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Abstract

In this paper, the dual geometric invariants of the closed
ruled surface

[
C
]
corresponding to the pole curve C of the dual

involute curve are investigated and some new interesting re-
sults about the developability of this surface are also given.
In addition, spherical areas limited by the dual ruled srfaces
[R1] , [R2] , [R3] corresponding to Frenet vectors {R1, R2, R3} of
the dual involute curve and

[
C
]
are calculated. Finally such

surfaces are illustrated with one example.
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1 Introduction

The idea of dual number was initially submitted by William Kingdon Clifford
(1845-1879), [5]. After him German mathematician Eduard Study used these
numbers in his survey on the theory of surface and mechanic [15]. According
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to the basic principle of Study, the dual points of the dual unit sphere S2
D

correspond exactly to the directional lines in R3. Hence, a differentiable curve
on the sphere S2

D corresponds to a ruled surface in the line space ( see [7] ).
This act is called as E. Study Mapping. Inspired by the Study transformatin
in dual space, many studies have been done on the geometric invariants of the
closed ruled surface. In this context, the geometric elements of the closed ruled
surface related the one parameter dual unit spherical curves in space of lines
R3 were studied by Hacısalihoglu and Gursoy [8, 9, 10, 11], respectively.

There are many curves derived from a curve. One of the most important of
these is the involute curve. Involute is a curve that intersects all the tangents
of a given curve at right angle. For the first time in the literature, the angular
relations between the Frenet vektors of the involute-evolute curve couple have
been expressed in both Euclidean space and Lorentz space, [1, 2, 3, 6]. And
also the relationships between dual Frenet frames and Darboux vectors of the
involute-evolute curve couple were found in the dual space [17]. In considera-
tion of the literature, dual vector analysis, space curves and dual ruled surface
have been studied by many authors [12, 13, 14, 16, 18, 19, 20]. As well as the
results of integral invariants of closed ruled surface corresponding to Frenet
vectors {R1, R2, R3} of the involute curve in the dual space are also given by
[4].

Unlike the available literature in this study, we will introduce some geo-
metric invariants of the closed ruled surface corresponding to the pole curve
of the involute curve in dual space. Also, we give the dual spherical areas
bounded by the dual closed ruled surfaces [R1] , [R2] , [R3] and

[
C
]
. Finally,

we illustrate the dual ruled surfaces generated by the Frenet vectors and the
pole curve of the dual involute curve with one example.

2 Preliminaries

The set of R × R, which consists of ordered pairs (x, x∗), each x and x∗εR,
is called the dual number system D. Thus, a dual number can be expressed
as X = x + εx∗, where ε = (0, 1) is the dual unit element that satisfies
ε2 = 0. D is a commutative ring with the unit element 1. D3= D× D× D is a
module on D. Each element of the D−Module is called a dual vector and is
expressed as

−→
X = (X1, X2, X3) = (x1 + εx∗1, x2 + εx∗2, x3 + εx∗3) = (x1, x2, x3)+

ε (x∗1, x
∗
2, x
∗
3) = −→x + ε

−→
x∗.

For
−→
A and

−→
B ∈ D3, the consepts inner product, outer product, norm and

dual angle are defined as, respectively.〈−→
X,
−→
Y
〉

= 〈−→x ,−→y 〉+ ε
(〈−→x ,−→y∗〉+

〈−→
x∗,−→y

〉)
, (1)



Dual ruled surface constructed by the pole curve of the involute curve 41

−→
X ×

−→
Y = −→x ×−→y + ε (x× y∗ + x∗ × y) , (2)

∥∥∥−→X∥∥∥ =

√〈−→
X,
−→
X
〉

= ‖−→x ‖+ ε

〈−→x ,−→x∗〉
‖−→x ‖

(3)

and the dual angle is related to the inner product as follow〈−→
X,
−→
Y
〉

= cos Φ = cosφ− εφ∗ cosφ, (4)

where Φ = φ+εφ∗, 0 ≤ φ ≤ π, and φ∗ ∈ R is a dual number. The geometric
location of the points one unit away from a fixed point (0, 0, 0) ∈ D is called

the unit dual sphere and is defined as S2
D =

{−→
X = −→x + ε

−→
x∗ : ‖−→x ‖ = (1, 0)

}
,

[11].
Let’s immediately note that all the curves examined in this article are

closed. X : I ⊂ R −→ D3, s → X (s) = x(s)+ εx∗(s) is differentiable in dual
space D3. The dual arc-length of the X (s) from s1 to s is defined by

s̃ =

∫ s

s1

∥∥∥x′ (s)∥∥∥ ds+

∫ s

s1

〈
t, x∗

′

(s)
〉

= s+ εs∗

where t is unit tangent vector of the indicatrix x(s) [11].
Let {T,N,B} be the moving dual Frenet frame of the curve X ′ = T , with

T = X ′, N =
X ′′

‖X ′′‖
, B = T ×N.

The Frenet formulas for dual curves can be given as follows T
′
(s)

N
′
(s)

B
′
(s)

 =

 0 κ (s) 0
−κ (s) 0 τ (s)

0 −τ (s) 0

 T (s)
N (s)
B (s)

 , (5)

where κ (s) = k1 + εk∗1 and τ (s) = k2 + εk∗2 are the dual curvature and
torsion of X (s), respectively, [13].

Let Ψ is instantaneos dual Pfaff vector of X. This vector is determined
with the equation

Ψ = τT + κB. (6)

The pole curve C of the unit dual curve X

C(s) =
τ

‖Ψ‖
T +

κ

‖Ψ‖
B (7)

If the κ and τ values are written instead, we obtain
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Figure 1: Dual Pfaff vector

C(s) = sin ΦT + cos ΦB. (8)

The Steiner vector is defined as

D = d+ εd∗ = Ψ, (9)

the angle of the pitch of (closedruledsurface) [X] is given by

ΛX = −〈D,X〉 = λX − εLX , (10)

here LX and λX are the intergal invariants of [X], [8].

Theorem 2.1 Let {X} be the dual orbit on K ′ of an arbitrary fixed dual
point X on K. The dual spherical area bounded by the dual closed spherical
curve X is calculated as

FX = 2π (1− n)− 〈D,X〉 . (11)

Here n is the rotation number of the rotation of the pole {C} at the point
X and X denotes the dual position vector of an arbitrary point of the dual
closed curve {X} on K ′ [14].

If β̂ is involute of the dual curve α̂ we can write,

〈T,R1〉 = 0, (12)

where T , R1 are tangents of the curves α̂ and β̂, respectively. According to
this definition, If the curve β̂ is involute of α̂, we can write β̂ (s) = α̂ (s) +
[(c− s) + εd]T (s) , c, d ∈ R [17]. The relations between the Frenet frames

of the curve couple
(
α̂, β̂

)
as follow [17]. R1

R2

R3

 =

 0 1 0
−cosΦ 0 sinΦ
sinΦ 0 cosΦ

 T
N
B

 . (13)
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The real and dual parts of R1, R2, R3 are

r1 = n

r2 = −cosφt+ sinφb

r3 = sinφt+ cosφb
r∗1 = n∗

r∗2 = −cosφt∗ + sinφb∗ + φ
∗ (

sinφt+ cosφb
)

r∗3 = sinφt∗ + cosφb∗ + φ
∗ (

cosφt− sinφb
)

, (14)

where Φ = φ + εφ
∗

is the dual angle between the Ψ and R2. Derivative
formulas for the Equation (13) can be given as follows.

R′1 = PR2

R′2 = −PR1 +QR3 ,
R′3 = −QR2

(15)

here P = (p, p∗) and Q = (q, q∗) are the dual curvatures of the β̂. The real
and dual elements of Equation (15) are

r′1 = pr2

r′2 = −pr1 + qr3

r′3 = −qr2

r∗′1 = p∗r2 + pr∗2
r∗′2 = −p∗r1 +−pr∗1 + q∗r3 + qr∗3
r∗3 = −q∗r2 − qr∗2

. (16)

Since P =
‖β̂′∧β̂′′‖
‖β̂′‖3 , we have that P =

√
κ2+τ2

µκ
. Using the formula Q =

det(β̂′,β̂′′,β̂′′′)
‖β̂′∧β̂′′‖2 , we find Q = Φ

′

µκ
[10]. The real and dual parts of P and Q are



p =

√
k21+k22
µk1

p∗ =
k2(k1k∗2−k∗1k2)
µk21

√
k21+k22

q = φ
′

µk1

q∗ =
k∗′1 φ

∗′−k∗1φ
′

µk21

. (17)

3 Main results

In this section, we first examine some goemetric invariants of the closed ruled
surface

[
C
]

contructed by the pole curve C of the dual involute curve β̂. Then
we give some new interesting results about the developability of this surface. In
addition, spherical areas limited by the dual closed ruled surface [R1] , [R2] , [R3]
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and
[
C
]

are calculated and these closed ruled surfaces are illustrated with one
example.

The dual rotation vector Ψand the pole curve C of the involute curve β̂ is
determined by, respectively

Ψ = QR1 + PR3, (18)

C =
Q∥∥Ψ
∥∥R1 +

P∥∥Ψ
∥∥R3. (19)

Derivation of C according to s, we have

dC

ds
=

(
Q
′
R1 +QR

′
1 + PR

′
3 + P

′
R3

) ∥∥Ψ
∥∥− ∥∥Ψ

∥∥′ (QR1 + PR3)∥∥Ψ
∥∥2 . (20)

The real and dual parts of Equation (20) are

dc

ds
=
r1 (p2q′ − pp′q) + r3 (q2p′ − qq′p)∥∥Ψ

∥∥3 , (21)

dc∗

ds
=

r∗1 (p2q′ − pp′q) + r∗3 (q2p′ − qq′p)∥∥Ψ
∥∥3

+
r1 (p2q∗′ + 2pp∗q′ − pp′q∗ − qp′p∗ − qpp∗′)∥∥Ψ

∥∥3 (22)

+
r3 (q2p∗′ + 2qq∗p′ − qq′p∗ − pq′q∗ − pqq∗′)∥∥Ψ

∥∥3 .

The dual Steiner vector of the curve β̂ is

D = R1Qds+R3Pds. (23)

The real and dual elements of Equation (23) are{
d = r1qds+ r3pds

d
∗

= r1q
∗ds+ r∗1qds+ r3p

∗ds+ r∗3pds
. (24)

The dual angle of the pitch of the closed ruled surface
[
C
]

is given by

ΛC = −
〈
D,C

〉
. (25)
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Substituting (19), (23) into (25), we have

ΛC = −
〈
R1Qds+R3Pds, sin ΦR1 + cos ΦR3

〉
, (26)

ΛC = − sinφqds− cosφpds

−ε(φ∗ cosφqds+ sinφq∗ds3.10 (27)

−φ∗ sinφpds+ cosφp∗ds).

Substituting the Equation (17) into Equation (27), we reach

ΛC = − sinφ
φ
′

µk1

ds− cosφ

√
k2

1 + k2
2

µk1

ds

−ε(φ
∗

cosφ
φ
′

µk1

ds+ sinφ
k∗′1 φ− k∗1φ

′

µk2
1

ds3.11 (28)

− φ∗ sinφ

√
k2

1 + k2
2

µk1

ds+ cosφ
k2 (k1k

∗
2 − k∗1k2)

µk2
1

√
k2

1 + k2
2

ds).

Corollary 3.1 The angle of pitch and the pitch of the closed ruled surface[
C
]

are

λC = − sinφ
φ
′

µk1

ds− cosφ

√
k2

1 + k2
2

µk1

ds

and

LC = φ
∗

cosφ
φ
′

µk1

ds+ sinφ
k1φ

∗′ − k∗1φ
′

µk2
1

ds

−φ∗ sinφ

√
k2

1 + k2
2

µk1

ds+ cosφ
k2 (k1k

∗
2 − k∗1k2)

µk2
1

√
k2

1 + k2
2

ds

respectively.

The drall of the closed ruled surface
[
C
]

is

∆C =
〈dc, dc∗〉
〈dc, dc〉

. (29)

Using the values of dc and dc∗ in Equation (29), gives

∆C = pq∗
′

− qp∗
′

+ p∗q
′ − q∗p′ +

(
pq
′ − qp′

)
(q∗q + p∗p)

p2 + q2
. (30)
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Theorem 3.2 The closed ruled surface
[
C
]

generated by C is developable

if and only if p
q

= p∗′

q∗′
= − q∗

p∗
= − q′

p′
or p

q
= p∗′

q∗′
= p∗

q∗
= p′

q′
.

Corollary 3.3 The closed ruled surface
[
C
]

generated by C is developable,
using the values of p, q, p∗ and q∗ in (2.17) into the last equation, we get

∆C =

√
k2

1 + k2
2

[
µ
(
k1

(
k∗′′1 φ− φ

′′
k∗1

)
+ φ

′
(k′1k

∗
1 − k1k

∗′
1 ) + k′1

(
k∗1φ

′ − k∗′1 φ
′
))]

µ3k4
1

+

√
k2

1 + k2
2µ
′
k2

1

(
k1φ

′ − φ∗′
)

µ3k4
1

+
φ
′
[
µk2

1 (k2
1 + k2

2)
(
k2

(
k1k

∗′
2 − k∗

′

1 k2

)
+ k2

(
k
′
1k
∗
2 − k∗1k

′
2

)
+ k

′
2 (k1k

∗
2 − k∗1k2)

)]
µ3k5

1
3
√
k2

1 + k2
2

−
φ
′ [(

µ
′
k2

1 (k2
1 + k2

2) + 2µk1k
′
1 (k2

1 + k2
2) + µk2

1

(
k1k

′
1 + k2k

′
2

))
k2 (k1k

∗
2 − k∗1k2)

]
µ3k5

1
3
√
k2

1 + k2
2

+
k2 (k1k

∗
2 − k∗1k2)

[
µ
(
φ
′′
k1 − k

′
1φ
′
)
− µ′k1φ

′
]

µ3k4
1

√
k2

1 + k2
2

(31)

−

(
k1φ

∗′ − k∗1φ
′
) [
µk2

(
k1k

′
2 − k

′
1k2

)
− µ′k1 (k2

1 + k2
2)
]

µ3k4
1

√
k2

1 + k2
2

+

[(
k1φ

∗′ − k∗1φ
′
)√

k2
1 + k2

2 + k2 (k1k
∗
2 − k∗1k2)

] [
(k2

1 + k2
2)
(
φ
′′
k1 − k

′
1φ
′
)]

µ2k4
1

(
k2

1 + k2
2 + φ

′2
)√

k2
1 + k2

2

+

[(
k1φ

∗′ − k∗1φ
′
)√

k2
1 + k2

2 + k2 (k1k
∗
2 − k∗1k2)

]
φ
′
k2

(
k
′
1k2 − k1k

′
2

)
µ2k4

1

(
k2

1 + k2
2 + φ

′2
)√

k2
1 + k2

2

.

Theorem 3.4 The closed ruled surface
[
C
]

generated by C is developable

if and only if k1 = φ
∗′

φ
′ and k1

k2
=

k∗1
k∗2

=
k∗
′

1

k∗
′

2

=
k
′
1

k
′
2

, k1
k∗1

= φ
′

φ
∗′ = φ

′′

φ
∗′′ .

Using Eq. (8), we have

C(s) = sin ΦR1 + cos ΦR3. (32)

Separate (32) into real and dual components, we can write following two
equations
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{
c(s) = r1 sinφ+ r3 cosφ

c∗(s) = r1φ
∗

cosφ+ r∗1 sinφ+ r3 cosφ− r∗3φ
∗

sinφ
(33)

Let’s take a derivative of c(s) and c∗(s) according to s,

dc

ds
= r

′

1φ
′
cosφ− r3φ

′
sinφ (34)

dc∗

ds
= r1

(
φ
∗′

cosφ− φ∗φ′ sinφ
)

+ r∗1φ
′
cosφ

+r2

(
qφ
∗

cosφ− p cosφ+ q∗ sinφ+ p∗φ
∗

sinφ
)

+r∗2

(
q sinφ+ pφ

∗
sinφ

)
+ r3

(
−φ

′

sinφ
)

3.18 (35)

+r∗3

(
−φ∗

′

sinφ− φ∗φ′ cosφ

)
From the above equality (34), (35) and (29) ,we obtain

∆C =
−q sinφ− pφ∗ sinφ+ φ

∗′
cos2 φ− φ∗φ′ sinφ cosφ+ φ

′

sin2 φ

φ
′ . (36)

Theorem 3.5 The closed ruled surface
[
C
]

generated by C is developable

if and only if φ
′

6= 0, φ
∗

= 0 and φ = arcsin 1
µk1
.

The dual angle of the pitch of the closed ruled surfaces [R1],[R2],[R3] is as
follow, respectively.

ΛR1 = −Qds, (37)

ΛR2 = 0. (38)

ΛR3 = −Pds, [5]. (39)

If these last equations, (25) and Theorem 2.1 are used together, dual spher-
ical areas bounded by the dual closed ruled surfaces [R1],[R2],[R3] and

[
C
]

can
be calculated as follows

FR1 = 2π (1− n)−Qds, (40)

FR2 = 2π (1− n) , (41)
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FR3 = 2π (1− n)− Pds, (42)

FC = 2π (1− n)− sinφqds− cosφpds

−ε(φ∗ cosφqds+ sinφq∗ds (43)

−φ∗ sinφpds+ cosφp∗ds).

Considering the dual curvatures P , Q of the dual involute curve and dual
angle Φ, the following important conclusion can be given regarding dual spher-
ical areas bounded by the dual closed ruled surfaces [R1],[R2],[R3] and

[
C
]

1. If Q = 0 then FR1 = FR2 .

2. If P = 0 then FR2 = FR3 .

3. If Φ = 0 then FR3 = FC .

4. If Q = 0 and φ = 0 then FR1 = FR2 and FR3 = FC .

5. If P = 0 and φ = 0 then FR2 = FR3 .

6. If P = 0 and Φ = 0 then FR2 = FR3 = FC .

7. If P = 0 and φ = π
2

then FR1 = FC and FR2 = FR3 .

4 Example

Example 1 : Let α̂ (s) =
(

1
2

cos s,− sin s,
√

3
2

cos s
)

+ε
(

1
2

sin s, cos s,
√

3
2

sin s
)

be a dual space curve and its tangent

T (s) =

(
−1

2
sin s,− cos s,−

√
3

2
sin s

)
+ ε

(
1

2
cos s,− sin s,

√
3

2
cos s

)
.

The dual arc-length of the dual space curve α̂ (s) from 0 to s is

∼
s =

∫ s

0

∥∥∥α′ (s)∥∥∥ ds+

∫ s

0

〈
t, α∗

′

(s)
〉

= s, where
∥∥∥α̂′ (s)∥∥∥ = 1.

From Theorem 3.1

β̂ (s) =

(
1

2
cos s+

1

2
(c− s) sin s,− sin s− (c− s) cos s,

√
3

2
cos s−

√
3

2
(c− s) cos s

)

+ε

(
1− d

2
sin s+

1

2
(c− s) cos s, (1− d) cos s− (c− s) sin s,

√
3(1− d)

2
sin s+

√
3

2
(c− s) cos s)

)
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β̂
′
(s) =

(
−1

2
(c− s) cos s, (c− s) sin s,−

√
3

2
(c− s) cos s

)

+ε

(
−1

2
(c− s) sin s− d

2
cos s, d sin s− (c− s) cos s,−

√
3d

2
cos s−

√
3

2
(c− s) sin s

)
,

The dual arc-length of the dual involute curve β̂ (s) from 0 to s is

'
s =

∫ s

0

∥∥∥β ′ (s)∥∥∥ ds+

∫ s

0

〈
r1, β

∗′ (s)
〉

= cs− s2

2
+ εsd,

d
'
s

ds
= λ,

where
∥∥∥β̂ ′ (s)∥∥∥ = (c− s) + εd = λ. Frenet vectors and pole curve of the

dual involute curve β̂ (s) can be calculated as follows.

From R1 (s) = β̂
′
(s)

‖β̂′ (s)‖ we have

R1 (s) =

(
−1

2
cos s, sin s,−

√
3

2
cos s

)
+ ε

(
−1

2
sin s,− cos s,−

√
3

2
sin s

)
.

By R3 = β̂
′
(s)∧β̂′′ (s)

‖β̂′ (s)∧β̂′′ (s)‖ we obtain

R3 (s) =

(√
3

2
, 0,−1

2

)
+ ε

(
2
√

3d

c− s
, 0,

2d

c− s

)
.

Since R2 = R1 ∧R3 then we have

R2 (s) =

(
1

2
sin s, cos s,

√
3

2
sin s

)
+ ε

(
−1

2
cos s, sin s,−

√
3

2
cos s

)
.

The pole curve of the dual involute curve is C = QR1+PR3√
P 2+Q2

. Since P =∥∥∥β̂′ (s)∧β̂′′ (s)∥∥∥
‖β̂′ (s)‖3 = 1

λ
and Q =

det
(
β̂
′
(s),β̂

′′
(s),β̂

′′′
(s)
)

‖β̂′ (s)∧β̂′′ (s)‖2 = 0 then we have

C =

(√
3

2
, 0,−1

2

)
+ ε

(
2
√

3d

c− s
, 0,

2d

c− s

)
.

In addition, the dual spherical areas limited by the dual ruled srfaces
[R1] , [R2] , [R3] and

[
C
]

are as follow.

FR1 = FR2 = 2π (1− n) ,
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FR3 = 2π (1− n)− 1

λ
,

FC = 2π (1− n) + ln (c− s)− ε
(

d

c− s

)
+ c1, c1 ∈ R.

The corresponding ruled surfaces have the following parametrizations, re-
spectively

[R1] =

(
−
√

3

2
, 0,

1

2

)
+ v

(
−1

2
cos s, sin s,−

√
3

2
cos s

)

[R2] =

(
−
√

3

2
, 0,

1

2

)
+ v

(
1

2
sin s, cos s,

√
3

2
sin s

)

[R3] =
[
C
]

=

(
0,−2

√
3d

c− s
, 0

)
+ v

(√
3

2
, 0,−1

2

)
where −5 ≤ v ≤ 5 and c = d = 10. (Figures 2, 3, 4).

Figure 2: Ruled surface [R1] constructed by R1 for s∈ [−1, 1]
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Figure 3: Ruled surface [R2] constructed by R2 for s ∈ [−5, 5]

Figure 4: Ruled surface [R3] =
[
C
]

constructed by R3(= C) for s ∈ [−3, 3]

5 Open Problem

In this paper, we investigated the dual geometric invariants of the closed ruled
surface

[
C
]

corresponding to the pole curve C of the dual involute curve and
some new interesting results about the developability of this surface were also
given. Same study may be done Minkowski space, Galilean space or Heisen-
berg space. Another alternative is to generalize this work to higher dimensional
spaces.
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