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Abstract

In the paper, we introduce subclasses of meromorphic functions by using
principle of subordination and find necessary and sufficient condition for coef-
ficients of functions F to belonge to these classes.
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1 Introduction

Let Σ be the class of meromorphic functions

(z) = z−1 +
∞∑
k=1

akz
k, (1)

which are analytic in U∗ = U/ {0} , where U = {z ∈ C : |z| < 1}.
For 0 ≤ α < 1,∈ Σ is called meromorphically starlike (convex) of order α

iff

−Re

{
z
′
(z)

(z)

}
> α, (2)

−Re

{
1 +

z
′′
(z)

′(z)

}
> α, (3)
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and it is denoted by Σ∗(α) (Σc(α)) [7] (see also [1, 2], [9, 10], [12]).
Tang et al. [11] defined the q−derivative ∂q((z)) by:

∂q(z) =
(z)− (qz)

(1− q)z

= − 1

qz2
+

∞∑
k=1

[k]qakz
k−1, (4)

where

[j]q =
1− qj

1− q
. (5)

As q → 1−, [j]q = j and ∂q(z) =
′
(z). Also, we have

[k + 1]q = [k]q + qk = q[k]q + 1,

[k − 1]q = q−1[k]q − q−1,

[0]q = [1]q = 1,

(z) = (z) ∗ 1

z(1− z)
, −qz∂q(z) = (z) ∗

[
1− (q + 1)z

z (1− z) (1− qz)

]
. (6)

Aouf et al. [4] defined the operator Nn
λ,q(z), for ∈ Σ, λ ≥ 0, 0 < q < 1 by:

N 0
λ,q(z) = (z),

N 1
λ,q(z) = (1− λ)(z) +

λ

z
∂q(z

2(z)),

and for n ∈ N = {1, 2, 3, ...},

N n
λ,q(z) = (1− λ)(N n−1

λ,q (z)) +
λ

z
∂q(z

2N n−1
λ,q (z))

=
1

z
+

∞∑
k=1

σn
q (k, λ)akz

k (n ∈ N0 = N ∪ {0}), (7)

where

σn
q (k, λ) = [1 + λ ([k + 2]q − 1)]n . (8)

Note that:
(i) limq→1− Nn

λ,q(z) = D∗n
λ (z) = 1

z
+
∑∞

k=1 [1 + λ (k + 1)]n akz
k;

(ii) limq→1− Nn
1,q(z) = D∗n(z) = 1

z
+
∑∞

k=1 (k + 2)n akz
k (see [5] and [3, with

p = 1]).
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For 0 < q < 1, c ∈ (0, 1] and τ ∈ C∗ = C\{0}, let

ΣQ∗
q(τ, c) =

{
∈ Σ : 1− 1

τ

[
z∂q((z))

(z)
+

1

q

]
≺ △c(z)

}
, (9)

and

ΣKq(τ, c) =

{
∈ Σ : 1− 1

τ

[
∂q(z∂q((z)))

∂q((z))
+

1

q

]
≺ △c(z)

}
, (10)

where △c(z) =
√
1 + cz (z ∈ U) and ≺ denotes subordination (see [6, 8]).

From (1.9) and (1.10), we can conclude that

(z) ∈ ΣKq(τ, c) ⇔ −qz∂q((z)) ∈ ΣQ∗
q(τ, c). (11)

By using the operatorNn
λ,q(z) defined by (1.7), we introduce the classesQn∗

q (τ, λ, c) and
Kn

q (τ, λ, c) as follow:
For n ∈ N0, 0 < q < 1, c ∈ (0, 1], λ ≥ 0, τ ∈ C∗, let

Qn∗
q (τ, λ, c) =

{
∈ Σ : N n

λ,q(z) ∈ ΣQ∗
q(τ, c)

}
, (12)

and

Kn
q (τ, λ, c) =

{
∈ Σ : N n

λ,q(z) ∈ ΣKq(τ, c)
}
, (13)

where ΣQ∗
q(τ, c) and ΣKq(τ, c) are given by (1.9) and (1.10).

From (1.12) and (1.13), we can conclude that

F(z) ∈ Kn
q (τ, λ, c) ⇔ −qz∂q(F(z)) ∈ Qn∗

q (τ, λ, c). (14)

For functions (z) ∈ Σ given by (1.1) and g(z) ∈ Σ given by

g(z) = z−1 +∞
k=1 bkz

k,

the Hadamard product (or convolution) is

( ∗ g)(z) = z−1 +∞
k=1 akbkz

k = (g ∗ )(z).

Since

−qz∂q(z) ∗ g(z) = (z−1 +∞
k=0 −q[k]qakz

k) ∗ (z−1 +∞
k=1 bkz

k) = z−1 +∞
k=0 −q[k]qakbkz

k,

(z) ∗ (−qz∂qg(z)) = (z−1 +
∞∑
k=1

akz
k) ∗ (z−1 +∞

k=0 −q[k]qbkz
k) = z−1 +∞

k=0 −q[k]qbkakz
k,

then

−qz∂q(z) ∗ g(z) = (z) ∗ (−qz∂qg(z)) (15)
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2 Main Results

Unless indecated, let 0 < q < 1, c ∈ (0, 1], τ ∈ C∗, λ ≥ 0, n ∈ N0, θ ∈ [0, 2π),
z ∈ U∗, ∈ Σ.

The function ∈ ΣQ∗
q (τ, c) iff

z

[
(z) ∗ 1 + [Ψ(θ)− q]z

z(1− z) (1− qz)

]
̸= 0 (z ∈ U∗) , (16)

where

Ψ(θ) =
e−iθ(1 +

√
1 + ce−iθ)

cτq
. (17)

Proof. For ∈ Σ, To prove (2.1), we write (1.9) as

−q
z∂q(z)

(z)
= 1− τq(1−

√
1 + cω(z)), (18)

hence
z
[
−qz∂q(z)−

(
1 + τq(

√
1 + cω(z)− 1)

)
(z)
]
̸= 0. (19)

Now from (1.6), we may write (2.4) as

z

{[
(z) ∗ 1− (q + 1)z

z (1− z) (1− qz)

]
−
[
1 + τq

(√
1 + ceiθ − 1

)] [
(z) ∗ 1

z(1− z)

]}
̸= 0,

which is equivalent to

z

(z) ∗ 1 + (−q + 1

τq(
√

1+ceiθ−1)
)z

z (1− z) (1− qz)

[
−τq(

√
1 + ceiθ − 1)

] ̸= 0,

or

z

(z) ∗ 1 + (−q +
e−iθ(1+

√
1+ceiθ)

τqc
)z

z (1− z) (1− qz)

 ̸= 0, z ∈ U∗, (20)

which represents (2.1).
Reversely, suppose that ∈ Σ satisfying (2.1). Since (2.1) is equivalent to

(2.4), then

−q
z∂q(z)

(z)
̸= 1− τq(1−

√
1 + ceiθ). (21)

Assume

Ω(z) = −q
z∂q(z)

(z)
and Π(z) = 1− τq(1−

√
1 + cz),

the relation (2.6) shows that Ω(U∗) ∩ Π(∂U∗) = ∅ and thus the simply-
connected domain Ω(U∗) is included in a connected component of C\Π(∂U∗). From
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here and using the fact Ω(0) = Π(0) together with the univalence of the func-
tion Π, it follows that Ω(z) ≺ Π(z), that is ∈ ΣQ∗

q (τ, c) .
Let ∈ Σ. Then ∈ ΣKq (τ, c) iff

z

[
(z) ∗ 1− [3]qz − (Ψ(θ)− q) (q + 1) qz2

z(1− z) (1− qz) (1− q2z)

]
̸= 0 (z ∈ U∗) , (22)

where Ψ(θ) is given by (2.2).
Proof. From (1.11), ∈ ΣKq (τ, c) iff −qz∂q(z) ∈ ΣQ∗

q (τ, c) . Then from
Theorem 1, −qz∂q(z) ∈ ΣQ∗

q (τ, c) iff

z [−qz∂q(z) ∗ g(z)] ̸= 0, (23)

where

g(z) =
1 + (Ψ(θ)− q) z

z (1− z) (1− qz)
,

thus

∂qg(z) =
g(qz)− g(z)

(q − 1) z

=
−1 + [3]qz + (Ψ(θ)− q) (q + 1)qz2

qz2 (1− z) (1− qz)(1− q2z)
,

and therefore

−qz∂qg(z) =
1− [3]qz − (Ψ(θ)− q) (q + 1)qz2

z (1− z) (1− qz)(1− q2z)
.

Using the above relation and (1.15), it is simple to check that (2.8) is identical
to (2.7).

I f ∈ Qn∗
q (τ, λ, c). Then

1 +∞
k=1

[
1 +

e−iθ(1 +
√
1 + ceiθ)[k]q
τqc

]
σn
q (k, λ)akz

k ̸= 0 (z ∈ U∗) . (24)

Proof. If ∈ Σ, from Theorem 1, we have ∈ Qn∗
q (τ, λ, c) iff

z

[
N n

λ,q(z) ∗
1 + [Ψ(θ)− q]z

z(1− z) (1− qz)

]
̸= 0 (z ∈ U∗) , (25)

where Ψ(θ) is given by (2.2). Since

1

z (1− z) (1− qz)
= z−1(1 + z + z2 + ...)(1 + qz + q2z2 + ...)

= z−1 + [2]q + [3]qz + [4]qz
2 + .... (26)
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Then

1 + [Ψ(θ)− q]z

z(1− z) (1− qz)
= z−1 + (1 + Ψ(θ)) + (1 + [2]qΨ(θ))z + (1 + [3]qΨ(θ))z2 + ...

= z−1 +
∞∑
k=1

(1 + Ψ(θ)[k]q)z
k−1.

Now a basic calculation shows that (2.1) is identical to (2.9). Thus, we have
the theorem.

Let (z) ∈ Σ satisfies

∞∑
k=1

[
[k]q

(∣∣∣1 +√1 + ceiθ
∣∣∣)+ |τ | qc

]
σn
q (k, λ) |ak| ≤ |τ | qc. (27)

Then ∈ Qn∗
q (τ, λ, c).

Proof. Since∣∣∣∣∣1 +
∞∑
k=1

(
τqc+ e−iθ(1 +

√
1 + ceiθ)[k]q

τqc

)
σn
q (k, λ)akz

k

∣∣∣∣∣
≥ 1−

∣∣∣∣∣
∞∑
k=1

(
τqc+ e−iθ(1 +

√
1 + ceiθ)[k]q

τqc

)
σn
q (k, λ)akz

k

∣∣∣∣∣
≥ 1−

∞∑
k=1

 |τ | qc+ e−iθ(
∣∣∣1 +√

1 + ceiθ
∣∣∣)[k]q

|τ | qc

σn
q (k, λ) |ak| > 0,

then, (2.12) holds and our result follows from Theorem 3.
If ∈ Kn

q (τ, λ, c). Then

1 +∞
k=1

[
τqc+ e−iθ(1 +

√
1 + ceiθ)[k]q

τqc

]
(1− [k]q)σ

n
q (k, λ)akz

k ̸= 0 (z ∈ U∗) .

(28)
Proof. From Theorem 2, we have ∈ Kn

q (τ, λ, c) iff

z

[
N n

λ,q(z) ∗
1− [3]qz − (Ψ(θ)− q) (q + 1) qz2

z(1− z) (1− qz) (1− q2z)

]
̸= 0 (z ∈ U∗) , (29)

where Ψ(θ) is given by (2.2). Since

1

z (1− z) (1− qz)(1− q2z)
= z−1(1 + z + z2 + ...)(1 + qz + q2z2 + ...)(1 + q2z + q4z2 + ...)

= z−1 + (1 + q + q2) + (1 + q + 2q2 + q3 + q4)z

+(1 + q + 2q2 + 2q3 + 2q4 + q5 + q6)z2 + ....

(30)
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Then

1− [3]qz − (Ψ(θ)− q)(q + 1)qz2

z(1− z) (1− qz) (1− q2z)
= z−1 + (1− [2]q)(1 + Ψ(θ)[2]q)z

+(1− [3]q)(1 + Ψ(θ)[3]q)z
2 + ...

= z−1 +
∞∑
k=1

(1 + Ψ(θ)[k]q)(1− [k]q)z
k−1.

Now a basic calculation shows that (2.14) is identical to (2.13). Thus, the
proof is completed.

Using similar arguments to those in the proof of Theorem 4, we can prove
the next result.

Let (z) ∈ Σ satisfies

∞∑
k=1

[
[k]q

(∣∣∣1 +√1 + ceiθ
∣∣∣)+ |τ | qc

]
(1− [k]q)σ

n
q (k, λ) |ak| ≤ |τ | qc, (31)

then Kn
q (τ, λ, c).

3 Open Problem

The authors suggest to find necessary and sufficient conditions for coefficients
of function to belonge to the following class

Qn∗
q (λ,A,B) =

{
∈ Σ : N n

λ,q(z) ∈ ΣQ∗
q(A,B)

}
, (32)

where

ΣQ∗
q(A,B) =

{
∈ Σ :

−qς∂q(F(z))

F(z)
≺ 1 + Az

1 +Bz

}
, (33)

where 0 < q < 1, −1 ≤ B < A ≤ 1 and Nn
λ,q(z) is the q− operator defined by

(1.7).

4 Conclusion

By using principle of subordination and q−meromorphic differential operator,
in this paper, we have defined classes of meromorphic functions and obtained
necessary and sufficient conditions for coefficients of function to belonge to
these classes.
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