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Abstract

In the paper, we introduce subclasses of meromorphic functions by using
principle of subordination and find necessary and sufficient condition for coef-
ficients of functions F to belonge to these classes.
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1 Introduction

Let X be the class of meromorphic functions
(2) =21+ Zakzk, (1)
k=1

which are analytic in U* = U/ {0}, where U = {z € C: |z]| < 1}.
For 0 < a < 1,€ ¥ is called meromorphically starlike (convex) of order «

—Re {Z(S)} > a, (2)

—Re{l+%}>a, (3)

iff
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and it is denoted by X*(a) (X¢(«v)) [7] (see also [1, 2], [9 10], [12]).
Tang et al. [11] defined the g—derivative 0,((2)) by

o — D@

(1—-q)z
1 [o@)
= ——+ ) [k (4)
q k=1
where
. 1—¢

Asq—17,[jl, =7 and 9,(z) = (2). Also, we have

[k+1], = [Kl,+q" = qlkl +1,
k-1, = ¢ [k] —q
0], = [Us=
=@ o e = | | ©

Aouf et al. [4] defined the operator N (2), for € £, A >0, 0 < ¢ <1 by:

aa(2) = (2),

My(2) = (1= X))+ 20,((2)),
and for n e N={1,2,3, ...},

) = (- N + 20N )

— % + ia?(k, Nagz® (n € Ng = NU{0}), (7)
where
ag(k, A)=[1+A(k+2],-D]". (8)
Note that:

(i) limg - N¥ (2) = Dy"(z) = L+ 302 [T+ A (k+ 1)}” apz";
(111])) limg_- N7, (2) = D*"(2) = +Zk L (k4 2)" apz® (see [5] and [3, with
p=1]).
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For0<g<1, c€(0,1] and 7 € C* = C\{0}, let
N SN N DR\ D
ZQq(T,c)—{EE.l T{ B —I—q}%Ac( )}7

and

SK, (7, ¢) = {e i1 {W+ ﬂ < Ac(z)},

where A.(z2) =
From (1.9) and (1.10), we can conclude that

(2) € XKy(7,¢) & —qz0,((2)) € LQy(T, ¢).

By using the operator N} (2) defined by (1.7), we introduce the classes Q7*(7, A, ¢) and

KJ(7, A, c) as follow:
ForneNy, 0<g<1, c€(0,1], A>0, 7 € C*, let

Q. (1, M, ¢) = {E by :N/(L’q(z) € X (r, c)} , (12)
and
Ky (T, A ¢) = {E by :/\/}:q(z) € XK, (T, c)}, (13)
where Q7 (7, ¢) and XK, (7, c) are given by (1.9) and (1.10).
From (1.12) and (1.13), we can conclude that
F(2) € KL(1, A ¢) & —qz0,(F(2)) € Q)" (7, A, ¢). (14)
For functions (z) € ¥ given by (1.1) and g(z) € ¥ given by
g(z) = 271 +72, b2,
the Hadamard product (or convolution) is
(*9)(2) = 27" +3Zy abiz® = (g% )(2).
Since
—q20,(2) x g(2) = (271 32 —qlklgarz") * (271 42 be2®) = 27 S —g[Kganbezt,
(2) % (—420,9(2)) = (27 + Y @)+ (271 432 —alklbiz®) = 27" 472 —alk]brarz,
k=1
then
—q20,(2) * 9(2) = (2) * (—¢20,9(2)) (15)

V1+cz (z € U) and < denotes subordination (see [6, 8]).

(9)

(10)

(11)
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2 Main Results

Unless indecated, let 0 < ¢ < 1,c€ (0,1, 7€ C*, A >0, n € Ny, 6 € [0,27),
ze U™ €.
The function € XQ; (7, ¢) iff

1+ [P(0) —qlz

z (Z)*z(l—z)(l—qz) #0 (z €U, (16)
where ' .
¥(0) = e=(1 +C\/Tcll+ ce™? ) (17)
Proof. For € ¥, To prove (2.1), we write (1.9) as
— %()Z) =1—7q(1 —/1+ cw(z2)), (18)
hence

2| =a0u(2) - (14 ra(VT+ (=) - 1) (2)] #0. (19)

Now from (1.6), we may write (2.4) as

z{[(z)*z(l_(q_l_l)z }—[1—1—7@(@—1)][(2)* ! H%o,

1—2)(1—gqz) 2(1—2)

which is equivalent to

1+ (—¢+ —F———)z
Tq(\/mfl) -
— (V1 + ce — 1
) z(1—2)(1—gqz) [ Ta(V1+ ce )} 70
or
14 (=g + e*i9(1+\/1+7))z
2 [ (2) % _— #0, z € U, (20)

2(1—2)(1—gqz)

which represents (2.1).
Reversely, suppose that € ¥ satisfying (2.1). Since (2.1) is equivalent to

(2.4), then
_q_zaé(;) £1—71q(1 =1+ cet?). (21)
Assume 3
Qz) = —qz ol2) and TI(z) =1—7q(1 — V1 + ¢c2),

(2)
the relation (2.6) shows that Q(U*) N II(OU*) = 0 and thus the simply-
connected domain Q(U*) is included in a connected component of C\II(OU*). From
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here and using the fact €(0) = I1(0) together with the univalence of the func-
tion I1, it follows that Q(z) < II(z), that is € XQ; (7, ¢).
Let € 3. Then € ¥ K, (7,c¢) iff

)
1 —[3lgz = (¥(0) — q) (¢ + 1) ¢°
2(1—2) (1 —qz2) (1 —¢%2)
where W(0) is given by (2.2).

Proof. From (1.11), € YK, (7,¢) iff —q20,(z) € ¥Q} (7,¢). Then from
Theorem 1, —q20,(z) € XQ; (7, ¢) iff

z |(2) * #0 (2 €U, (22)

2 [—qz0,(2) x g(2)] # 0, (23)
where L+ (W(6) )
_ —4q)=z
s rE)
thus
9(gz) — g(z)
949(2) W
_ 1+ Bz + ((0) — q) (¢ + 1)g2?
g2 (1=2) (1 —gq2)(1 —¢*2) ~
and therefore
—q20,9(2) = 1—[3]gz — (¥(0) — q) (¢ + 1)5122‘

z2(1=2)(1—qz)(1 —¢%2)

Using the above relation and (1.15), it is simple to check that (2.8) is identical
to (2.7).
If € Q7 (7, A, ¢). Then

e (1 + V1 + ce?)[k],

Tqc

1452, 1+

] on(k,Napz" #0 (2 €U"). (24)

Proof. If € X, from Theorem 1, we have € Q7*(7, A, c) iff

1+ [P(0) —q|z
2(1=2)(1—gqz)

where U(#) is given by (2.2). Since

Z[gga* }%O(ZGUW, (25)

1
z(1—2)(1—gqz)

= 27 14+z+224+ . )1 +q+ @322+

= 2+ 2], + [3],2 + [4]2% + ... (26)
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Then
1+ [P(0) —qlz
2(1—=2) (1 —qgz)

= 2+ (14+0) + (1+2,9(0)2 + (1+[3],¥(0))2* + ...

= 2 D) (L+ () [k

Now a basic calculation shows that (2.1) is identical to (2.9). Thus, we have

the theorem.
Let (z) € ¥ satisfies

i [[k]q(‘um

Then € Q7*(7, A, ¢).
Proof. Since

) +Irlac] gk N ol < Irlge. (27)

1+

NE

Tq

Tqc+ e (1 4+ V1 + ce?)]
k A) akz

k=1
a —if(q 1 ze
> 1- Z(ch—i—e (I1+vV1+ce ) (ks Vg
k=1 m
= ch+ei((1+m K],
> 1-) ol (k, A) lag| > 0,

7] qc

B
Il

1

then, (2.12) holds and our result follows from Theorem 3.
If € K}'(7, A, ¢). Then

Tqc+ e (1 4+ V1 + ce®)[k]

Tqc

1472, q] (1= [k]) oi(k, Nagz" #0 (2 € U*).

(28)

Proof. From Theorem 2, we have € K] (7, \, c) iff

e LB (O )@t D],
e e lrre i nl ALX L ICD
where W (0) is given by (2.2). Since
1

2(1=2)(1=qz)(1 —¢*2)
= '+ (1+q+@P)+ 1 +q+27+ + ")z
+(14+q+2¢+2¢° +2¢" + ¢° + O 22 + ...

= 2z 14+ 2+224+ )0+ gz + 32+ . )0+ e +¢* 22+ )

(30)
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Then

1 —[3]gz — (¥(0) — q)(g +1)gz"
2(1—2)(1—qz) (1 —¢*)

(1= [20) 1+ 2(0)[2,)2

+(1 = [3],)(1 + ¥ ()[3],)2* + ...
= z7'+ Z(l + U (0) k] ) (1 — [k]g) 2"

1

Now a basic calculation shows that (2.14) is identical to (2.13). Thus, the
proof is completed.

Using similar arguments to those in the proof of Theorem 4, we can prove
the next result.

Let (z) € X satisfies

[M]¢

7, (’1 /1 cet

) +Irlac] (1= K]g) o3 (kM) law] < Irlae,  (31)

B
Il

1

then K7'(7, A, c).

3 Open Problem

The authors suggest to find necessary and sufficient conditions for coefficients
of function to belonge to the following class

(N AB) ={eX: N}, (2) eXQ;(A, B)}, (32)

where

(33)

$Q:(A,B) = { ey . Z00,(F(2)) 1—|—Az}’

F(z) 11 B2
where 0 < g< 1, - 1< B<A<1and Nf’q(z) is the ¢— operator defined by
(1.7).

4 Conclusion

By using principle of subordination and g—meromorphic differential operator,
in this paper, we have defined classes of meromorphic functions and obtained
necessary and sufficient conditions for coefficients of function to belonge to
these classes.
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