DMy ey + 271D (K pton o Iy ) + WD) P e (s My ey

— 2

= 1K Iy -
From this relation and using the fact that

IKsC w0 < Clk,n, 5),

we obtain the properties (i), (ii) and (iii). O

Remark 6.6. Using similar ideas as in Proposition 6.1, we prove that

B By (=1)"¢, X)By.(&, )
t%/g,,:,n’r(x, y) = ; Y
v r (L + 16197 + 7,7 (1hP)((=1)")
We can now state the main result of this paragraph.

Theorem 6.3. Let s > =2 and hbe in L, (R) N LY, (R).

dyk,n(é:)

2 k.n,e
(i) For any g € L,f,n(R) and for any r > 0, v € R the best approximate function f;, , in the
sense
(i + e = PRI, ) (6.15)

k.n

exists uniquely and it is represented by

vy € R’ f:v,g(y) = <g9 9}];::(‘%{@2:‘1(’ y))>L]%n(R) (616)

%

(ii) The extremal function f., ,

satisfies the following inequality:
C(k,n,s)
WllgllLin(R)'

%
.8

YyeR, |If,0l<

Proof. (i) The existence and uniqueness of extremal function
[52], and the extremal function f7 , is represented by

rv,8
f:v,g(Y) = (g, yﬁ,’(%yic,r(-,)7))>Lin(R), ye€ R.

(i1) From Proposition 6.4 (ii), we have

satisfying (6.15) is given by

C(k,n,s)
W”g”Lin(R)'

Thus the theorem is proved. O

» k,
|fr,v,g()’)| < “g”Lin(R)”@h,f(%yﬁﬁ,r(-’y))”Lin(R) <
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Corollary 6.3. Let s > W andr>0,veR If fisin W} (R)and g = ?,’f:f( f). Then
(l) f()’) = lin’lr—>0“’ f:v,g(y)’ fOl" all Y€ R.
(i) IFG) = £, 0] < Clko 1, 9)I|f llwy, @0 for all y € R.
(iii) | fry eI < C(k, n, $)I| fllwg, ), for all'y € R.

Proof. Let f be in W (R).
(i) Then
VY ER, i) = (PR Pyl (K i YD 0. (6.17)

But from (6.14), we have

VyeR,  Hm(P) P H o (3) = Kyl y):

vV

Thus
rll)r(l)} g = (L KGyDwe w) = fO)

(i1) From (6.14) and (6.17), the extremal function f*, , satisfies

rv,8
VyeR, f:v,g()’) = fO) - r{f, c%/ygf,r(-,)’»W,gﬂ(R)-
Thus by Proposition 6.4 (i) we obtain
VY ER, 1) = FON < Al @l s W)y, ) < Clm, 91l -

(iii) From (6.17) and Proposition 6.4 (iii), the extremal function f;, , satisfies

VY eR,  Ifi O < fllwe, @l (250 P (Ko (o Il < Clhm, N fllwy, -
O

Rem?rk 6.7. Let s > W andr >0,veR. If@gf is isometry (i.e. (f@gf)*c@gf = Id) then
(i) <., ~>,@”;’~:’,r,wljn(R) = (r+ 1), '>W/f,n(R)'
(ii) %/ylk,n’r(x, y) = = K,(x,), for all x,y € R.

r+1

(iii) For ally € R, f, ,(y) = 25(2")'g(), g € L2 (R).

rv,.g v

(iv) Forall y € R, f* 0) = —=u(y), u € Wi, R).

v, 3”:3 (u)

Proposition 6.5. Let s > =22 and h be in L7, (R) N L (R).
1) For any g € Li’n(R) and for any r > 0, v € R, the best approximate function f.,, is
represented by

fra) = fR )2 ()Y (),

where

) VT U179 Bia(—1)6, 0BraE.y)
22y) = f Ay (6. (6.18)
R

r(1 + ER) + 7" (IP)((=1)"€)
ii) If we take g = @;ﬁf(f), then

}Lfg{ [ :v,g - f”W,j’n(R) = 0.
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£

Moreover, {f, }r-0 converges uniformly to f as r — 0*.

iii) Let 6 > 0 and let g, g; satisfy |Ig — gsll;2 &) < 6. Then

0
* %
”fr,v,g - fr,v,géllW/fyn(R) < 2—\/;

Proof. 1) By Remark 6.6 and Theorem 6.3 1), the infimum given by (6.16) is attained by a unique

function f, ., and the extremal function f, , is represented by

Fiva®) = (8- G (Ko NIz @ ¥ ER,

%

where %Ik.n’r is the kernel given by Remark 6.6.
On the other hand we have

G (), v) = f \/rﬁ’"<|h|2><<—1)nf>%,n<f><f>8k,n(<—1)"5, X)dyené), forall x,v € R.
R

Using the properties of the kernel 7, phn and the definition of the deformed Gabor transform,
we get "’

e o)) = f\/r’s’”<|h|2>(<—1)n§>Bk<<—1)"§,x)Bk@,y)d = B e
I NI = | T e Ry ) T Tl

This gives (6.18).
ii) From (6.18) and Fubini’s theorem we have

\/T'ﬁ’”(lh|2)((_l)ng)‘%"”(g)@)

Fenlfr ) = '
)& r(1 +1€R) + 7" (hP)((=1)'é)

Hence

—r(1 + |EP)' Fia()E) .
r(1+ €2 + 7" (hP)(=1)'€)

Finlfg = DE) =

Then we obtain

g = £ ) = fR hr s OV T in (PNE P (),

with 21 .
&) = 0+ kD 5
(r(1 +1€R) + T (RP)(—1)"¢))
Since
lim f,, () = 0
and

By (] < (1 + €Y,

we obtain the result from the dominated convergence theorem.
1i1) From (6.18) and Fubini’s theorem we have

\/T‘li,n(lhIZ)((_ 1)”§)gzkn(g)(§)

Tl [ )E) = '
kn (), .8 3 r(1 + €25 + Tﬁ’"(|h|2)((_1)n§)

(6.19)
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Hence

\/r’;’"<|h|2)<<—1)%)%,"@ (3
r(1 + JER) + T (IhR)(=1)é)

Using the inequality (x + y)*> > 4xy, we obtain

'/k,n(frfv,g - f:v,g(;)('f) =

1
1+ DY Pen i~ S @ < 1Pl — 8P
4r

Thus from Plancherel’s formula (2.7) we obtain

1 1
% * 2 ar 2 _ _ 2
||‘fr7v,g - ‘f;,v,g(sllwzvn(R) S E”/k,n(g - gé)”L]%”(R) - E”g gé”len(R)’
which gives the desired result. O

Remark 6.8. (i) One of our motivations for introducing the theory of reproducing kernels for
the best approximation problems involving the deformed Gabor transform is to push forward the
connection between Gabor analysis and numerical analysis. We think of the results presented
in this Section as opening potentially interesting studies by using computers and graphs, to
illustrate numerical experiments approximation formulas for the limit case r T 0.

(ii) We note that we have studied these types of time-frequency analysis problems presented
in the current paper and others for some integral transforms as the Dunkl Gabor transform
on RY, the (k,a)-generalized wavelet transform on R%, the deformed Hankel Gabor transform
on R, the generalized Stockwell transforms and others integral transforms. (See as examples
[42, 43, 44]).

(iii) We mention that we have studied the localization operators, the spectrograms and the
scalograms respectively to the deformed Gabor, wavelet and Stockwell transforms. These stud-
ies have given some papers. We cite as examples [46, 47, 48].

(iv) Let h be in Li,n,e(R). We proceed as in [10], we define the modulation of h by v otherwise,

as follow:
MR = T (AT (Fen(W)P)). (6.20)

Subsequently, we define the generalized Gabor transform ”//hk’" as follow:

Y (3, v) € R, (NG, Y) = fR ST (A AYX) = [ #ien ra(AW)G). (6.21)

It is clear that
/y/hk,n — gl;:n

Fin(h)’

(6.22)

Thus, by involving Plancherel’s formula (2.7), we derive that the two integral transforms are
equivalent and then all results proved for one are valuables for the second. So, I reclame that
all results proved in [45] and in this paper for the deformed Gabor transform %hk’” are valuables
for the integral transform ”//hk’" and it is suffice to replace h by F; ,(h) to derive the analogues
results. Finally, I note and I insist that any adaptation of results proved for the deformed Gabor
transform %{”‘ in the context of the transformation ”//hk’" is a plagiarism (in particular results
proved in [45, 47] and in the current paper), since I mentioned that the two transformations
coincide modulo the formulas (6.22) and (2.7).
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7 Open Problem

In the present paper, we have successfully studied some problems of time-frequency analy-
sis and reproducing kernel theory for the deformed Gabor transforms. The obtained results
have a novelty and contribution to the literature. It is our hope that this work motivate the re-
searchers to study the generalized translation operators associated with the (k, a)-generalized
Fourier transform in the multi-dimensional case and for any positive real a. When we solve this
open problem it is easy for extending the time-frequency analysis presented in the current paper
to multi-dimensional signals.
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