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Abstract

Recently, g-analogue of Noor integral operator and other
special operators became importance in the field of Geometric
Function Theory. In this study, by connecting this operators
we introduced an interesting class of bi-univalent functions
and obtained coefficient estimates for this new class. Also we
present some relevant corollaries.
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1 Introduction

Let A indicates the family of analytic functions having form
flz) =2+ a2" (1)
n=2

in the open unit disk ® = {z: |z| < 1,z € C}andlet S ={f € A: f is univalent in D}.
According the Koebe one-quarter theorem [14], the image of ® under every

function f from &S contains a disk of radius %. That is, every such univalent

function has an inverse f~! satisfying

() =2 (z€9)
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and
) =u (ol <n =),
where
fH(w) =w —axw® + (243 — az) w® — (5a3 — Sasas + ag) w + - . (2)

If f and f~! are univalent, then we say that f is bi-univalent function
in . The class of bi-univalent functions defined in ® is symbolized by X..

One can see important examples in the class in [27]. Although the functions

142

=, —log(l1—2), ilog(i*2.) are in ¥, well known Koebe function is not

1-2?
in ¥. For example, z — % and ;=5 are in S but not in X [27].
Given f, g€ A, f issaid to be subordinate to g, symbolized
f(z) < g9(2), (3)

such that there is an analytic function w defined on ® with
w(0) =0 and |w(z)| <1

fulfilling the following condition:

The aforecited subclasses of ¥ were constructed and non-sharp estimates
on the first two coefficients |as| and |as| in theTaylor-Maclaurin series expan-
sion (1) were found in several recent studies (see [11, 12] , [15], [27] , [28, 29])
. In very nearly, they have been followed by many works (see also [1], [§],
[10, 13, 15, 16, 17], [19], [23] , [22])

Now, we give some basic definitions.

Definition 1.1. Forq € (0,1), the g-derivative of function f € A is defined
by (see [18])

flgz) — f(2)

W) =)

270 (4)

and

Thus we have
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where [k, ] is given by

=0 0= ©)
and the g-fractional is defined by
k
= { Tima. ke
1, k=0

Also, the g—generalized Pochhammer symbol for p > 0 is given by

k

1 k=20

?

As g — 1, then we get [k, q] — k. Thus, by choosing the function g(z) = 2",
while ¢ — 1, then we obtain

049(2) = an/LC = [k, q| 2= g/(Z)a

where ¢’ is the ordinary derivative.
Recently, function F, !, (z) is defined by Arif et al. [9] by

Fouia(2) % Fy i (2) = 20,f(2), (> —1)

where

:U’+1 Qk 1 k
Fa(2) +Z PRSI zeD. (7)

To the series defined in (7) is convergent absolutely in ® , by using the defi-
nition of g-derivative through convolution, let us explaine the integral operator

D =D by

Gf(2) = Fopa(2) % f(2) = 2+ Y _dpaapz’, (2 €D) (8)

k=2

where

[k, q!

w4+ 1, ¢l (©)

Q-1 =

From (8), one can readily have the identity

[+ 1,q)C0 f(2) = [, qCEH f(2) + ¢ 20, (U f(2)).
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We can state that

Cof(2) = 20,f(2), f(2) = f(2) (10)
also
13{1_ Cif(z) =2+ Z 2k

This means that, by taking ¢ — 17, the operator defined in (8) reduces to the
famous Noor integral operator given in ([20] ). Moreover, for more detailed
knowledge on the g-analogue of differential and integral operators, see the work
of [20] , [21]. Also for more details on the g-analogue of differential and integral
operators, see the work of Aldweby and Darus (see[7])( also see [1, 2, 3, 4, 8],
22]).

Definition 1.2. Let the functions h,p : ® — C be so constrained that

min {} (1 (2)), R (p(2))} >0

and

In this study, motivated by the work Altinkaya and Yalgin [6] (see also
[5]), [25], by the help of the aforementioned works we introduce a general new
subclass 357 of the function class ¥ and obtain estimates of the coefficients |as|
and |ag| for “functions in our new class . We state that throught this paper, f
,g are given by (1) and (2) respectively and ¢/ is g—analogue of Noor integral
operator.

2 The class %‘gq

Definition 2.1. For f € ¥ | f € Q&? U if the following conditions are sattis-

fied:

1+ 0= saqren-1] € h@) e
1+ o= ogawn -] € p@) weD) (2

where £> 1,7 #0 .

Remark 2.2. There are many choices of h,p and p, q,, which would provide
interesting subclasses of class S&I. For example
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1. For
1+2
1—=z2

h(z):p(z):( )A,(O<)\§1)

it can be directly verified that the functions h(z) and p(z) satisfy the
hypotheses of Definition 2. It is simply to see that f € X is in %’gj(/\)

if the following inequalities hold:

‘arg(l—i—%[(1—7)@—%7&1(@]‘?(2))—1])‘</\77T 0<A<1, z2€9)
and

arg(l—k% [(1—7)@—1—78(]((59(11)))—1})) < )\; 0<A<1, wedD).

In the case of h(2) =p(z) = Gfi)’\ where (0 < A < 1) the class 357 reduces

following new also well known subclasses:
i) Upon setting ¢ — 1~ and it can be directly verified that the functions

h(z) and p (z) satisfy the hypotheses of Definition 2. it is simply to see
that f € XY isin

if the following inequalities hold:

arg(1+; [(1—7)%@“@%@))'—1})‘ <%” 0<A<1, 2€D)

and

w

‘arg (1—1—% [(1—7)wg—(1”)+7(<°“g(w))’—1]>‘ < )\% 0<A<1, wed).

ii) Upon setting ¢ — 17, for 7 = 1 ,it is simply to see that f € X is in

() = SE()

1

if the following inequalities hold:

A

arg [(1 =)L 4 ()Y )| < 5 0<a<1, zeD)

and

A
<77T 0<A<1, z€9) .

arg [(1 — ) 7(6*‘9(2))’}
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iii) Upon setting ¢ — 17, for 7 = 1 and p = 1, it is simply to see that f € ¥
is in
35 (V) =3s,(N)

if the following inequalities hold:

arg [(1 -2 17 ]| < B 0 <A<, zeD)

and

</\—27T 0<A<1, z€9)

arg [(1 — o)) v(g(w))’}

iv) Upon setting ¢ — 1~ for 7 =1, v =1 and g = 1, it is simply to see
that f € X isin
I3 (A) = Sn(N) = H

The class Hy was introduced by Srivastava et al. [27] The function f
€ Ha, if the following inequalities hold:

A
]argf’(z)\<77r 0<A<1, z€9)

and \
larg ¢'(2)| < % 0<A<1, z€9).

v) Upon setting ¢ — 1~ for 7 =1, v =1 and p = 0, it is simply to see
that f € ¥ is in
I () =35,V

if the following inequalities hold:

larg(20f(2))'] < )\; 0<A<1, z€9)

and )
larg(wdg(w))'| < ; 0<A<1, z€9).
2. For 1+ (1—2p)
+ (1= z
h(z)=p(2) = ?7(0 <p<1)
it can be directly verified that the functions h(z) and p(z) satisfy the

CeHnq

hypotheses of Definition 2. It is simply to see that f € ¥ is in 3%7(5),
if the following inequalities hold:

8%(1+}[(1—7)W+yaq(cgf(z))—1}> S8 0<f<1,0<a<l, »eD)
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ii)

ifi)
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and

R(1+ (1= S8 450, (Chg(w)) 1)) > 8 (0<B<1,0<a<l, weD),

In the case of h(z) =p(z) = % where (0 < 3 < 1) the class 3%
reduces following new also well known subclasses:

Upon setting ¢ — 17 and it can be directly verified that the functions
h(z) and p (z) satisfy the hypotheses of Definition 2. it is simply to see
that f € X isin

3% (8) = % (8)

if the following inequalities hold:
R(1+1 (1= 4 y(¢nf(2)) -1]) > 8 (0<8<1, 2€D)
and

R(1+[(1- )48 450, (Grg(w)) - 1)) > 8 (0<B<1, weD).

Upon setting ¢ — 17, for 7 = 1 ,it is simply to see that f € ¥ is in

3% () = S%(8)

1

if the following inequalities hold:

(1= +9(f(2)) >8 (0<B<1, z€D)

R (1)L 4 a(cg())) > 8 (0<B<1, weD).

Upon setting ¢ — 17, for 7 = 1 and g = 1, it is simply to see that f € X
is in

35, (8) = 3. (8)
if the following inequalities hold:

R(L-D2+(f(2))) > 8 (0<B<1, z€9)
and

R (1= +9(gw))) > B (0SB <1, weD)
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iv) Upon setting ¢ — 1~ for 7 =1, v =1 and p = 1, it is simply to see
that f € ¥ is in
3%1(8) = s(B) = H5

The class H2 was introduced by Srivastava et al. [27] The function f
€ HZ., if the following inequalities hold:

R(f(z)>8 (0<p<1, 2€D)

and

R((2)>p (0<pB<1, z€D).
v) Upon setting ¢ — 1~ for 7 =1,y =1 and g = 0, it is simply to see
that f € ¥ is in
if the following inequalities hold:
larg(z0f(2))| > (0<A<1, z€D)

and
larg(wdg(w))| > (0<A<1, z2€D).

We need the following lemma to derive our main result.

Theorem 2.3. Let f given by (1) be in the class I%?. Then

: (W OP+HP ©F)™ [(r" ()" (0))r
|CL2| S min {\/ (1+’yq)2¢>% 9 4(1+7q+7q2)¢2 (13)
and

(10 ) +lp'(0)?) 72 4 IO o)| L,
. (1+'yq)2¢% 2(1+vq+v4?)
laz| < min (14)

[h"(0)]

(I4+vg+7v4?) |T|

Proof. Let f € Q&% Firstly, we write the argument inequalities in (11) and
(12) and in their equlvalent forms as follows:

1+ o= aqren-1] - ne
- agawn -1 = s 0)
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where h(z) and p (w) satisfy the conditions of Definiton 2. Furthermore,
the functions h(z) and p (w) have the following Taylor-Maclaurin series ex-
pansions:

h(z) = 14+hiz+ho2®+---
pw) = 1+pw+puw+---, (16)

respectively. Thus, upon comparing the corresponding coefficients in (15), we
get

% (1+~q) dras = by ... (17)
%(1 +7q +7q°)paaz = ha ... (18)
and
_%(1+7q) bras = pi.. (19)
%[(1+7q+7q2)¢2 (203 —as)] = ps ... (20)

From (17) and (19), we have

and
1 2
2 {;(1+W) ¢1] ay =hi+pi. .. (22)
Also from (18) and (20), we get
2
~[(1+9g+74")] a3 = ha+pa.. (23)

which gives us the desired estimate on |as| as asserted in (13).
Next, in order to find the bound on |as|, by subtracting (20) from (18), we
obtain Ay
2 2 — P2
as — a; = T 24)
L2014 g+ g7 e (

Therefore, in view of (22) and (23), we have

ha — po . (h% ‘Hﬁ) 2
21 +7¢+7¢*)ds  2(1 +vq)%¢?

which completes the proof of Theorem. n

ag =
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3 Corollaries and Consequences

Corollary 3.1. If we let

1 A
hiz)=p(z)= <1J_rz) =1+2z+22%22+..  (0<A<1),

then inequalities (13) and (14) become

. 27| 20T _ 2AT
|a2] < min { (1+79)¢1” (1+vq+7q2)¢2} V (+a+74?) 62 (25)
and IA2y2
. T 27| 227
|as| < min { (1+ vq)2¢3 - (I+vg+va?) 27 (L+vg+v6%) 2 } ) (26)

Corollary 3.2. If we let

1+ (1-25)=
1—2

h(z)=p(z) =

then inequalities (13) and (14) become

)20 =87 21 = p)r
el = mm{ (L+79)01 "\ (1+7g+7¢%) e } '

=142(1 - B)z+2(1 = B) 22+ (0<pB< 1),

and

10-pPr 20-p)r]  20-p)]r] }

|a3| < min )
(1+79)%07 (1 +vg+7¢%) b2 (14 vq +7v¢%) b2

An urgent and important corollary of the Theorem for ¢ — 1~ is asserted by
following Corollary.

Corollary 3.3. If f € \s’gQ, then

: (I P+’ 1) [ () [+p" ()
las| < min {\/ )% ; 4(1+25)¢2 (27)

and

(I @ +lp'0)%) 4 (0 \+|p"<o>|| B
’ |< . (1+W)2¢f 2(1427)p2 (28)
as| < min :
1 (0)]
(1427y) P2

7l
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Corollary 3.4. If we let

1 A
h(z)=p(z) = (14_“2) =14+20 42022+ .. (0<A<1),

then inequalities (27) and (28) become

. 2)|7] N — 22T
|CL2| S min { (1+7)¢1 ) (1+2’y)¢2 } o (1+2'Y)¢2 (29)

and

: AN>T? 27| 27|
5] < min { (1725 | T Tiee

By choosing v = 1 in inequalities (29) and (30) we get
: Al 227 | 2)\T
las| < mln{E,,/%} =1\/502
NPT e 2
las| Smm{ g + S0 36 (-
Corollary 3.5. If we let

1+ (1-28)=
N 1—2

and

h(z)=p(2) =142(1-pB)z+2(1 = B) 22+ (0<pB< 1),

then inequalities (27) and (28) become

2087 [20-p)r
'GQ'Smm{ RPN (1+27)¢2}' (31)

and

4(1- 8272 2(1—pB)|7| 2(1—5”7’}, (32)

s Smm{ (207 (1290 (1+29)%

By choosing v = 1 in inequalities (31) and (32) we get

Jas| < min{u_af) ’T|,,/2(13;5f)7}. (33)

Ja=p)3Pr? 200=p8) |7 2(1-8)|7]
|a3|gmm{ 7t 30, 0 30 } (34

and
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4 Coclusion

In this paper, we defined a new subclasses of bi-univalent functions in the
open unit disk D, by usinq Q- analoquo of Noor integral operator. . For
the functions belonging to this subclass, the estimates of second and third
Taylor-Maclaurin coefficients are obtained. Also, some interesting corollaries
and remarks are discussed and relevant connections are made..

5 Open Problem

For the subclass %’5‘3’3, it is interesting to obtain the upper bounds of the Fekete-

Szegd inequality, and the bounds of the Hankel determinants. Also, to examine
the estimates of second and third Taylor-Maclaurin coefficients m—fold sym-
metric bi-univalent functions.
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