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Abstract

We introduce and study some basic properties of arithmetic rough
summable of I− convergent for triple sequence and also study the set
of all arithmetic rough summable of I− limits for a triple sequence and
relation between analytic ness and arithmetic rough summable of I−
statistical convergence for a triple sequences.
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1 Introduction

A triple sequence x = (xmnk) defined on N and u, v, w ∈ N, the notation∑
m|u
∑

n|v
∑

k|w xmnk means the finite sum of all the numbers xmnk as m,n, k
ranges over the integers that divide m,n, k including 1 and m,n, k. In general
for integers m,n, k and u, v, w we write m | u, n | v and k | w to mean m
divides u, n divides v and k divides w or ”′m is a multiple of u, n is a multiple
of v and k is a multiple of w. We use the symbol 〈a, u〉 to denote the greatest
common divisor of two integers a and u.

Now we introduced the notions arithmetic rough summability and arith-
metic rough convergence as follows:
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Definition 1.1 A triple sequence x = (xmnk) defined on N is called arith-
metically rough summable if for each ε > 0, and r be a positive real number
there are integers u, v, w such that for every integers a, b, c we have∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

∣∣∣∣∣∣ < r + ε.

Definition 1.2 A triple sequence y = (ymnk) is called arithmetically rough
convergent if for each ε > 0 and r be a positive number there is an integer u, v
and w such that for every integer a, b and c we have∣∣yabc − y〈a,u〉〈b,v〉〈c,w〉∣∣ < r + ε.

The idea of rough convergence was first introduced by Phu [11, 12, 13] in
finite dimensional normed spaces. He showed that the set LIM r

x is bounded,
closed and convex; and he introduced the notion of rough Cauchy sequence.
He also investigated the relations between rough convergence and other con-
vergence types and the dependence of LIM r

x on the roughness of degree r.
Aytar [1] studied of rough statistical convergence and defined the set of

rough statistical limit points of a sequence and obtained two statistical con-
vergence criteria associated with this set and prove that this set is closed and
convex. Also, Aytar [2] studied that the r− limit set of the sequence is equal to
intersection of these sets and that r− core of the sequence is equal to the union
of these sets. Dündar and Cakan [9] investigated of rough ideal convergence
and defined the set of rough ideal limit points of a sequence The notion of I−
convergence of a triple sequence which is based on the structure of the ideal I
of subsets of N×N×N, where N is the set of all natural numbers, is a natural
generalization of the notion of convergence and statistical convergence.

In this paper we investigate some basic properties of rough I− convergence
of a triple sequence which are not studied earlier. We study the set of all rough
I− limits of a triple sequence and also the relation between analytic ness and
rough I− convergence of a triple sequence.

Let K be a subset of the set of positive integers N×N×N and let us denote
the set Kij` = {(m,n, k) ∈ K : m ≤ i, n ≤ j, k ≤ `} . Then the natural density
of K is given by

δ (K) = limi,j,`→∞
|Kij`|
ij`

,

where |Kij`| denotes the number of elements in Kij`.
A triple sequence (real or complex) can be defined as a function x : N ×

N × N → R (C) , where N,R and C denote the set of natural numbers, real
numbers and complex numbers respectively. The different types of notions of
triple sequence was introduced and investigated at the initial by Sahiner et al.
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[14, 15], Esi et al. [3, 4, 5, 6, 7], Dutta et al. [10], Subramanian et al. [16],
Debnath et al. [8] and many others.

A triple sequence x = (xmnk) is said to be triple analytic if

supm,n,k |xmnk|
1

m+n+k <∞.

The space of all triple analytic sequences are usually denoted by Λ3.

2 Definitions and Preliminaries

Throughout the paper R3 denotes the real three dimensional case with the
metric. Consider a arithmetic rough summable of triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
such that xmnk ∈

R;m,n, k ∈ N. The following definitions are obtained:

Definition 2.1 A class I of subsets of a nonempty set(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is said to be an arith-

metic summable ideal of
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
,

provided that
(i) φ ∈ I
(ii) A,B ∈ I implies A

⋃
B ∈ I.

(iii) A ∈ I, B ⊂ A implies B ∈ I.
I is called a non-trivial ideal if /∈ I.

Definition 2.2 A non-empty class F of subsets of a non-empty set(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is said to be a arith-

metic summable filter of
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
,

provided that
(i) φ ∈ F.
(ii) A,B ∈ F implies A

⋂
B ∈ F.

(iii) A ∈ F,A ⊂ B implies B ∈ F.

Definition 2.3 Let I is a non trivial arithmetic summable ideal.
Since

(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
6= φ, then the

class
F (I) =

M ⊂
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
:

M =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
\A for some A ∈

I is a filter on
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
, called

the arithmetic summable filter associated with I.
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Definition 2.4 A non trivial ideal I in∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


is called arithmetic summable admissible if{(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)}
∈ I for each x ∈(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
.

Note 2.5 If I is an arithmetic summable admissible ideal, then usual con-

vergence in
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
implies I

convergence in
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
.

Remark 2.6 If I is an arithmetic summable admissible ideal, then usual
rough convergence implies rough I− convergence.

Definition 2.7 Let x=
(∑

m|u
∑

n|v
∑

k|wxmnk−
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉xmnk

)
be a arithmetic summable triple sequence in a metric space (X, |., .|) and r be a
non-negative real number is said to be rough ideal convergent or rI− convergent

to l, denoted by
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
→rI

l, if for any ε > 0 we have{
(m,n, k) ∈ N3 :∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk − l

∣∣∣∣∣∣ ≥ r + ε

 ∈ I.
In this case l is called rI− limit of∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


and a arithmetic summable triple sequence

x =

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


is called rough I− convergent to l with r as roughness of degree. If r = 0 then
it is ordinary I− convergent.
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Note 2.8 Generally, a arithmetic summable triple sequence

y =
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
is not I− con-

vergent in usual sense and∣∣∣∣ ∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk
−
∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

∣∣∣∣ ≤ r for all (m,n, k) ∈

N3 or{∣∣∣∣ ∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk
−
∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

∣∣∣∣ ≥ r

}
∈ I. for some

r > 0. Then the arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is rI− conver-

gent.

Note 2.9 It is clear that rI− limit of∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


is not necessarily unique.

Definition 2.10 Consider rI− limit set of(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
, which is denoted by

I − LIM r

(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

={
L ∈ X :

(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
→rI l

}
, then

the arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is said to be rI−

convergent if I−LIM r

(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

6= φ and r

is called a rough I− convergence degree of∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 .

Definition 2.11 A arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
∈ X is said to

be I− analytic if there exists a positive real number M such that{
(m,n, k) ∈ N3 :∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

∣∣∣∣∣∣
1/m+n+k

≥M

 ∈ I.
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Definition 2.12 A point L ∈ X is said to be an I− accumulation point of
a arithmetic summable triple sequence

x =

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


in a metric space (X, d) if and only if for each ε > 0 the set

d
((∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
, l
)

=∣∣∣(∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− l
∣∣∣ < ε /∈ I. We de-

note the set of all I− accumulation points of∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


by I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
.

Definition 2.13 For a arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
of real numbers,

the notions of ideal limit superior and ideal limit inferior are defined as follows:

I − limsup
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
=

sup B(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

,

ifB(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

6= φ,−∞,
ifB(

∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

= φ

 , and

I − liminf
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
=

inf Ax, ifAx 6= φ,
+∞, ifAx = φ

 ,

where

Ax =

{
a ∈ R :(m,n, k) ∈ N3 :

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 < a

 /∈ I


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and

Bx =

{
b ∈ R ::(m,n, k) ∈ N3 :

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 > b

 /∈ I

 .

Definition 2.14 A arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is said to be rough

I− convergent if

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
6= φ. It is

clear that if I−LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
6=

φ for a triple sequence x = (xmnk) of real numbers, then we have

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
=

[I − limsup
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− r,

I − liminf
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
+ r].

3 Main Results

Theorem 3.1 Let I be an admissible ideal. For a arithmetic summable
triple sequence x =

(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
,

we have

diam

I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 ≤ 2r.

In general,

diam

I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


has an upper bound.

Proof. Assume that

diam

LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 .
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Then, ∃p, q ∈ LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
) 3:

|p− q| > 2r. Take ε ∈
(

0, |p−q|
2
− r
)
. Because

p, q ∈ I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
),

we have A1 (ε) ∈ I and A2 (ε) ∈ I for every ε > 0, where

A1 (ε) =


∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− p
∣∣∣∣∣∣ ≥ r + ε


and

A2 (ε) =


∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− q
∣∣∣∣∣∣ ≥ r + ε

 .

Using the properties F (I) , we get(
A1 (ε)c

⋂
A2 (ε)c

)
∈ F (I) .

Thus we write,

|p− q| ≤

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− p
∣∣∣∣∣∣

+

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− q
∣∣∣∣∣∣

< (r + ε) + (r + ε) < 2 (r + ε) ,

for all (m,n, k) ∈ A1 (ε)c
⋂
A2 (ε)c which is a contradiction. Hence diam(

LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

))
) ≤ 2r.

Now, consider a arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
such that

I − limmnk→∞

(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
= l.

Let ε > 0. Then we can write(m,n, k) ∈ N3 :

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣ ≥ ε

 ∈ I
Thus, we have∣∣∣(∑m|u

∑
n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− p
∣∣∣ ≤
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∣∣∣(∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− l
∣∣∣+ |l − p| ≤∣∣∣(∑m|u

∑
n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− l
∣∣∣+ r ≤ r + ε,

for each p ∈ B̄r (l) := {p ∈ R3 : |p− l| ≤ r} . Then, we get∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− p
∣∣∣∣∣∣ < r + ε

for each
(m,n, k) ∈

{∣∣∣(∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− l
∣∣∣ < ε

}
.

Because the arithmetic summable triple sequence(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is I− convergent to l,

we have(m,n, k)∈N3 :

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk−
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

−l
∣∣∣∣∣∣<ε

∈F (I) .

Therefore, we get

p ∈ I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 .

Consequently, we can write

I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 = B̄r (l) . (1)

Because diam
(
B̄r (l)

)
= 2r, this shows that in general, the upper bound 2r of

the diameter of the set

I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


is not lower bound.

Theorem 3.2 Let I be an admissible ideal. A arithmetic summable triple

sequence x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
) is I−

analytic if and only if there exists a non-negative real number r such that

I−LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
6= φ, for all

r > 0, an I− analytic arithmetic summable triple sequence always contains a
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sub sequence
(∑

mi|u
∑

nj |v
∑

k`|w xmnk −
∑

mi|〈a,u〉
∑

nj |〈b,v〉
∑

k`|〈c,w〉 xmnk

)
with

I−LIM(xminjk`),r
(∑

mi|u
∑

nj |v
∑

k`|w xmnk −
∑

mi|〈a,u〉
∑

nj |〈b,v〉
∑

k`|〈c,w〉 xmnk

)
6=

φ.

Proof. Because the arithmetic summable triple sequence(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is I− analytic then

there exists a positive real number M such that{
(m,n, k) ∈ N3 :∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

∣∣∣∣∣∣
1/m+n+k

≥M

 ∈ I.
Define

r
′
= sup

{
N3 :∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

∣∣∣∣∣∣
1/m+n+k

≥M : (m,n, k) ∈ Kc

 ,

where

K =

(m,n, k) ∈ N3 :

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

∣∣∣∣∣∣
1/m+n+k

≥M

 .

Then the set I−LIM r
′ (∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
contains the origin of R3. So we have

I − LIM r
′ (∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
6= φ.

If I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
6= φ

for some r ≥ 0, then there exists l such that

L ∈ I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
, i.e.,

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣
1/m+n+k

≥ r + ε

 ∈ I,
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for each ε > 0. Then we say that almost all(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
are contained in some

ball with any radius greater than r. So the arithmetic summable triple se-
quence spaces(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is I− analytic.

As
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is a I− ana-

lytic arithmetic summable triple sequence in a three-dimensional metric space,
it certainly contains a I− convergent sub sequence∑

mi|u

∑
nj |v

∑
k`|w

xmnk −
∑

mi|〈a,u〉

∑
nj |〈b,v〉

∑
k`|〈c,w〉

xmnk

 .

Let l be its I− limit point, then

I−LIM r
(∑

mi|u
∑

nj |v
∑

k`|w xmnk −
∑

mi|〈a,u〉
∑

nj |〈b,v〉
∑

k`|〈c,w〉 xmnk

)
= B̄r (l)

and, for r > 0,

I − LIM(xminjk`),r

∑
mi|u

∑
nj |v

∑
k`|w

xmnk −
∑

mi|〈a,u〉

∑
nj |〈b,v〉

∑
k`|〈c,w〉

xmnk

 6= φ.

Theorem 3.3 Let I ⊂ 3N be an arithmetic summable admissible ideal. If(∑
mi|u

∑
nj |v
∑

k`|w xmnk −
∑

mi|〈a,u〉
∑

nj |〈b,v〉
∑

k`|〈c,w〉 xmnk

)
is a sub sequence

of(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
, then

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
⊆

I − LIM r
(∑

mi|u
∑

nj |v
∑

k`|w xmnk −
∑

mi|〈a,u〉
∑

nj |〈b,v〉
∑

k`|〈c,w〉 xmnk

)
.

Proof. The proof is trivial (See [9] , Proposition 2.3).

Theorem 3.4 Let I ⊂ 3N be an arithmetic summable admissible ideal. The
rough I− limit set of an arithmetic summable triple sequence

x =
((∑

m|u
∑

n|v
∑

k|w xmnk −
∑
| 〈a, u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk

)
, r
)

is closed.

Proof. The result is true for
I−LIM r

((∑
m|u
∑

n|v
∑

k|w xmnk −
∑
| 〈a, u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk

)
, r
)

= φ.

Assume that

I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
| 〈a, u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 , r

 6= φ.
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Then, we can choose a arithmetic summable triple sequence((∑
mi|u

∑
nj |v
∑

k`|w xmnk −
∑

mi|〈a,u〉
∑

nj |〈b,v〉
∑

k`|〈c,w〉 xmnk

)
, r
)
⊆

I−LIM r
((∑

m|u
∑

n|v
∑

k|w xmnk −
∑
| 〈a, u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk

)
, r
)

such

that
((∑

m|u
∑

n|v
∑

k|w ymnk −
∑
| 〈a, u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 ymnk

)
, r
)
→r l for

m,n, k →∞. To prove

l ∈ I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
| 〈a, u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 , r

 .

Let ε > 0 be given. Because → l,∃i, j, ` = i ε
2
, j ε

2
, ` ε

2
∈ N3 such thatX∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

ymnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk

− l
∣∣∣∣∣∣ < ε

2
,∀m ≥ i ε

2
, n ≥ j ε

2
, k ≥ ` ε

2
.

Now choose an m0n0k0 ∈ N3 such that m0 ≥ i ε
2
, n0 ≥ j ε

2
, k0 ≥ ` ε

2
.

Then we can write
|ym0n0k0 − l| <

ε

2
.

On the other hand, because∑
m|u

∑
n|v

∑
k|w

ymnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk


⊆ I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 ,

we have ym0n0k0 ∈ I−LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
,

namely,

A
( ε

2

)
=

{
(m,n, k) ∈ N3 :∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− ym0n0k0

∣∣∣∣∣∣ ≥ r +
ε

2

 ∈ I.
(2)

Now let us prove that the inclusion

Ac
( ε

2

)
⊆ Ac (ε) (3)
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holds, where

A (ε) =
{

(m,n, k) ∈ N3 :∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣ ≥ r + ε

 .

Take (u, v, w) ∈ Ac
(
ε
2

)
. Then we have∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− ym0n0k0

∣∣∣∣∣∣ < r +
ε

2

and hence∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣

≤

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− ym0n0k0

∣∣∣∣∣∣+ |ym0n0k0 − l| < r + ε,

i.e., (u, v, w) ∈ Ac (ε) , which proves (3.3), we get A (ε) ∈ I(
i.e., l ∈ I − LIM r

(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

))
.

Theorem 3.5 Let I ⊂ 3N be an arithmetic summable admissible ideal. The
rough I− limit set of arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is convex.

Proof. Let

y1, y2 ∈ l ∈ I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk


for arithmetic summable triple sequence

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
and let ε > 0 be

given. Define

A1 (ε) =

(m,n, k) :

∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk − y1

∣∣∣∣∣∣ ≥ r + ε


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and

A2 (ε) =

(m,n, k) :

∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk − y2

∣∣∣∣∣∣ ≥ r + ε

 .

Because y1, y2 ∈ I−LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
,

we have A1 (ε) , A2 (ε) ∈ I. Thus we have

∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk − [(1− λ) y1 + λy2]

∣∣∣∣∣∣
= | (1− λ)

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− y1

+

λ

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− y2

 |
≤ (1− λ)

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− y1

∣∣∣∣∣∣+
λ

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− y2

∣∣∣∣∣∣
< (1− λ) (r + ε) + λ (r + ε) < r + ε

for each (m,n, k) ∈ Ac1 (ε)
⋂
Ac2 (ε) and each λ ∈ [0, 1] . Because (Ac1 (ε)

⋂
Ac2 (ε)) ∈

F (I) by definition of F (I), we get
∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk − [(1− λ) y1 + λy2]

∣∣∣∣∣∣ ≥ r + ε

 ∈ I,
that is

[(1− λ) y1 + λy2] ∈ I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 ,

which proves the convexity of the set

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
.
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Theorem 3.6 Let I ⊂ 3N be an arithmetic summable admissible ideal. Sup-
pose r > 0, then a arithmetic summable triple sequence(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is rough I− conver-

gent to l if and only if there exists a arithmetic summable triple sequence

y =
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
such that

I − lim
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
= l and

|
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
−
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
|≤ r, · · · · · · · · · ∗

∗∗ for each m,n, k ∈ N.

Proof. Assume that x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is rough I− convergent to l. Then we have

I − limsup

∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk − l

∣∣∣∣∣∣ ≤ r. (4)

Now, define

ymnk =


l, if

∣∣∣∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣ ≤ r,(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
+ r(

l−
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk

|∑m|u
∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk−l|

)
, otherwise,

Then, we write

∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

ymnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk − l

∣∣∣∣∣∣
=


|l − l| , if

∣∣∣∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣ ≤ r,∣∣∣∑m|u

∑
n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣+ r(

|l−l|−|∑m|u
∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk−l|

|∑m|u
∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk−l|

)
, otherwise,
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(i.e)

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

ymnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk

− l
∣∣∣∣∣∣

=


0, if

∣∣∣∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣ ≤ r,∣∣∣∑m|u

∑
n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣−

r

(
|∑m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk−l|

|∑m|u
∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk−l|

)
, otherwise,

(i.e)

∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

ymnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk)− l

∣∣∣∣∣∣
=

0, if
∣∣∣∑m|u

∑
n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣ ≤ r,∣∣∣∑m|u

∑
n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣− r, otherwise.

We have∣∣∣∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk − l
∣∣∣ ≥∣∣∣(∑m|u

∑
n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− l
∣∣∣− r =⇒

|
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− l

−
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
+ l |≤ r

∣∣∣∣∣∣
∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

−
∑
m|u

∑
n|v

∑
k|w

ymnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk

∣∣∣∣∣∣ ≤ r (5)

for all m,n, k ∈ N. By equation (3.4) and by definition of(∑
m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
, we get

I − limsup
∣∣∣∑m|u

∑
n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk − l
∣∣∣ = 0.

=⇒ I −
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
→r l.

Assume that (∗ ∗ ∗) holds. Because
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I − lim
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
= l, we have

A (ε) =

{
(m,n, k) ∈ N3 :

}
∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

ymnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk

− l
∣∣∣∣∣∣ ≥ r + ε

 ∈ I,
for each ε > 0. Now, define the set

B (ε) =

{
(m,n, k) ∈ N3 :∣∣∣∣∣∣

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk − l

∣∣∣∣∣∣ ≥ r + ε

 ∈ I.
We have

B (ε) ⊆ A (ε)

holds. Since A (ε) ∈ I =⇒ B (ε) ∈ I. Hence,

x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is rough I− con-

vergent to l.

Note 3.7 If we replace the condition

|
∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk
∑
m|u

∑
n|v

∑
k|w

ymnk

−
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

ymnk |≤ r

for all (m,n, k) ∈ N3 in the hypothesis of the above theorem with the condition |
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
−
(∑

m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
|> r

 ∈ I
then the theorem will also be valid.

Theorem 3.8 Let I ⊂ 3N be an arithmetic summable admissible ideal. For
an arbitrary c ∈ IΓ|(∑m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk))

of arithmetic summable triple sequence

x = {|
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
, |l − c| ≤ r for

all
l ∈ I − LIM r

{∣∣∣(∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)∣∣∣} .
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Proof. Assume on the contrary that there exist a point

c ∈ I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
and

l ∈ I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
such

that |l − c| > r. Define ε := |l−c|−r
3

. Then

{|l − c| < ε} ⊆


∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣ ≥ r + ε

 .

(6)

Since c ∈ I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
, we have

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− c
∣∣∣∣∣∣ < ε

 /∈ I.

But from definition of I− convergence, since
∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣ ≥ r + ε

 ∈ I,
so by (3.6) we have{

(m,n, k) ∈ N3 :

}
∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− c
∣∣∣∣∣∣ < ε

 ∈ I,
which contradicts the fact c ∈ I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
.

On the other hand, if c ∈ I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
i.e.,(m,n, k) ∈ N3 :

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− c
∣∣∣∣∣∣ < ε

 /∈ I,

then(m,n, k) ∈ N3 :

∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣ ≥ r + ε

 /∈ I,
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which contradicts the fact

l ∈ I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 .

Theorem 3.9 Let I ⊂ 3N be an arithmetic summable admissible ideal.
(i) If c ∈ I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
then

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
⊆ B̄r (c) .

(ii) I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
=⋂

c∈I
(

Γ
(∑

m|u
∑
n|v

∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

) B̄r (c) ={
l ∈ R3 : I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆ B̄r (L)

}
.

Proof. (i) If c ∈ I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
then by

Theorem (3.8), we have |l − c| ≤ r

for all l ∈ I −LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
,

other wise we get
∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− l
∣∣∣∣∣∣ ≥ r + ε

 /∈ I,

for ε := |l−c|−r
3

. Because c is an I− cluster point of(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
, this contradicts with

the fact that l∈I−LIM r
(∑

m|u
∑

n|v
∑

k|wxmnk−
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉xmnk

)
.

(ii) From (i) we have

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
⊆⋂

c∈I
(

Γ
(∑

m|u
∑
n|v

∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

) B̄r (c) . · · · · · · (A)

Now, let y ∈
⋂
c∈I

(
Γ
(∑

m|u
∑
n|v

∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

) B̄r (c) . Then

we have∣∣∣(∑m|u
∑

n|v
∑

k|w ymnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 ymnk

)
− c
∣∣∣ ≤ r,

for all c ∈ I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
, which is equiv-

alent to I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆ B̄r (y) , i.e.,
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⋂
c∈I

(
Γ
(∑

m|u
∑
n|v

∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

) B̄r (c) ={
l ∈ R3 : I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆ B̄r (l)

}
. · · · (B)

Now, let y /∈ I−LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
.

Then, there exists an ε > 0 such that{∣∣∣(∑m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
− y
∣∣∣ ≥ r + ε

}
/∈ I,

=⇒ the existence of an I− cluster point c of the sequence(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
with |y − c| ≥ r + ε,

i.e.,

I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
* B̄r (y) and

y /∈
{
l ∈ R3 : I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆ B̄r (L)

}
.

Hence y ∈ I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
follows from

y ∈
{
l ∈ R3 : I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆ B̄r (l)

}
,

i.e.,{
l ∈ R3 : I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆ B̄r (l)

}
⊆

I−LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
. · · · · · · (C).

Therefore, the inclusions (A)-(B) ensure that (C) holds i.e.,

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
⋂
c∈I

(
Γ
(∑

m|u
∑
n|v

∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

) B̄r (c) ={
l ∈ R3 : I

(
Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆ B̄r (l)

}
.

Theorem 3.10 Let I ⊂ 3N be an arithmetic summable admissible ideal and
x =

(∑
m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
be an arithmetic

summable triple I− analytic sequence , if

r ≥ diam
(
I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

))
,

then we have have I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆

I − LIM r
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
.

Proof. Let c /∈I−LIM r
(∑

m|u
∑

n|v
∑

k|wxmnk−
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉xmnk

)
.
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Then there exists an ε > 0 such that
∣∣∣∣∣∣
∑

m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

− c
∣∣∣∣∣∣
1/m+n+k

≥ r + ε

 /∈ I.

(7)

Since x =
(∑

m|u
∑

n|v
∑

k|w xmnk −
∑

m|〈a,u〉
∑

n|〈b,v〉
∑

k|〈c,w〉 xmnk

)
is I− an-

alytic and from the inequality (3.7), there exists an I−cluster point c1 such
that

|c− c1| > r + ε1, where ε1 :=
ε

2
.

So we get

diam
(
I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

))
> r+ ε1. The con-

verse of this theorem is also true, i.e., if

I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

)
⊆I − LIM r

∑
m|u

∑
n|v

∑
k|w

xmnk −
∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉

xmnk

 ,

then we have r ≥ diam
(
I
(

Γ(
∑
m|u

∑
n|v
∑
k|w xmnk−

∑
m|〈a,u〉

∑
n|〈b,v〉

∑
k|〈c,w〉 xmnk)

))
.

4 Open Problem

In this paper we studied some basic properties of arithmetic rough summable of
I− convergent for triple sequence and the set of all arithmetic rough summable
of I− limits for a triple sequence and relation between analytic ness and arith-
metic rough summable of I− statistical convergence for a triple sequences. It is
open problem that what are the results of this study in conventional sequence
spaces?

References

[1] S. Aytar, ”Rough statistical convergence”, Numer. Funct. Anal. Optimiz,
Vol.29, No.3-4, (2008), pp.291-303.

[2] S. Aytar, ”The rough limit set and the core of a real sequence”, Numer.
Funct. Anal. Optimiz, Vol.29, No.3-4, (2008), pp.283-290.



28 Ayhan Esi et al.

[3] A. Esi, ”On some triple almost lacunary sequence spaces defined by Or-
licz functions”, Research and Reviews:Discrete Mathematical Structures,
Vol.1, No.2, (2014), pp.16-25.

[4] A. Esi and M. Necdet Catalbas, ”Almost convergence of triple sequences”,
Global J. Math. Anal., 2(1), (2014), pp.6-10.

[5] A. Esi and E. Savas, ”On lacunary statistically convergent triple se-
quences in probabilistic normed space”, Appl.Math.and Inf.Sci., Vol.9,
No.5, (2015), pp.2529-2534.

[6] A. Esi, M. K. Ozdemir and N. Subramanian, ”Korovkin-type approxima-
tion theorem for Bernstein Stancu operator of rough statistical conver-
gence of triple sequence”, Bol. Soc. Parana. Mat., Vol.38, No.7, (2020),
pp.69-83.

[7] A. Esi, N. Subramanian and M. K. Ozdemir, ”The (p,q)-Bernstein-Stancu
operator of rough statistical convergence on triple sequence”, Bol. Soc.
Parana. Mat., Vol.38, No.7, (2020), pp.125-136.

[8] S. Debnath, B. Sarma and B.C. Das, ”Some generalized triple sequence
spaces of real numbers”, J. Nonlinear Anal. Optim., Vol.6, No.1, (2015),
pp.71-79.

[9] E. Dundar and C. Cakan, ”Rough I− convergence”, Demonstratio Math-
ematica, Vol.47, No.3, (2014), pp.638-651.

[10] A. J. Dutta, A. Esi and B.C. Tripathy, ”Statistically convergent triple
sequence spaces defined by Orlicz function”, J. Math. Anal., Vol.4, No.2,
(2013), pp.16-22.

[11] H.X. Phu, ”Rough convergence in normed linear spaces”, Numer. Funct.
Anal. Optimiz, Vol.22, (2001), pp.199-222.

[12] H.X. Phu, ”Rough continuity of linear operators”, Numer. Funct. Anal.
Optimiz, Vol.23, (2002), pp.139-146.

[13] H.X. Phu, ”Rough convergence in infinite dimensional normed spaces”,
Numer. Funct. Anal. Optimiz, Vol.24, (2003), pp.285-301.

[14] A. Sahiner, M. Gurdal and F.K. Duden, ”Triple sequences and their sta-
tistical convergence”, Selcuk J. Appl. Math., Vol.8, No.2, (2007), pp.49-55.

[15] A. Sahiner and B. C. Tripathy, ”Some I related properties of triple se-
quences, Selcuk J. Appl. Math., Vol.9, No.2, (2008), pp.9-18.

[16] N. Subramanian and A. Esi, ”The generalized tripled difference of χ3

sequence spaces”, Global J. Math. Anal., Vol.3, No.2, (2015), pp.54-60.


