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Abstract

In this paper, the dual geometric invariants of the closed
ruled surface [m corresponding to the pole curve C of the dual
involute curve are investigated and some new interesting re-
sults about the developability of this surface are also given.
In addition, spherical areas limited by the dual ruled srfaces
[R1],[R2],[Rs3] corresponding to Frenet vectors {Ri, Rz, R3} of
the dual involute curve and [a are calculated. Finally such
surfaces are illustrated with one example.
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1 Introduction

The idea of dual number was initially submitted by William Kingdon Clifford
(1845-1879), [5]. After him German mathematician Eduard Study used these
numbers in his survey on the theory of surface and mechanic [15]. According
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to the basic principle of Study, the dual points of the dual unit sphere S3
correspond exactly to the directional lines in R®. Hence, a differentiable curve
on the sphere S3 corresponds to a ruled surface in the line space ( see [7] ).
This act is called as E. Study Mapping. Inspired by the Study transformatin
in dual space, many studies have been done on the geometric invariants of the
closed ruled surface. In this context, the geometric elements of the closed ruled
surface related the one parameter dual unit spherical curves in space of lines
R3 were studied by Hacisalihoglu and Gursoy [8, 9, 10, 11], respectively.

There are many curves derived from a curve. One of the most important of
these is the involute curve. Involute is a curve that intersects all the tangents
of a given curve at right angle. For the first time in the literature, the angular
relations between the Frenet vektors of the involute-evolute curve couple have
been expressed in both Euclidean space and Lorentz space, [1,2,3,6]. And
also the relationships between dual Frenet frames and Darboux vectors of the
involute-evolute curve couple were found in the dual space [17]. In considera-
tion of the literature, dual vector analysis, space curves and dual ruled surface
have been studied by many authors [12,13,14, 16, 18,19,20]. As well as the
results of integral invariants of closed ruled surface corresponding to Frenet
vectors { Ry, Ry, R3} of the involute curve in the dual space are also given by
4].

Unlike the available literature in this study, we will introduce some geo-
metric invariants of the closed ruled surface corresponding to the pole curve
of the involute curve in dual space. Also, we give the dual spherical areas
bounded by the dual closed ruled surfaces [Ry], [Rs], [Rs] and [C]. Finally,
we illustrate the dual ruled surfaces generated by the Frenet vectors and the
pole curve of the dual involute curve with one example.

2 Preliminaries

The set of R x R, which consists of ordered pairs (z,x*), each z and z*€R,
is called the dual number system ID. Thus, a dual number can be expressed
as X = z + ex*, where ¢ = (0,1) is the dual unit element that satisfies
€2 = 0. D is a commutative ring with the unit element 1. D*=D x D x D is a
module on . Each element of the D — Module is called a dual vector and is
expressed as X = (X, Xo, X3) = (21 + ea}, 2o + x5, x3 + exl) = (21, 9, x3)+
e (ot a,x5) = @ +ext.

For X and § € D3, the consepts inner product, outer product, norm and
dual angle are defined as, respectively.

A -z (2R FT). 0
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7x7=?x7+5(mxy*+x*xy), (2)

7,7
- ER -

and the dual angle is related to the inner product as follow

<?, 7> =cosP = cos¢p — e¢* cos @, (4)

where ® = ¢p+c¢*, 0 < ¢ < 7, and ¢* € R is a dual number. The geometric
location of the points one unit away from a fixed point (0,0,0) € D is called

the unit dual sphere and is defined as S? = {)_g =7+ Tt - 17| = (1,0)}7
[11].

Let’s immediately note that all the curves examined in this article are
closed. X : I CR — D3, s — X (s) = z(s)+ ex*(s) is differentiable in dual
space D3. The dual arc-length of the X (s) from s; to s is defined by

5:/5 :I:I(S)Hds—l—/s<t,x*/ (s)>:s+€s*

where ¢ is unit tangent vector of the indicatrix z(s) [11].
Let {T, N, B} be the moving dual Frenet frame of the curve X’ =T with

, X//
’ X1

The Frenet formulas for dual curves can be given as follows

T'/(s 0 k(s) 0 T (s)
N'(s) | =| =k(s) 0 7(s) || NG|, (5)
B (s) 0 —7(s) 0 B (s)

where k (s) = ki + ki and 7(s) = ko + ¢k} are the dual curvature and
torsion of X (s), respectively, [13].

Let W is instantaneos dual Pfaff vector of X. This vector is determined
with the equation

U =7T+ kB. (6)

The pole curve C' of the unit dual curve X

C(s) = MT + MB (7)

If the k and 7 values are written instead, we obtain
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Figure 1: Dual Pfaff vector

C(s) =sin ®T" + cos PB. (8)
The Steiner vector is defined as
D=d+ed" =V, 9)
the angle of the pitch of (closedruledsur face) [X] is given by
Ay = —(D,X) = Ay — Ly, (10)
here Lx and Ay are the intergal invariants of [X], [8].

Theorem 2.1 Let {X} be the dual orbit on K' of an arbitrary fived dual
point X on K. The dual spherical area bounded by the dual closed spherical
curve X is calculated as

Fy =2r(1—n)— (D, X). (11)

Here n is the rotation number of the rotation of the pole {C'} at the point
X and X denotes the dual position vector of an arbitrary point of the dual
closed curve {X} on K’ [14].

If B is involute of the dual curve & we can write,

(T,Ry) =0, (12)

where T', Ry are tangents of the curves & and B, respectively. According to
this definition, If the curve g is involute of &, we can write 5 (s) = & (s) +
[(c—s)+edT(s), ¢ deR][17]. The relations between the Frenet frames

of the curve couple (&, B) as follow [17].

Ry 0 1 0 T
Ry | = | —cos® 0 sind N |. (13)
Rs sin® 0 cos® B
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The real and dual parts of Ry, Ry, R3 are

(r1=n

9 = —cospt + singb
r3 = singt + cospb
o , (1)
ry = —cosgt* + singb* + g_b* (sinat + Cosab)
{75 = singt* + cosgb* + Y (Cosg_bt — sinab)

where ® = ¢ + 55* is the dual angle between the ¥ and R,. Derivative
formulas for the Equation (13) can be given as follows.

R| = PR,
R, =—PR, + QR3 , (15)
Riv, = _QRQ

here P = (p,p*) and @ = (¢, ¢*) are the dual curvatures of the 3. The real
and dual elements of Equation (15) are

( /

L =P

!

ry = —pri+qrs
r_

rh = —qry

16
Ty =Pty +pry (16)

ry = —p*ry + —pri + q'rs +qr;

( 73 = —q"T2 —qr5
Since P = %, we have that P = —”‘;;”2 Using the formula @@ =
M, we find Q) = g [10]. The real and dual parts of P and @ are
J#7°] z
(kIR
D= """k

o ko(kiky—kiks)

P =i (17)

_ 9
q a Mkl —x/ —/
g = Mk
\ pk?

3 Main results

In this section, we first examine some goemetric invariants of the closed ruled
surface m contructed by the pole curve C of the dual involute curve B . Then
we give some new interesting results about the developability of this surface. In
addition, spherical areas limited by the dual closed ruled surface [R;], [R2] , [R3]
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and [6] are calculated and these closed ruled surfaces are illustrated with one
example.

The dual rotation vector Wand the pole curve C of the involute curve B is
determined by, respectively

E == QRl + PRg, (18)
—_Q P
C=—"Ry +—Rs. (19)
[

Derivation of C' according to s, we have

dC  (QRi+QR,+ PRy+ P'Rs) ||¥|| - |[¥| (QR: + PRy)

o~ — (20)
ds 1]
The real and dual parts of Equation (20) are
dec i (pPq — pr'q) + 75 (¢°0 — ad'p) 21)
ds (Kl |
der i (p*d —pr'e) + 75 (@ — ad'p)
ds Kk
r (P*q” + 2pp*d — pr'q* — @p'p* — app”) (22)
—3
]|
r3 (¢*p" +2¢¢"p’ — ad'p" — pd'q" — paq*)
il '
1]
The dual Steiner vector of the curve ﬁ is
ﬁ = RleS + RgPdS. (23)
The real and dual elements of Equation (23) are
@ = r1qds + r3pds (24)
d" = riq*ds + riqds + rsp*ds + ripds

The dual angle of the pitch of the closed ruled surface [6] is given by

Ae=—(D.0). (25)
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Substituting (19), (23) into (25), we have

Ag=— <R1st + RyPds,sin ®R; + cos ci>Rg,> ,

Az = —singpqds — cos ppds
—6(5* cos ¢qds + sin ¢g*ds3.10
—¢ singpds + cos op*ds).

Substituting the Equation (17) into Equation (27), we reach

-1
VK2 + k3
Az = —sinqbids—cosgzﬁ&ds
puky pky

J ot
puk

—6(&5* cos éids + sin ¢ ds3.11
ok

ds + cos ¢

ks

pki/k3 + k2

. sina‘/k% e ko (kiks — kika) |

45

(26)

(27)

(28)

Corollary 3.1 The angle of pitch and the pitch of the closed ruled surface

m are
—
VK2 + k3
Ae = —sin qﬁids — cos ¢$ds

ok fuk
and
Lz = ¢ cos aids + sin awds
¢ fk (ik?
. _ k2 k:2 _ * L
FsmaY iR oL gl Riks — kiky)
ki pki/k3 + k2
respectively.

The drall of the closed ruled surface [U] is

(de, de*)

Az = )
¢ (de, de)

Using the values of dé and dé* in Equation (29), gives

: / , . (pd —ap) (¢*q+p*p)
c=pq" —qp" +pq¢ —qp e

(29)
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Theorem 3.2 The closed ruled surface [a generated by C is developable
if and only if L s Ty S A i
q q p p q q q

LS

Corollary 3.3 The closed ruled surface [6] generated by C is developable,
using the values of p,q,p* and q* in (2.17) into the last equation, we get

VIR | (b (K170 — 8'k7) + 6 (Kiki — kakt') + K (16— k7'9) )|

Ai pumy
“ pk

NGENEI (/ﬁa’ . 5*')
+ B
1
3 [k (8 +93) (o (kaks' = 05 ko) + B (B3 — RiBS) + B (ks — i)
e
3 [(1/R (1 + k3) + 2ukak’y (K + k3) + k3 (kakl + kok))) ko (ki — kiko)]
w3k k3 + k3
by (kuks = kika) |1 (8"l = ki8') = 'hid| o
ki k3 + k3
(ki6” — ki6") [ha (kakiy — ki) — 1 by (k2 + K3)]
ki k3 + k2
(k167 = k18 ) VREHIE + ka (ks — kiko)| |(k + ) (6"h — i) |

2
2k (k% + k240 ) VE + k3
(8" = k10 ) /BT I3 + ke (ks — ko) | @'k (ki — ki)
okt (K + 43467 ) VAT RS |

Theorem 3.4 The closed ruled surface [a generated by C is developable

—x/ / — —11
. . _ 9 ki okl kY ki ko @
if and only if ki = 7 and 3% = —ké = k; = —ki, _’fil‘ = = =7.

A

+

_'_

_'_

+

Using Eq. (8), we have
C(s) = sin ®R; + cos DR3. (32)

Separate (32) into real and dual components, we can write following two
equations
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¢(s) = rysing + r3cos ¢ (33)
() =110 cosp+rising +r3cosd —rid sing
Let’s take a derivative of ¢(s) and ¢*(s) according to s,
dc /- - - =
d_c = rlgb/ cos ¢ — ngb, sin ¢ (34)
s
de* e — =
I = r1 ((b cos¢—¢¢sm¢>+r1¢ cos ¢
s

13 (48" cosd — peosd+ q"sin g+ p'd’ sing)
T2 (q sin g+ po sin 5) + 73 (‘3 sin 5) 3.18 (35)
+75 (_5*’ sin ¢ — a*g_b/ cos 5)

From the above equality (34), (35) and (29) ,we obtain

—gsing — pd sing + 5*/ cos?d — & ¢ sindcosp + q_ﬁl sin ¢
5/ .

Theorem 3.5 The closed ruled surface [a generated by C is developable
if and only if ¢ #0,$ =0 and ¢ = arcsin ——

pk1”

Az = (36)

The dual angle of the pitch of the closed ruled surfaces [Ri],[R2],[R3] is as
follow, respectively.

Ap, = —Qds, (37)
Ag, = 0. (38)
Ag, = —Pds, [3]. (39)

If these last equations, (25) and Theorem 2.1 are used together, dual spher-
ical areas bounded by the dual closed ruled surfaces [R;],[Rs],[Rs] and [C] can
be calculated as follows

Fr, =27 (1 —n)— Qds, (40)

Fr, =27 (1 —n), (41)
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Fr, =27 (1 —n) — Pds, (42)
Fr = 27 (1 —n) — sin¢gds — cos ¢pds

—5(5* cos ¢qds + sin gq*ds (43)

—¢ singpds + cos op*ds).

Considering the dual curvatures P, () of the dual involute curve and dual

angle @, the following important conclusion can be given regarding dual spher-
ical areas bounded by the dual closed ruled surfaces [R;],[Ro],[Rs] and [C]

1. If Q = 0 then Fg, = Fg,.

2. It P =0 then Fg, = Fpg,.

If & =0 then F, = Fp.

If Q =0 and ¢ = 0 then Fg, = Fr, and Fg, = Fp.
If P=0and ¢ =0 then Fg, = Fg,.

If P=0and ® =0 then Fg, = Fg, = F5.

N s W

If P=0and ¢ = I then F, = F and Fg, = Fg,.

4 Example

Example1: Leta(s) = <% cos s, — sin s, \/73 cos s) +e (% sin s, cos s, \/75 sin s)

be a dual space curve and its tangent

L. V3 1 R
T(s)=|—=sins,—coss, ———sins | +e | =coss, —sins, — coss | .
2 2 2 2

The dual arc-length of the dual space curve @ (s) from 0 to s is

gz/ o (S)Hds—k/ <t,0z*l (s)>:s,whe7“eHa
0 0

From Theorem 3.1

/

(S)H — 1.

~ 1 1 3 3
B(s) = <§Coss+§(c—s)sins,—sins—(c—s)coss,\/T_coss—g(c—s)coss)

1—-d 1
+5< 5 Sins+§(c—s)coss,(1—d)coss— (c — s)sins,

V3(1—d) V3 )

5 sins+7(c—s)coss)
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3 (s) = <—% (¢ —s)coss, (c— s)sins, —? (¢ —s)cos s)
1 d V3d V3

+e (—Q(c—s)sins— §coss,dsins— (c—s)coss,—Tcoss— 7(0—5)81113) )

The dual arc-length of the dual involute curve 3 (s) from 0 to s is

?:/OS g (s

where H B (s H = (¢ —s) + ed = A. Frenet vectors and pole curve of the
(

s , 2 d2
)Hds+/0 <7‘1,B* (s)>:cs—%+5sd,d—i:)\,

dual involute curve 5 s) can be calculated as follows.
E/

From R, (s) =

we have

1 . V3 Iy V3 .
Ry (s) = —5 c08 s, sin s, ——-cos s +e —gsins, —coss, ——-sins | .

Ry () = (?o-%) +e (2@ 2_d>

Since Ry = R; A R3 then we have

1 V3 . 1 . V3
R2 (S) = 5811’1 S§,COS S, 7 Sin s + € —5 COS S, 8111 S, —7 COS S .

: . A _ QRi+PRs q: _
The pole curve of the dual involute curve is C' = —\/WQQ' Since P

Bnd" )| det(B'(s),8" (5).8 <s))
_ =<and Q) =
e 3= T EgFer

_ 1 2 2
C= E,O,—— + e \/§d707 d )
2 2 c— S c— S8

In addition, the dual spherical areas limited by the dual ruled srfaces
[R1],[Rs], [R3] and [C] are as follow.

= 0 then we have

FRIIFRQIZTI'(l—TL),
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1
F33:27T(1—n)—x,

cC— S

FC:27T(1—n)+1n(c—s)—£( >+cl, c € R.

The corresponding ruled surfaces have the following parametrizations, re-
spectively
3 1 1 3
[R1] = (—g, 0, 5) +v <—§ Cos s, sin s, —g cos s)

3 1 1 3
[Ry] = (—\/7_,0, 5) +v (5 sins,coss,%sins)

[Rs] = [C] = (0,—%,0) +v (?0—%)

where —5 < v <5 and ¢ = d = 10. (Figures 2,3,4).

Figure 2: Ruled surface [R;] constructed by R, for s€ [—1,1]
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Figure 3: Ruled surface [Rs] constructed by Ry for s € [—5, 5]

Figure 4: Ruled surface [R3] = [C] constructed by R3(= C) for s € [-3, 3]

5 Open Problem

In this paper, we investigated the dual geometric invariants of the closed ruled
surface [6} corresponding to the pole curve C of the dual involute curve and
some new interesting results about the developability of this surface were also
given. Same study may be done Minkowski space, Galilean space or Heisen-
berg space. Another alternative is to generalize this work to higher dimensional
spaces.
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