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Abstract

We introduce and study some basic properties of arithmetic rough
summable of I— convergent for triple sequence and also study the set
of all arithmetic rough summable of I— limits for a triple sequence and
relation between analytic ness and arithmetic rough summable of I—
statistical convergence for a triple sequences.
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1 Introduction

A triple sequence © = (Zpu;) defined on N and w,v,w € N, the notation
me Zn‘v Z,ﬂw Tmnk Means the finite sum of all the numbers ., as m,n, k
ranges over the integers that divide m, n, k including 1 and m, n, k. In general
for integers m,n,k and w,v,w we write m | u,n | v and k | w to mean m
divides u, n divides v and k divides w or ”'m is a multiple of u, n is a multiple
of v and k is a multiple of w. We use the symbol (a,u) to denote the greatest
common divisor of two integers a and u.

Now we introduced the notions arithmetic rough summability and arith-
metic rough convergence as follows:
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Definition 1.1 A triple sequence x = (Tpni) defined on N is called arith-
metically rough summable if for each € > 0, and r be a positive real number
there are integers u,v,w such that for every integers a, b, c we have

ZZmenk— Z Z Z Tk | < T + €.

mlu nlv klw m|{a,u) n|{bv) k|{c,w)

Definition 1.2 A triple sequence y = (Ymnk) s called arithmetically rough
convergent if for each € > 0 and r be a positive number there is an integer u, v
and w such that for every integer a,b and ¢ we have

|yabc - y<a,u)(b,v><c,w>‘ <r-+e

The idea of rough convergence was first introduced by Phu [11, 12, 13] in
finite dimensional normed spaces. He showed that the set LIM is bounded,
closed and convex; and he introduced the notion of rough Cauchy sequence.
He also investigated the relations between rough convergence and other con-
vergence types and the dependence of LIM. on the roughness of degree 7.

Aytar [1] studied of rough statistical convergence and defined the set of
rough statistical limit points of a sequence and obtained two statistical con-
vergence criteria associated with this set and prove that this set is closed and
convex. Also, Aytar [2] studied that the r— limit set of the sequence is equal to
intersection of these sets and that r— core of the sequence is equal to the union
of these sets. Diindar and Cakan [9] investigated of rough ideal convergence
and defined the set of rough ideal limit points of a sequence The notion of I—
convergence of a triple sequence which is based on the structure of the ideal I
of subsets of N x N x N, where N is the set of all natural numbers, is a natural
generalization of the notion of convergence and statistical convergence.

In this paper we investigate some basic properties of rough I— convergence
of a triple sequence which are not studied earlier. We study the set of all rough
I— limits of a triple sequence and also the relation between analytic ness and
rough I— convergence of a triple sequence.

Let K be a subset of the set of positive integers N x N x N and let us denote
the set Ky = {(m,n, k) € K :m <i,n < jk </{}. Then the natural density
of K is given by

where |K;j¢| denotes the number of elements in ;.

A triple sequence (real or complex) can be defined as a function z : N x
N x N — R(C), where N,;R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions of
triple sequence was introduced and investigated at the initial by Sahiner et al.
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[14, 15], Esi et al. [3, 4, 5, 6, 7], Dutta et al. [10], Subramanian et al. [16],
Debnath et al. [8] and many others.
A triple sequence z = (Z,x) is said to be triple analytic if

1
SUDm ks | Tt | " F7FF < 00.

The space of all triple analytic sequences are usually denoted by A3.

2 Definitions and Preliminaries

Throughout the paper R?® denotes the real three dimensional case with the
metric. Consider a arithmetic rough summable of triple sequence

R;m,n, k € N. The following definitions are obtained:

Definition 2.1 A class I of subsets of a nonempty set
(Zm\u Zn|v zk\w Lmnk — Zm|(a,u> Zn|<b,v> ZkHc,w) $mnk> is said to be an arith-

metic summable ideal of (Zmlu anv Emw Tomnk — meu) Zn\(b,v) Ek|<c7w> :cmnk> ,
provided that

(i)pel

(ii)) A, B € I implies A|JB € I.

(iii) A€ I,B C A implies B € I.

I is called a non-trivial ideal if ¢ 1.

Definition 2.2 A non-empty class ' of subsets of a non-empty set
(Zm\u Zn|v zk\w Lmnk — Zm|(a,u> Zn|<b,v> ZkHc,w) $mnk> is said to be a arith-

metic summable filter of (me Zn‘v ka Tommk — meu) an(hv) Zkl(c,w> xmnk),
provided that

(1) ¢ € F.
(ii)) A, B € F implies A(\ B € F.
(ii) A € F, A C B implies B € F.

Definition 2.3 Let I is a non trivial arithmetic summable ideal.

Since <Zm\u Zn|v Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) xm”k> 7é ¢7 then the

class

F(I) =
M C (Zm\u Zn|v Zk\w Lmnk — Zm|(a,u> Zn\(b,v) Zk\(c,w) xmnk) :
M = (Em\u Znh} Ek\w Lmnk — 2m|(a,u> Zn|<b,v> Ek\<c,w> xmnk) \A fOT‘ some A €

the arithmetic summable filter associated with I.
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Definition 2.4 A non trivial ideal I in

DD D k= D DL ) Tk

mlu nlv klw m|{a,u) n|{(bv) k|{c,w)

18 called arithmetic summable admissible if

{(me Do Dkl Tmnk = D mla) 2en|(bw) 2okl{e.w) $mnk>} € I for each x €
<Zm\u 2 nfo 2w Tmnk = 2 {au) 2nl(b) 2kl (e0) xmnk) :

Note 2.5 If I is an arithmetic summable admissible ideal, then usual con-
vergence in <zm|u Dl 2kfw Tmnk = Dmltay Dml (b} 2kicw) xmnk) implies T
convergence in <Zm\u va Zk\w Lmnk — Zm|<a,u> Zn|<b,v> Zk\(c,w) xmn’c)

Remark 2.6 If I is an arithmetic summable admissible ideal, then usual
rough convergence implies rough I— convergence.

Definition 2.7 Letx= (Zm\uznwzmwxmnk_Zm|<a,u)an(b,fu)Zk\(c,w)xm”k)

be a arithmetic summable triple sequence in a metric space (X, |.,.|) andr be a
non-negative real number is said to be rough ideal convergent or rI— convergent

to l7 denoted by (Zm\u Znh} Zk\w Tmnk — Zm\(a,u) Zn|(b,v> Zk\(c,w) xmnk) -
I, if for any € > 0 we have

{(m,n,k) € N?:
ZZZaﬁmnk Z Z Z Tomk — L > 1 +ep €1
mlu nlv klw m|{a,u) n|{bv) k|{c,w)

In this case l is called rI1— limit of

DD D k= D DL ) Tk

mlu nlv klw m|{a,u) n|{(bv) k|{c,w)

and a arithmetic summable triple sequence

DD D Ewak = D DL D Tk

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w)

1s called rough I— convergent to | with v as roughness of degree. If r =0 then
it 1s ordinary I— convergent.
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Note 2.8 Generally, a arithmetic summable triple sequence

y = (me 2 el 2k Ymnk = 2l o) 2anl(bv) 2skl{ew) ymnk> is not I— con-
vergent in usual sense and
Zm|u Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v) Zk|<c,w> Lmnk

<r forall(m,n,k) €
mlu 2omfo 2okl Ymnk = 2 {a.uy 2on|{b) 2kl (e.w) Ymnk

N3 or

{ Zm|u Znh} Zk|w Lmnk — zm|<a,u) Zn\(b,v) Zk|(c,w) Lmnk
- Zm\u Znh} Zk\w Ymnk — Zm\(a,u) Zn|(b,v> Zk\(e,w) Ymnk

r > 0. Then the arithmetic summable triple sequence

T = (Zm\u Znh} Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) xmnk) is rI— conver-

gent.

> 7"} € 1. for some

Note 2.9 [t is clear that rI— limit of

DD D k= D DL ) Tk

mlu nlv klw m|{a,u) n|{(bv) k|{c,w)
18 nmot necessarily unique.

Definition 2.10 Consider r1— limit set of

I—

LIMT =
( mlu Zn\u Zk\w annk*Zm\<a,u> Zn|<b,v> Zk\(e,w) Imnk)

{L €X: (Zm\u Znh} Zk\w Tmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) xm”k> =" l} ’ then

the arithmetic summable triple sequence

v = (Zm|u )DNID DNFIIVESD SETNNS SRS DI xmnk> is said to be 11—

tof I —LIMY d
Convergen Zf (Z‘"Llu Zn\v Zk\w $mnk_z7n|<a,u) Zn\(b,v) Zk‘\(c,w) mmnk) % ¢ anar

1s called a rough I— convergence degree of

DD D k= D DL ) Tk

mlu nlv klw m|{a,u) n|(bv) k|{c,w)

Definition 2.11 A arithmetic summable triple sequence

T = (Zm\u Znh} Zk\w Lmnk — Zm\(a,u) Zn|(b,v> Zk\(c,w) xm"k> € X is said to

be I— analytic if there exists a positive real number M such that

{(m,n, k) e N*:

1/m+4n+k

DD T D D D Tk >MYel

mlu nlv klw m|{a,u) n|(bv) k|{c,w)
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Definition 2.12 A point L € X is said to be an I— accumulation point of
a arithmetic summable triple sequence

DD D k= D DL D ok

mlu nlv klw m|{a,u) n|{b,v) k|{c,w)

in a metric space (X, d) if and only if for each € > 0 the set

d <<Zm|u Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b7v> Zk|(c,w) xmnk) ) l> =
’ (Zm|u Znh} Zk|w Lmnk — Zm|<a,u) Zn\(b,v) Z/ﬂ(c,w) xmnk) - l’ <€ ¢ 1. We de-

note the set of all I— accumulation points of

DD D k= D DL D

mlu nlv klw m|{a,u) n|{bv) k|{c,w)

by ! <F(Zm\u anv ka wmnk*Zm\(a,w Zng,v) ZWC,U,) ﬂﬁmnk)> ’

Definition 2.13 For a arithmetic summable triple sequence

T = <Zm\u Znh} Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) xmnk) Of real numbers,
the notions of ideal limit superior and ideal limit inferior are defined as follows:

I — limsup (me Do Dkfw Tmnk = D mltam) Danl(bw) k| (ew) Imnk> =

sup B
p (Zm\u Zn\v Zk\w mW’«”k_Z’r‘rﬂ(a,u) Zn|<b,'u) Zk\(c,w) xmnk) ’
f (Zm\u Zn\v Zk\w mm”k_ZmK(z,u) Zn|(b,v) Zk\(c,w) Zmnk) ?é ¢’ ) : and
ifB =
f (Zm\u Zn\v Zk\w xmnkfmea,u) Zn|(b,v) Zk\(c,w) xmnk) ¢

= liminf (me 2 nfo 2ok Tk = 2l (au) 2l (b0) 2kl (e0) xm"’“) -

inf Ay, ifA, # ¢,
+oo, ifA, =¢ ,

where

(m,n, k) e N3 ZZmenk Z Z menk <ap ¢l

mlu nlv klw m|{a,u) n|(bv) k|{c,w)
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and
sz{bER::
(m,n, k) € N*: ZZmenk Z Z menk >by &1

mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

Definition 2.14 A arithmetic summable triple sequence
T = (me Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v> Zk|(c,w> xmnk) is said to be rough

I— convergent if

I—LIM" <Zm\u D ot 2ok Tmnk = 2 (a) Do (b) 2kl (ew) xmn'@) # ¢ 1t is
clear that ZfI_LIMT <Zm\u Znh} Zk\w Lmnk — Zm\(a,u) Zn|(b,v> Zk|<c,w> xmnk) 7&

¢ for a triple sequence x = (Tyny) of real numbers, then we have

I—LIM" (me Znh; Zk|w Lmnk — Zm|<a,u) Zn\(b,v) Zk|(c,w) xmnk) =
[[ — limsup (Zm\u va Zk\w Lmnk — Zmua,u) Zn|(b,v> Zk|<c,w> -fcmnk) -

I —liminf (me Do Dkfw Tmnk = D mltam) Danl(bw) 2kl (ew) Imnk) +1].

3 Main Results

Theorem 3.1 Let I be an admissible ideal. For a arithmetic summable
t?”ipl@ Sequence r = <Zm|u Znh} Zk|w Lmnk — Zm|(a,u> Zn\(b,v) zk\(c,w) xmnk) ’

we have
diam | T—LIM™ (3 3" ame— > > > o | | <27
mlu nlo klw @) ) (b,0) k] (eo)
In general,
diam | T—=LIM™ [ 3 3> 2o — > > D o
mlu nfo kw ml{a,) ] (b,0) bl (c,0)

has an upper bound.

Proof. Assume that

diam | LIM" ZZmenk— Z Z Z Tonnk

mlu nlv klw ml|{a,u) n|(b,v) k|{c,w)



14 Ayhan Esi et al.

Then, Ip,q € LIM" (me Do Dkfw Tmnk = D mla) Dan(bw) 2kl (ew) xmnk>) >:
Ip — q| > 2r. Take € € (O, “’2;‘” — 7") . Because

D,q € I —LIM" (Zm|u Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v) Zk|<c,w> mmnkz)),

we have A; (¢) € I and As (¢) € [ for every € > 0, where

IHCERIID D)D) DI Sl Sl S R S

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w)
and
Az (€) = Zzzxmnk Z Z menk —ql=zr+e
mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

Using the properties F' (1), we get

<A1 () As (e)c) e F(I).

Thus we write,

- d < [Tt 5 Y

mlu nlv klw m|{a,u) n|[{(bv) k|{c,w)
ez rz-
mlu nlv klw m|{a,u) n|(b,v) k|{c,w

<(r+e)+(r+e<2(r+e,

for all (m,n,k) € A;(e)°()Az2(e)° which is a contradiction. Hence diam

(LIMT (Zm\u Zn|v Zk\w Lmnk — Zm|(a,u> Zn|(b,v> Zk\(c,w) xmnk))) < 2.

Now, consider a arithmetic summable triple sequence

xTr = (Zm|u Zn\v Zk|w Tmnk — Zm\(a,w Zn|(b,v> Zk|(c,w> zmnk) such that
I— Mmmnk—wo (Zm\u Znhf Zk\w Tmnk — Zmuam Z"Kb@ Zk\(c,w) :L‘mnk> =1.

Let € > 0. Then we can write

(m,n, k) € N*: ZZmenk— Z Z menk —l|>ep el

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w)

Thus, we have

’ (Zm|u Znh} Zk|w Lmnk — Zm|<a,u) Zn\(b,v) Zk|(c,w) mmnk) - p) <
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’ (me Znh; Zk|w Tmnk — Zm|<a,u) En\(b,v) Zk|(c,w> xmnk) - l‘ + ’l o p’ <
’ (me Znh} Zk|w Lmnk — Zm|<a,u) Zn\(b,v) Zk|(c,w) wmnk) - l’ +r=sr+e

for each p € B, (1) :={p € R3: |[p— 1] < r}. Then, we get

ZZZL’W@ Z Z menk —p|<r+e

mlu nlv klw m|{a,u) n|{(b,v) k|{c,w)

for each

<m7 n, k) = {‘ <Zm|u Znh} Zk\w Lmnk — Zm\(a,u) Zn|(b,v> Zk|<c,w> xmnk) - l‘ < E} :

Because the arithmetic summable triple sequence

(Zm‘u Znh} Zk‘w Tk — Zml(fl,w Zn|<b7v> Zk‘<c7w> xmnk> is I— convergent to [,

we have

(m,n, k)EN?: ZZZ:{:mnk Z Z menk —ll<epreF(I).

mlu nlv klw m|{a,u)n|{bv)k|{c,w)

Therefore, we get

PET—LIM™ [ 3> wpme— D D D> ok

mlu nlv klw m|{a,u) n|(bv) k|{c,w)

Consequently, we can write

T—LIM™ [ 3 3> o — > D> > @ | =B (D). (1)

mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

Because diam (Br (l)) = 2r, this shows that in general, the upper bound 2r of
the diameter of the set

ot (S s~ 25 3

mlu nlv klw ml|{a,u) n|{(b,v) k|{c,w)
is not lower bound. m

Theorem 3.2 Let I be an admissible ideal. A arithmetic summable triple

sequence x = (Zm|u Zn\v Zk|w Lmnk — Zm|<a7u) Zn|(b,v> Zk|(c,w) xmnk)) is I—

analytic if and only if there exists a non-negative real number r such that

I—LIM" (me Zn|v Zk|w Lmnk — Zm|(a,u> Zn\(b,v) Zk|(c,w) xmnk) 7& ¢7 fOT’ all

r >0, an I— analytic arithmetic summable triple sequence always contains a
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sub sequence (Emm an\v dew Tmnk — Zmi|<a,u> an|<b,v> 2k2\<c,w> Jimnk> with

I_L[M(xminjké)ﬂ” (Zmlm anh) Zkg\w Lmnk — Zmﬂ(a,u) Znﬂ(b,v) Zkﬂ(c,w) -Tmnk) 7&
0.

Proof. Because the arithmetic summable triple sequence

(Zm‘u Znh} Zk‘w Tk — Zml(fl,w Zn|<b7v> Zk‘<c7w> mmnk> is I— analytic then
there exists a positive real number M such that

{(m,n,k) € N?:
1/m+4n+k
mlu nlv klw ml|{a,u) n|(b,v) k|{c,w)
Define
r = sup {N3 :
1/m+n+k

ZZmenk— Z Z menk >M:(m,nk)e K,

mlu nlv klw m|{a,u) n|{bv) k|{c,w)
where

1/m+4n+k
K =X (m,n,k)cN: ZZmenk— Z Z Zl’mnk > M
mlu nlv klw m|{a,u) n|{(b,v) k|{c,w)

Then the set [—LIM" <Zm\u Znh} Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) Imnk)
contains the origin of R?. So we have

I—LIM" <Zm\u Dl 2kfw Tmnk = Dmltay Dml (b} 2kicw) xmn’c) # ¢.
If I — LIM" (Zm|u D o Dkl Tk = D mliay Dnl(bi) 2kl (ew) xmnk) 7= ¢

for some r > 0, then there exists [ such that

Lel—LIM" (me 2 ol 2ok Tmnk = 2 (a) D) () 2k () xmnk) , Le.,

1/m+4n+k

PIYBYIEZD DD DD DL B >rtepel

mlu nlv klw m|{a,u) n|{(bv) k|{c,w)
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for each € > 0. Then we say that almost all

<Zm\u Znh} Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) -Tmnk;> are contained in some
ball with any radius greater than r. So the arithmetic summable triple se-

quence spaces

(Zm\u Znh} Zk\w Lmnk — Zm|(a,u> Zn|<b,v> ZkHc,w) xm”k> is I— analytic.
As (me Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v> Zk|<c,w> xmnk) is a [— ana-

lytic arithmetic summable triple sequence in a three-dimensional metric space,
it certainly contains a /— convergent sub sequence

20D k= D DL D T

ml‘u nj"u kg|’w mi‘<a7u> nJ|<bvv> k[|<C,’w>
Let [ be its I— limit point, then

[=LIM" (Zmiw 2yl gl Tk = Do) Doyl b) 2kl few) “’mnk> =B, ()
and, for r > 0,

1= LIt ) (N3N = ST S v | £ 0

m|u njlv kelw m|(a,u) nj|(bv) kel(c,w)

Theorem 3.3 Let I C 3N be an arithmetic summable admissible ideal. If

<Zml|u an\v Zkﬂw Tmnk — Zmi|(a,u> Zn‘j|<b,fu> Zkg\(C,ﬂJ) xm”““) is a sub sequence
of
<Zm\u Zn|v Zk\w Lmnk — Zm|(a,u) Zn|<b,v> Zk\(c,w) xmnk) ) then

I—LIM" (Zm|u Znh} Z/ﬂw Tmnk — Zm|<a,u) Zn\(b,v) Z/ﬂ(c,w) xmnk) g
1= LIM" (i Consto Zs Brone = Loy Lo () o) Tk -

Proof. The proof is trivial (See [9] , Proposition 2.3). =

Theorem 3.4 Let I C 3N be an arithmetic summable admissible ideal. The
rough I— limit set of an arithmetic summable triple sequence

r = ((Zm\u Zn|v Zk\w Tmnk — Z | <a7 U> Zn|<b,v> Zk\(c,y;) :Emnk:) ,7”) 1s closed.

Proof. The result is true for

I—-LIM" ((Zmlu Zn\v Zklw Tk — ) | (@, w) an(baw Zk|<c’w> $mnk> ’T> =

Assume that

I — LIM" ZZmenk—ZHa,u) Z Z Tk | 57 | # 0.

mlu nlv klw n|(b,v) k|{c,w)
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Then, we can choose a arithmetic summable triple sequence

<<Zml‘u anh) dew xmnk - Zmz|<a7u> an Zk‘@‘ Cw) xmnk) T) g
]_L‘[MT ((Zmlu Zn‘q) Zk;|w Tmnk — Z | <a’7 u) Zn|(b7v> Zk;|<c,w> xmnkz) ) T) SuCh
that ((zm‘u )DNID DANETRIESS SERCIND SIS S ymnk> ,r> 7 1 for

m,n, k — oo. To prove

Le T —LIM" | IS v = > [ {au) Y menk %

mlu nlv klw n|(b,v) k|{c,w)

Let € > 0 be given. Because — [, 3¢, 7,0 =ic, je, lc € N? such thatX

Zzzymnk_ Z Z Zymnk —1 <§vm>le n>j k> [

mlu nlv klw m|{a,u) n|{bv) k|{c,w)

Nm

Now choose an mgnoky € N? such that mgy > i;,ng > j;, ko > E;.
Then we can write

€
’ymonok‘o - ” < 5

On the other hand, because

DD D k= D D D Yk

mlu nlv klw m|{a,u) n|(b,v) k|{c,w)
mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

we have Ymonok, € 1—=LIM" (me va ka Lmnk — Zm|<a,u) Zn\(b,v) Zk|(c,w> xmnk> )

namely,

A (%) :{(m,n,k‘) eN?:

Zzzmm”k_ Z Z Z Tmnk | — Ymonoko Zr+§ cl.

mlu nlv klw m|{a,u) n|[{bv) k|{c,w)
(2)

Now let us prove that the inclusion
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holds, where

A(e) ={(m,n k) e N*:

ZZZ‘”WH’C_ Z Z Z%mk: —l|>r+e

mlu nlv klw m|{a,u) n|[(b,v) k|{c,w)

Take (u,v,w) € A°(%). Then we have

Zzzxmnk_ Z Z Z Tmnk — Ymonoko <T‘—|—§

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w)
and hence
PIIP IO DEDDID DEATS Bl
mlu nlv klw m|{a,u) n|(b,v) k|{c,w)
S Z Z menk - Z Z Z Tmnk — YUmonoko + |ym0noko - l| <r+4+ €,
mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

ie., (u,v,w) € A°(e), which proves (3.3), we get A (e) € [

(i'e‘J eI —-LIM" (Zm\u Znh} Zk\w Tmnk — Zm|<a,u> Zn|(b,v> Zk\(c,w) xmnk)) :

Theorem 3.5 Let I C 3" be an arithmetic summable admissible ideal. The
rough I— limit set of arithmetic summable triple sequence

= (me Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v) Zk|(c,w> xm”k> is convez.

Proof. Let

?bezElG[—L[Mr Zzzxmnk_ Z Z Z Tmnk

mlu nlv klw ml{a,u) n|(b,v) k|{c,w)

for arithmetic summable triple sequence

T = (Zm|u Znh) Zk|w Lmnk — Zm|(a,u> Zn\(b,v) Zk|(c,w> xmnk) and let € > 0 be

given. Define

Ai(e) =< (m,n, k) : ZZmenk— Z Z Z Tonk — Y1| =7+ €

mlu nlv klw m|{a,u) n|(b,v) k|{c,w)
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and

Ay (€) =< (m,n, k) ZZmenk— Z Z menk—yg >r+e

mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

Because y1,y, € I—LIM" (me 2 oy 2ok Tk = 2 am{{a,u) Dn](bw) 2k{{ea) xm”k’> )
we have Aj (¢), Az (¢) € I. Thus we have

D22 D k= D D D k= [(1= Ny 4 A

mlu nlv klw m|{a,u) n|{(b,v) k|{c,w)

=T (22D e = D D D e |~ |

mlu nlv klw m|{a,u) n|{bv) k|{c,w)

Y103)3) SIS S Sl S I |

mlu nlv klw m|{a,u) n|{(b,v) k|{c,w)

SO 2D = D D D ww | 1|

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w)

M2 2D = D D D | e

mlu nlv klw m|{a,u) n|(bv) k|{c,w)

<(A=N(r+e)+A(r+e <r+e

for each (m,n, k) € A§ (€) ) AS (¢) and each X € [0, 1] . Because (AS (¢) [ 45 (¢)) €
F (I) by definition of F (I), we get

DD D wm = D0 D0 > k(1= Ny Al Zrbep €,

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w)
that is
(A= Nya 42l € T=LIMT| DD D @ = D, D, D, ok |
mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

which proves the convexity of the set

I —LIM" (Zm|u Zn|v Zk|w Tmnk — Zm|<a,u) ZnKb,v) Zlﬂ(c,w) xmnk) .



Arithmetic rough summable of I— convergence for triple sequences 21

Theorem 3.6 Let I C 3N be an arithmetic summable admissible ideal. Sup-
pose r > 0, then a arithmetic summable triple sequence

(Zm\u Znh} Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) xmnk) is mugh I— conver-
gent to | if and only if there exists a arithmetic summable triple sequence

y= (me va me Ymnk — mew Zn|(b,v> Zk|<c,w> ymnk) such that
I —1lim (me va me Ymnk — Zm|<a,u> Zn\(b,v) Zk|(c,w) ymnk) =1l and
| (me va me Lmnk — Em|<a,u> Zn\(b,v) Zk|(c,w) xmnk)

_ (Zm|u Zn\v Zk|w Ymnk — Zm\(a,u) anhw Zk|<c,w> ymnk) |§ /PRI *

xx for each m,n,k € N.

Proof. Assume that z = (Zm|u Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v) Zk|<c,w> $mnk>
is rough I— convergent to [. Then we have

I — limsup ZZmenk Z Z Z Tk — L] <7 (4)

mlu nlv klw m|{a,u) n|{b,v) k|{c,w)

Now, define

l7 Zf ‘Zm\u Zn|v Zk\w Lmnk — Zm|<a,u> Zn|(b,v> Zk\(c,w) Lmnk — l‘ S "

Ymnk = (me Znh; Zk|w Lmnk — Zm|(a,u) Zn\(b,v) Zk|(c,w> Imnk) +r

1= 2on v 2ok Tmnk =D m(a,u) 2an|(bw) 2k (c,w) Tmnk
‘Zm\u Zn‘v Zk\w xmnkfzm\(a,u> Zn|<b,v) Zk\(c,w) mmnkfl’

, otherwise,

Then, we write

DD D k= D D D i

mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

Zf ’zm\u Znh} Zk\w Lmnk — Zm|(a u) Zn\ b,v) zk\ c,w) Lmnk — l‘ <,
’me Znh) Zk|w Lmnk — Zm|(a u) Zn\ b,v) Ek| (c,w) xmnk l‘ +r

‘l l‘ ’Emm Zn\v Zk\wmmnk Em| a,u) Zn\(b,v Zky\ c,w) Tmnk — l‘
|Zm|u Zn|v Zkhu xm’ﬂkizm\(a,u) Zn\(b,v) Zk|<c,w) xm’ﬂkil|

) , otherwise,
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(o) [ 220 k= D D D Yo

mlu nlv klw m|{a,u) n|{bv) k|{c,w)

0 ’Lf ‘Zm\ va zk\w Lmnk — Zm|<a,u> Zn|<b,v> ZkKC,w) Lmnk — l‘ S T
D 1) 2D SHID DN SIES SHINND INIID DIFE SIS

, | g Zonjo S Tk = ) Sl br) Skl ) Tk
|Zm\u zn\v Zk\w CE?‘nnk_Z'm,|<cl,,u) Zn|<b,'u) Zk\(c,w) xmnk—l|

, otherwise,

() DD D = D DL D )

mlu nlv klw ml|{a,u) n|{(b,v) k|{c,w)

0,4f ‘Zm\ va Zk\w Tmnk — Zm\(a,u) Zn|(b,v> Zk\(c,w) Lmnk — l‘ =
)me Zn|v Zk|w Lmnk — Zm|(a,u> Zn\(b,v) Zk|(c,w) Lmnk — !

—r, otherwise.

We have
’Zm\u Zn|v Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) Lmnk — l‘ >

’ (Zm|u Znh} Z/dw Lmnk — Zm|<a,u) Zn\(b,v) Zk|(c,w) mmnk) - l’ —r=
| (me an me Lmnk — Zm|(a,u> zn\(b,v) Zk|(c,w) xmnk) —1
- <Zm\u va Zk\w Ymnk — Zm|<a,u> Zn|<b,v> zk\(c,w) ymnk> +1<r

DD D Emak = D DL D s

mlu nlv klw m|{a,u) n|{b,v) k|{c,w)
mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

for all m,n, k € N. By equation (3.4) and by definition of

(Zm\u Zn|v Zk\w Ymnk — Zm|<a,u> Zn|(b,v> Zk\(c,w) ymnk> , WE get
me an me Ymnk — Zm|(a,u> zn\(b,v) Zk|<c,w) Ymnk — l’ = 0.
I - (me Znh) Zkhy Ymnk — Zm|(a,u) Zn\(b,v) Zk|(c,w) ymnk) —" 1.

Assume that (* * %) holds. Because

I — limsup
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I —1lim (me En\v Zk|w Ymnk — Zm|<a,u) En\(b,v) Zk|(c,w> ymnk) = l’ we have

Al(e) = {(m,n,k) eN3: }

Zzzymnk Z Z Zymnk —l|>r4+epel,

mlu nlv klw ml|{a,u) n|{(b,v) k|{c,w)

for each € > 0. Now, define the set

B(e):{(m,n,k)EN3:

DD Tm— D >, D @l =rHep el

mlu nlv klw m|{a,u) n|{(bv) k|{c,w)

We have
B(e) € A(e)

holds. Since A (¢) € I = B (¢) € I. Hence,
T = (me Zn\v Zk|w Lmnk — Em\(a,u) Zn|(b,v) Zk|(c,w> xmnk) is I'Ollgh I— con-

vergent to [. m

Note 3.7 If we replace the condition

12222 = D ) menkZZZymnk

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w) mlu nlv klw

DD Zymnkl<7“

m|{a,u) n|(b,v) k|{c,w)

for all (m,n, k) € N3 in the hypothesis of the above theorem with the condition

| (Zm\u Zn|v Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) xmnk>
- (Zm|u Zn\fu Zk|w Ymnk — Zm\(a,u) Zn|(b,v) Zk|<c,w> ymnk> |> r

then the theorem will also be valid.

el

Theorem 3.8 Let I C 3N be an arithmetic summable admissible ideal. For

' r
an arjbztmry' ce | (ot Zongo oo Tk =l (a0 Soaftor0) L) Tmn))
of arithmetic summable triple sequence
T = {| <Zm|u Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v> Zk|(c,w> mmnk) ’ ’l - C| s fOT
all

tel—LIM {‘ <Zm\u ZnIv Zk’\w Lmnk — Zm|(“7“> Z”Kb’”) Zch’w) xmnk> ‘} .
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Proof. Assume on the contrary that there exist a point

(r )

¢e (Z'm|u Zn\v zk\w I"nnk_Z"H(a,u) Zn|(b,v> Zk\(c,w) zmnk) and

leI—LIM" (me Zn\v Zk|w Lmnk — Zm\(a,u) Zn|(b,v) Zk|<c,w> xmnk) such
that |l — ¢| > r. Define € := /=4=" C' . Then

{]l—c\<e}§ Zzzxmnk_ Z Z Z Tmnk -l >r+e

mlu nlv klw m|{a,u) n|{bv) k|{c,w)

Since ¢ € 1 (F ) we have
(Zm\u Zn\v Zk\w mmnk*zm\(aﬂw Zn|<b,v) Zk\(c,w) zm”’“) !

Zzzxm”k_ Z Z ZiUmnk —c|<ep ¢l

mlu nlv klw ml{a,u) n|{(b,v) k|{c,w)

But from definition of /— convergence, since

Zzzmmnk Z Z menk —l|>r+epel,

mlu nlv klw m|{a,u) n|(bv) k|{c,w)

so by (3.6) we have

{(m,n,k)eN?’: }

Zzzxmnk Z Z menk —c| <epel,

mlu nlv klw ml|{a,u) n|{(b,v) k|{c,w)

which contradicts the fact c € 1 (F(

On the other hand, if ¢ € 1 (F(
ie.,

(m,n, k) € N*: ZZmenk Z Z menk —cl<ep &l

mlu nlv klw ml|{a,u) n|(b,v) k|{c,w)

2mlu 2onfv 2oklw Tmnk ™2 m| (a,u) 2anl(b,v) dok|(ew) "”mnk)) ’
Zm|u Znh; Zk\w xmnk*ZmHa,u) Zn\(b,v) Zk|<c,w) xm’ﬂk)

then

(m,n, k) € N*: ZZmenk— Z Z menk —l|>r+ey ¢l

mlu nlv klw ml|{a,u) n|(b,v) k|{c,w)
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which contradicts the fact

LET—LIM™ [ 3 ) wpmr— D D > Tk

mlu nlv klw m[{a,u) n|(b,v) kl{c,w)

Theorem 3.9 Let I C 3N be an arithmetic summable admissible ideal.
) Ifcel (r )
(Z) f ¢ G (Zm\u Zn\v Zk|w mWVﬂk—X:m\(a,u) Zn|<b,v) Zk\(c,w) mm”k) then
I—LIM" (Zm|u Do 2okl Tmnk = Dl () 2nl(bo) 2okl (ew) wmnk) C B (c).

(“) I—LIM" <Zm|u Znh} Zk’|w Lmnk — Zm|(a,u> Zn\(b,v) Zkz\(c,w) xm”k> =
B, (c) =
cel (F(Em|u Znjv Zk|w Tmnk = 2m|{a,u) 2n|{b,v) k| {c,w) Imnk))
3. C B
{l < R [ (F(Z7n|u Znh} Zk|wzmnk_z7n\(u,u) Zn\(b,v) Zk|<c,w) wmnk)) - BT (L)} ’

PrOOf. (l) If ce [ <F<Z7n\u Zn\v Zk\w:pmnk_ZnLKu,u) Zn|<b,’u) Zk\(c,w) zm”k)> then by

Theorem (3.8), we have |l —¢| <r

foralll € I — LIM" <Zm|u Zn|v Zk|w Lmnk — Zm|(a,u> Zn\(b,v) Zk\(c,w) xmnk) ’
other wise we get

DD wme— D, D D T |~ Zrdep @l

mlu nlv klw m|{a,u) n|{(bv) k|{c,w)

|i=¢|

for € := === Because c is an /— cluster point of

the fact that [€ I—LIM" (meZn\vZk\wxmnk - Zm\(a,u)En|<b,v>2k|(0,w)xmnk) :
(ii) From (i) we have
I —LIM" (me Znh} Zk|w Lmnk — Zm|<a,u) Zn\(b,v) Zk|(c,w) :Umnk) C
( > Br (C) e (A)
cel|T
(Zm|u Zn\v Ek\w I'mnlc_Zm\(a,u) Zn|<b,w) Zk|(c,w> lmnk)
Now, let y € > B, (c). Then

cel| I’
( (Zm\u Znh} Zk|w I’mnkimea,u) Z'n|(b,'u) Zk\(c,w) I’mnk)
we have

’ (Zm|u Znh} Zk|w Ymnk — Zm|(a,u> Zn\(b,v) Zk|(c,w) ymnk) - ¢

forallc € I (F(Zm|u S e Skt~ o (o Sl 0y bl xmnk)) , which is equiv-
alent to [ (F< C B, (y), ie.,

Zm\u Zn\v Zk\w x”L”lk*Zm\(a,u) Zn|<b,v) Zk\(c,w) mek)
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B, (c) =
cel|(T
< (Em|u 2nfv 2klw Tmnk ™ 2m|{a,u) 2n|(bv) k| {c,w) Emnk))

3. >
{l < R ' ] (F(Zmlu Znh} Zk|w xmnkfzm\(a,u) Zn\(b,v) Zk|<c,w) xmnk)) g BT (l)} S (B)

Now, lety ¢ I—LIM" (Zm|u Zn\u me Lmnk — Zm\<a,u> Zn|(b,v) Zk|<c,w> mmnk> :

Then, there exists an € > 0 such that

{‘ <Zm\u Zn|v Zk|w Lmnk — Zm|(a,u> zm(b,v) Zk\(c,w) xmnk) - y‘ i 6} ¢ I?

—> the existence of an I— cluster point ¢ of the sequence
<Zm\u Znh} Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Zk\(c,w) xW”’“) with |y - C| > 7+
ie.,
I (F ) B, d
(Zm\u Zn\v Ek\w xmnk_zm|<a7u) Zn|<b,v) Zk\(c,w) Imnk) SZ (y) an

z R3:I(F )CBTL}.
y ¢ { € (Zmlu va Zk\wxmnk—zmua,u) Zn\(b,w Zkuc,w) Imnk) - ( )
Hence y € I — LIM" (me an me Lmnk — Zm|(a,u) Zn\(b,v) Zk|(c,w) menk)

follows from

3. 3
y < {l < R ’ I <F<Zm\u Zn\v Zk\wxmnk_zm\<a,u> Zn|<b,v) Ek\(c,w) mm"’“)) g Br (l)} ’
ie.,

RS 1 (T )S B} <

{l 6 (Zm|u Znh} Zk|w z'm’nk_z:m\(a,u> Zn\(b,v) Zk|<c,w) wmnk) - (l) -
I=LIM? (Zmlu anv Zklw Lmnk — Zm|(a,u> Zn\(b,v) Zk|(c,w) xmnk) S ().
Therefore, the inclusions (A)-(B) ensure that (C) holds i.e.,

I—LIM" (Zm|u Znh} Zk|w Lmnk — Zm|<a,u) Zn\(b,v) Zk’|(c,w> zmnk)

> BT (C) =

cel|( T
( (Zm|u Zn\v Zk\w Imnkfmea,u) Zn|<b,v) ZI»c|(c,u)> Imnk)

RS 1 (T )S B}
{l € (Zm|u Znh} Zk|w xmnk—z:m\(a,u> Zn\(b,v) Zk|<c,w) xmnk) - (l> -

Theorem 3.10 Let I C 3N be an arithmetic summable admissible ideal and

T = <Em\u Zn|v Zk\w Lmnk — Zm|(a,u> Zn|<b,v> Ek\(c,w) xm”’“) be an arithmetic
summable triple I— analytic sequence , if

r 2z diam <I (F(me 2nfo 2oklw Tmnk ™ 2m(a,u) 2anl (b,v) 2okl (e,w) xmn'v))) ’

then we have have I (F(Emm e Skt P S oy Sty St Lmk)) C
I—LIM" (Zm|u Znh} Zk’|w Lmnk — Zm|<a,u) Zn\(b,v) Zkz|(c,w> xmnk) :

Proof. Let c¢ I—LIM" (Zm\uZnWZwamnk - Zm|<a,u)2n|(b,v)2k\<c,w) mmnk:) .
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Then there exists an € > 0 such that

1/m+4n+k

DD T Y D D T | >r4ep ¢l

mlu nlv klw ml|{a,u) n|{(b,v) k|{c,w)
(7)

Since x = (Zm|u Zn\v Zk|w Lmnk — Zm\(a,u) En|(b,v) Zk|<c,w> ajmnk) is I— an-

alytic and from the inequality (3.7), there exists an I—cluster point ¢; such
that

€
lc — 1| > r+ €1, wheree; == 5
So we get

dzam (1 <F(Zm\u Zn\v Zk|w Tmnk — Zm\(a w) Zn\ b,v) Zk“c w) Imnk)))
verse of this theorem is also true, i.e.,

> r+¢;. The con-

I(r )
(Zm|u Zn\v Zk\w xmnk_mea,u) Zn\(b,v) Zk\(c,w) Z'mnk)

LM (3" v = Y Y Yz |

mlu nlv klw m|{a,u) n|(b,v) k|{c,w)

then we have r > diam (I <F<
n

Zm\u Zn"u Zk\w xmnk—ZmHa,u) anw) zk\@,w) ﬂﬁmnk))) ’

4 Open Problem

In this paper we studied some basic properties of arithmetic rough summable of
I— convergent for triple sequence and the set of all arithmetic rough summable
of I— limits for a triple sequence and relation between analytic ness and arith-
metic rough summable of [— statistical convergence for a triple sequences. It is
open problem that what are the results of this study in conventional sequence
spaces?
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