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Abstract

The purpose of this paper is to establish the existence and
the uniqueness of a weak solution for the global functional
energy associated to the wave equations coupled with the mod-
el of the von Karman evolution with rotational inertia and
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finite difference method.
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1 Introduction and position of the problem

A dynamic von Karman equations with rotational inertia α > 0,[2] describes
the oscillations of a rectangular elastic thin plate. In nonlinear wave equations
coupled with the von Karman model, we usually consider the case when the
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plate is interact with an acoustic wave, whose interface is in a two-dimensional
manifold. The model of the wave-structure interaction with clamped boundary
conditions, for the displacement u and the Airy stress function φ, is well-known
and can be formulated as follows, see [2] for instance.
Find (u, φ) ∈ L2

(
[0, T ] , H2(ω)

)
× L2

(
[0, T ] , H2

0 (ω)
)

such that

(P0)


utt − α∆utt + ∆2u− [φ+ F0, u] = p(x, t) in ω × [0, T ] ,
u|t=0 = ϕ0, (ut)|t=0 = ϕ1 in ω,
u = ∂νu = 0 on Γ× [0, T ] ,

and

(Q)

{
∆2φ+ [u, u] = 0 in ω × [0, T ] ,
φ = 0, ∂νφ = 0 on Γ× [0, T ] .

Here ω denotes the surface plate, ϕ0 and ϕ1 refer to the initial data, ∂νu =
∇u.~n is the normal derivative inside the boundary Γ, the parameter α > 0 takes
into account the rotational inertial momenta of the elements of the shell/plate
and [., .] stands for the so-called Monge-Ampère operator defined by, [2]:

[φ, u] = ∂11φ∂22u+ ∂11u∂22φ− 2∂12φ∂12u. (1.1)

The dynamic plate, which is subject to an internal force F0 and to a pressure
p(x, t), is interacted with an enclosed acoustic field filling a bounded domain
Σ in R3.

The aerodynamically pressure p(x, t) has the following form, see [2]:

p(x, t) = p0(x1, x2) + µ.(ψt)x3=0, with x = (x1, x2, x3),

where p0 ∈ L2(ω) and µ > 0 is the intensity of the interaction between the
chamber of wave and the plate. The acoustic velocity potential ψ(x, t) satisfies
the following vibration problem, [1]:

(P1)


ψtt = ∆ψ in Σ× [0, T ] ,
ψ|t=0 = ψ0, (ψt)|t=0 = ψ1 in Σ,
∂x3ψ = ut on ω × [0, T ] ,
∂νψ = 0 on ∂Σ/ω × [0, T ] .

Here ω is a subset of the boundary ∂Σ of Σ such that x = (x1, x2, 0) for any
x ∈ ω ∩ ∂Σ, ψ0 and ψ1 are initial data and T > 0 is a real number. As usual,
we use the notation ut = ∂u

∂t
and utt = ∂2u

∂2 t
, for the sake of simplicity.

In [2], Chueshov and Lasiecka studied the problem of wave-plate interac-
tion and established the existence and the uniqueness of a weak solution by
using the theory of nonlinear semi-group. To justify the uniqueness, they used
the weak continuity of nonlinear terms involving Airy stress function.
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The aim in this paper is establish the existence and the uniqueness of the
weak solution for the model of the wave-plate interaction, with rotational in-
ertia and clamped boundary conditions. Our approach is based on an iterative
problem whose the sequence-solution converges to the unique solution of the
considered problem. Finally, we apply the finite difference method developed
by Bilbao in [1] for illustrating the theoretical study.

2 Preliminary results

Throughout the following, Σ denotes a nonempty bounded domain in R3, with
boundary ∂Σ, and ω is a nonempty bounded open domain in R2, with ω ⊂ ∂Σ.
We assume that Γ := ∂ω is regular and any point x ∈ ∂Σ ∩ ω can be written
in the form x = (x1, x2, 0).

Let p ≥ 1 be a real number and m ≥ 1 be an integer. We denote by |.|p,ω
the standard norm of Lp(ω) and by ‖.‖m,ω the classical norm of Hm(ω).

For u ∈ H2
0 (ω) we set

‖u‖ =: |∆u|2,ω =
(∫

ω

(∆u)2
) 1

2
,

which defines a norm in the space H2
0 (ω), see [4, 7] for instance. For any fixed

α > 0 we also set:

‖u‖α = ‖u‖+ α |∇u|22,ω + |ut|22,ω .

We define

W (0, T ) =
{
u : u ∈ L2

(
[0, T ] , H2

0 (ω)
)
, ut ∈ L2

(
[0, T ] , L2(ω)

)}
,

which is a Hilbert space with the associated norm(
|u|2

L2
(

[0,T ],H2
0 (ω)
) + |ut|2

L2
(

[0,T ],L2(ω)
))1/2

.

We recall the following results, see [4, 7] for instance.

Theorem 2.1. Let f ∈ L2(ω). Then the following problem

(Q)


∆2v = f in ω,
v = 0 on Γ,
∂νv = 0 on Γ,

has one and only one solution v ∈ H2
0 (ω) ∩H4(ω) satisfying

‖v‖ ≤ c0 |f |1,ω ,

for some constant c0 > 0 depending only on mes(ω).
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Remark 2.2. If the function f belongs to L2
(

[0, T ] , L2(ω)
)

then the unique
solution v of the problem (Q) satisfies v ∈ L2

(
[0, T ] , H2

0 (ω) ∩H4(ω)
)
.

Theorem 2.3. Let g ∈ L2
(

[0, T ] , L2(ω)
)
, ψ0 ∈ L2

(
[0, T ] , H1(Σ)

)
and ψ1 ∈

L2
(

[0, T ] , L2(Σ)
)
. Then the following vibration problem:

(R)


ψtt = ∆ψ in Σ× [0, T ] ,
ψ|t=0 = ψ0

|t=0
, (ψt)|t=0 = ψ1

|t=0
in Σ,

∂x3ψ = g on ω × [0, T ] ,
∂νψ = 0 on ∂Σ/ω × [0, T ] ,

has one and only one solution ψ ∈ H1(Σ) satisfying ψt ∈ L2(Σ).

We mention that the solution ψ of the problem (R), as well as the following
expressions

|∇ψ|22,Σ =:

∫
Σ

(
∇ψ(x, y, z, t)

)2

dxdydz, |(ψ)t|22,Σ =:

∫
Σ

( d
dt
ψ(x, y, z, t)

)2

dxdydz,

do not depend on t ∈ [0, T ].
We recall the following result as well, see [9].

Theorem 2.4. Let g ∈ L2
(

[0, T ] , L2(ω)
)
, ψ0 ∈ L2

(
[0, T ] , H1(Σ)

)
and ψ1 ∈

L2
(

[0, T ] , L2(Σ)
)
. Then the solution ψ of the problem (R) is such that ψ ∈

L2
(

[0, T ] , H1(Σ)
)

and ψt ∈ L2
(

[0, T ] , L2(Σ)
)
. Moreover we have the following

estimation

∀t ≥ 0 |ψt|22,Σ + |∇ψ|22,Σ ≤ eT
( ∣∣∇ψ0

∣∣2
2,Σ

+
∣∣ψ1
∣∣2
2,Σ

+

∫ T

0

(|g|2,ω)2
)
.

Now, we are in the position to state our main result of this section as recited
in the following.

Theorem 2.5. Let f ∈ L2
(

[0, T ] , L2(ω)
)
, (ϕ0, ϕ1) ∈ H2

0 (ω) × H1
0 (ω) and

(ψ0, ψ1) ∈ H1(Σ)× L2(Σ). Then the following problem:

(S)



utt − α∆utt + ∆2u− µ(ψt)|x3=0 = f in ω × [0, T ] ,
ψtt = ∆ψ, in Σ× [0, T ]
u = ∂νu = 0 on Γ× [0, T ] ,
u|t=0 = ϕ0, (ut)|t=0 = ϕ1 in ω,
ψ|t=0 = ψ0, (ψt)|t=0 = ψ1 in Σ,
∂x3ψ = ut on ω × [0, T ] ,
∂νψ = 0 on ∂Σ/ω × [0, T ] ,

has one and only one weak solution u such that

(u, ut) ∈ C0
(

[0, T ] , H2
0 (ω)

)
×H1

0 (ω) and (ψ, ψt) ∈ C0
(

[0, T ] , H1(Σ)
)
×L2(Σ).



Wave Equations coupled by Von Karman Models with Rotational Forces 5

Moreover we have the following estimation

‖u‖2+|ut|22,ω+α |∇ut|22,ω+µ |ψt|22,Σ+µ |∇ψ|22,Σ ≤ eT
(
‖ϕ0‖2+|ϕ1|22,ω+α |∇ϕ1|22,ω

+ µ
∣∣ψ1
∣∣2
2,Σ

+ µ
∣∣∇ψ0

∣∣2
2,Σ

+

∫ T

0

(|f |2,ω)2
)
. (2.1)

Proof

For proving this result, we will follow the same approach as in [2, 8].
We consider an approximate problem to (S) and we then use the variational
method involving the n-order approximate solution. Let { ek, e1

k } be a basis in
the space H2

0 (ω)×H1(Σ). We define an n-order Galerkin approximate solution
to the problem (S) with clamped boundary conditions on the interval [ 0, T ],
as a function (un, ψn) such that:

un(t) =
n∑
k=1

hk(t)ek and ψn(t) =
n∑
k=1

lk(t)e
1
k n = 1, 2, 3, ...,

where (hk(t), lk(t)) ∈ W 2,∞(0, T ;R) ×W 1,∞(0, T ;R). Then, φn is determined
by un according to the problem (Q), (un0, ψn0), (un1, ψn1) are chosen such that
(un0, ψn0) converges to (ϕ0, ψ

0) in L2
(

[0, T ] , H2
0 (ω) × H1(Σ)

)
and (un1, ψn1)

converges to (ϕ1, ψ
1) in L2

(
[0, T ] , H1

0 (ω)× L2(Σ)
)
.

For this, we set unm =: un − um, ψnm =: ψn − ψm and, unmk =: unk − umk,
ψnmk =: ψnk −ψmk for k = 0, 1. Writing the variational problem associated to
(S), we get:∫

ω

unttu
nm
t + α

∫
ω

∇untt∇unmt +

∫
ω

∆un∆unmt − µ
∫
ω

unmt (ψnt )|x3=0 =

∫
ω

funmt

and∫
ω

umttu
nm
t + α

∫
ω

∇umtt∇unmt +

∫
ω

∆um∆unmt − µ
∫
ω

unmt (ψmt )|x3=0 =

∫
ω

funmt .

Let us remark that we have∫
ω

unmtt u
nm
t + α

∫
ω

∇unmtt ∇unmt +

∫
ω

∆unm∆unmt − µ
∫
ω

unmt (ψnmt )|x3=0 = 0,

and also ∫
Σ

ψnttψ
nm
t +

∫
Σ

∇ψn∇ψnmt = −
∫
ω

unt
(
ψnmt

)
|x3=0

.

Hence ∫
Σ

ψmtt ψ
nm
t +

∫
Σ

∇ψm∇ψnmt = −
∫
ω

umt
(
ψnmt

)
|x3=0

,
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and then ∫
Σ

ψnmtt ψ
nm
t +

∫
Σ

∇ψnm∇ψnmt = −
∫
ω

unmt
(
ψnmt

)
|x3=0

.

It follows that we have

1

2

d

dt

(
|unmt |

2
2,ω + ‖unm‖2 + α |∇unmt |

2
2,ω

)
− µ

∫
ω

unmt
(
ψnmt

)
|x3=0

= 0,

and
µ

2

d

dt

(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ

)
= −µ

∫
ω

unmt
(
ψnmt

)
|x3=0

.

We then infer that

d

dt

(
|unmt |

2
2,ω + ‖unm‖2 + α |∇unmt |

2
2,ω

)
+ µ

d

dt

(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ

)
= 0.

Integrating this latter equality with respect to t > 0, using the fact that
un|t=0 = un0, (u

n
t )|t=0 = un1, ψn|t=0 = ψn0 and (ψnt )|t=0 = ψn1, we then get

‖unm‖α + µ
(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ

)
= |unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2

+ µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ .

For 0 ≤ s ≤ t we have

‖unm‖α + µ
(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ

)
≤ |unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2

+µ |∇ψnm0|22,Σ +µ |ψnm1|22,Σ +

∫ t

0

(‖unm‖α+µ
(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ)

)
. (2.2)

For the sake of simplicity we set, for 0 ≤ s ≤ t,

I(s) = ‖unm‖α + µ
(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ

)
.

Then (2.2) yields

e−s
(
I(s)−

∫ s

0

I(σ)dσ
)
≤ e−s

(
|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2

+ µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ
)
.

It follows that

d
ds

(
e−s
∫ s

0

I(σ)dσ
)

= e−sI(s)− e−s
∫ s

0

I(σ)dσ = e−s
(
I(s)−

∫ s

0

I(σ)dσ
)
,

≤ e−s
(
|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2

+µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ
)
.
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Remark that the following expression

|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2 + µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ = I(0),

does not depend on s, and therefore we can write∫ t

0

d

ds

(
e−s
∫ s

0

I(σ)dσ
)
ds ≤

( ∫ t

0

e−sds
)(
|unm1|22,ω +α |∇unm1|22,ω +‖unm0‖2

+ µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ
)
,

from which we deduce

e−t
∫ t

0

I(σ)dσ ≤ (1− e−t)
(
|unm1|22,ω +α |∇unm1|22,ω +‖unm0‖2 +µ |∇ψnm0|22,Σ

+ µ |ψnm1|22,Σ
)
.

Since ∫ t

0

(
‖unm‖α + µ

(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ

))
=

∫ t

0

I(σ)dσ,

then we have∫ t

0

I(σ)dσ ≤ (1−e−t)
e−t

(
|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2 + µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ

)
,

≤ (et − 1)
(
|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2 + µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ

)
,

≤ (eT − 1)
(
|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2 + µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ

)
.

This, when combined with (2.2), yields

‖unm‖α + µ
(
|ψnmt |

2
2,Σ + |∇ψnm|22,Σ

)
≤
(
|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2 + µ |∇ψnm0|22,Σ

+µ |ψnm1|22,Σ
)

+ (eT − 1)
(
|unm1|22,ω + α |∇unm1|22,ω

+ ‖unm0‖2 + µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ
)
,

≤ eT
(
|unm1|22,ω + α |∇unm1|22,ω + ‖unm0‖2

+µ |∇ψnm0|22,Σ + µ |ψnm1|22,Σ
)
.

The sequence
(
un, ψn

)
is a Cauchy sequence and according to the n-order

approximate problem we have
(
un, ψn

)
∈ C0

(
[0, T ] , H2

0 (ω) × H1(Σ)
)

and(
unt , ψ

n
t

)
∈ C0

(
[0, T ] , H1

0 (ω) × L2(Σ)
)
. We then deduce that

(
un, ψn

)
con-

verges to (u, ψ) in the Banach space C0
(

[0, T ] , H2
0 (ω)×H1(Σ)

)
and

(
(un)t, ψ

n
t

)
converges weakly to

(
(u)t, ψt

)
in C0

(
[0, T ] , H1

0 (ω)× L2(Σ)
)
.
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For showing that (u, ψ) is a weak solution of the problem (S), we proceed
in an analogous way as in [8].

Let ϕj ∈ C1(0, T ), 1 ≤ j ≤ j0, be such that ϕj(T ) = 0 and

θ =:

j0∑
j=1

ϕj ⊗ ej, ϕ =:

j0∑
j=1

ϕj ⊗ e1
j .

With this, we have the following variational equations

−
∫ T

0

∫
ω

unt θt + α

∫ T

0

∫
ω

∇unt∇θt − µ
∫ T

0

∫
ω

θ
(
ψnt
)
|x3=0

+

∫ T

0

∫
ω

∆un∆θ

=

∫ T

0

∫
ω

fθ −
∫
ω

un1θ(0)− α
∫
ω

∇un1∇θ(0) (2.3)

and

−
∫ T

0

∫
Σ

ψnϕt +

∫
Σ

∇ψn∇ϕ = −
∫
ω

unt ϕ+

∫
Σ

ψn1ϕ(0). (2.4)

Letting n → +∞ in (2.3) and in (2.4), we therefore deduce that, for all
θ ∈ L2

(
[0, T ], H2

0 (ω)
)
, θt ∈ L2

(
[0, T ], H1(ω)

)
, ϕ ∈ L2

(
[0, T ], H1(Σ)

)
and ϕt ∈

L2
(
[0, T ], L2(Σ)

)
such that ψ(T ) = ϕ(T ) = 0, we have

−
∫ T

0

∫
ω

utθt + α

∫ T

0

∫
ω

∇ut∇θt − µ
∫ T

0

∫
ω

θ
(
ψt
)
|x3=0

+

∫ T

0

∫
ω

∆u∆θ

=

∫ T

0

∫
ω

fθ −
∫
ω

ϕ1θ(0)− α
∫
ω

∇ϕ1∇θ(0)

and

−
∫ T

0

∫
Σ

ψϕt +

∫
Σ

∇ψ∇ϕ = −
∫
ω

utϕ+

∫
Σ

ψ1ϕ(0).

We then conclude that (u, ψ) is a weak solution of the problem (S).
Otherwise, by analogous method as in the proof of Theorem 2.4, it is not

hard to show the following inequality

‖u‖2+|ut|22,ω+α |∇ut|22,ω+µ |ψt|22,Σ+µ |∇ψ|22,Σ ≤ eT
(
‖ϕ0‖2+|ϕ1|22,ω+α |∇ϕ1|22,ω+µ

∣∣ψ1
∣∣2
2,Σ

+µ
∣∣∇ψ0

∣∣2
2,Σ

+

∫ T

0

(|f |2,ω)2
)
.

Now, we will establish the uniqueness. Let (u1, ψ1) and (u2, ψ2) be two so-
lutions of the problem (S). Then

(
u1 − u2, ψ1 − ψ2

)
satisfies the following



Wave Equations coupled by Von Karman Models with Rotational Forces 9

equations

(1− α∆)(u1 − u2)tt + ∆2(u1 − u2)− µ
(
(ψ1)t − (ψ2)t

)
|x3=0

= 0 in ω × [0, T ] ,

(ψ1 − ψ2)tt + ∆(ψ1 − ψ2) = 0 in Σ× [0, T ] ,
u1 − u2 = ∂ν(u1 − u2) = 0 on Γ× [0, T ] ,
(u1 − u2)|t=0 = 0, ((u1 − u2)t)|t=0 = 0, in ω,
(ψ1 − ψ2)|t=0 = 0, ((ψ1 − ψ2)t)|t=0 = 0, in Σ,
∂x3(ψ1 − ψ2) = (u1)t − u2)t, on ω × [0, T ] ,
∂ν(ψ1 − ψ2) = 0, on ∂Σ/ω × [0, T ] .

It follows that

‖u1 − u2‖α + µ |(ψ1 − ψ2)t |
2
2,ω + µ |∇(ψ1 − ψ2)|22,ω

≤ eT
( ∣∣(u1)1 − (u2)1

∣∣2
2,ω

+ ‖(u1)0 − (u2)0‖2 + α
∣∣∇((u1)1 − (u2)1)

∣∣2
2,ω

+ µ
∣∣(ψ1)0 − (ψ2)0

∣∣2
2,ω

+ µ
∣∣(∇ψ1)0 − (∇ψ2)0

∣∣2
2,ω

)
.

Hence u1 = u2 and ψ1 = ψ2. The proof is finished. ±
For the sake of simplicity, we need to introduce the following notation

F1(u, φ) =: [ φ+ F0, u ] + p. (2.5)

We have the two following results as well.

Proposition 2.6. Let ũ = (u, φ) and ṽ = (v, ϕ) be in L2
(

[0, T ] , (H2
0 (ω))2

)
such that

‖ũ‖(H2
0 (ω))2 ≤ c and ‖ṽ‖(H2

0 (ω))2 ≤ c,

for some c > 0 small enough. If ‖F0‖2,ω is small enough then the following
inequality

‖F1(ũ)− F1(ṽ)‖L1(ω) ≤ c2 ‖(u, φ)− (v, ϕ)‖(H2
0 (ω))2

holds true for some 0 < c2 < 1.

Proof

By (2.5) and the fact that the map (φ, u) 7−→ [φ, u] is bilinear we can write

‖F1(ũ)− F1(ṽ)‖L1(ω) ≤
∣∣∣ [φ+ F0, u ]− [ϕ+ F0, v ]

∣∣∣
1,ω

≤
∣∣∣ [φ, u ]− [ϕ, v ]

∣∣∣
1,ω

+
∣∣∣ [F0, u− v ]

∣∣∣
1,ω
. (2.6)

It is easy to see that∣∣∣ [φ, u ]− [ϕ, v ]
∣∣∣
1,ω

=
∣∣∣ [φ− ϕ, u ]+[ϕ, u− v ]

∣∣∣
1,ω
≤
∣∣∣ [φ− ϕ, u ]

∣∣∣
1,ω

+
∣∣∣ [ϕ, u− v ]

∣∣∣
1,ω
.
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By the definition (1.1) of [., .] and using the Hölder inequality we get

| [φ− ϕ, u ]|1,ω ≤
∫
ω

|∂11(φ− ϕ)| |∂22u|+
∫
ω

|∂22(φ− ϕ)| |∂11u|+2

∫
ω

|∂12(φ− ϕ)| |∂12u|

≤ |∂11(φ− ϕ)|2,ω ‖u‖2,ω + |∂22(ψ − ϕ)|2,ω ‖u‖2,ω + 2 |∂12(φ− ϕ)|2,ω ‖u‖2,ω

≤ ‖φ− ϕ‖ ‖u‖2,ω + ‖φ− ϕ‖ ‖u‖2,ω + 2 ‖φ− ϕ‖ ‖u‖2,ω ≤ 4c ‖φ− ϕ‖ . (2.7)

By similar arguments, we can prove that

| [ϕ, u− v ]|1,ω ≤ 4c ‖u− v‖

and
| [F0, u− v ]|1,ω ≤ 4 ‖F0‖2,ω ‖u− v‖ .

Substituting these in (2.6), with a simple manipulation, we then get

‖F1(ũ)− F1(ṽ)‖L1(ω) ≤
(
8c+ 4 ‖F0‖2,ω

)
‖(u, φ)− (v, ϕ)‖(H2

0 (ω))2 .

If we put
c2 = 8c+ 4 ‖F0‖2,ω ,

and we choose

‖F0‖2,ω < 1/4, 0 < c <
1− 4 ‖F0‖2,ω

8

then we obtain

‖F1(ũ)− F1(ṽ)‖L1(ω) ≤ c2 ‖(u, φ)− (v, ϕ)‖(H2
0 (ω))2 ,

with 0 < c2 < 1. The proof is complete. ∓

Proposition 2.7. Let u, v ∈ H2
0 (ω) and F0 ∈ H4(ω) be with small enough

norms. Let φ, ϕ ∈ H2
0 (ω) be, respectively, the solutions of the two following

equations:
∆2φ = − [u, u] and ∆2ϕ = − [v, v] .

Then the following estimation

‖F1(u, φ)− F1(v, ϕ)‖L2(ω) ≤ c1 ‖(u, φ)− (v, ϕ)‖(H2
0 (ω))2

holds for some 0 < c1 < 1.

Proof

Following [2], we have∣∣∣ [u, φ]− [v, ϕ]
∣∣∣
2,ω
≤ c0

(
‖u‖2 + ‖v‖2 ) ‖u− v‖ ,



Wave Equations coupled by Von Karman Models with Rotational Forces 11

for some c0 > 0. Let c > 0 be small enough, with ‖u‖2,ω ≤ c and ‖v‖2,ω ≤ c.
Then we have ∣∣∣ [u, φ]− [v, ϕ]

∣∣∣
2,ω
≤ 2c0c

2 ‖u− v‖

and so

‖F1(u, φ)− F1(v, ϕ)‖L2(ω) ≤
∣∣∣ [φ+ F0, u ]− [ϕ+ F0, v ]

∣∣∣
2,ω
,

≤
∣∣∣ [φ, u ]− [ϕ, v ]

∣∣∣
2,ω

+
∣∣∣ [F0, u− v ]

∣∣∣
2,ω
,

≤
(
2c0c

2 + 4 ‖F0‖4,ω

)
‖u− v‖ .

If we choose

‖F0‖4,ω <
1

4
and 0 < c <

√
1− 4 ‖F0‖4,ω

2c0

,

we have
0 < c1 = 2c0c

2 + 4 ‖F0‖4,ω < 1,

so concluding the proof. ±

3 Iterative approach

In this section, in order to establish the uniqueness of the solution (u, φ) sat-
isfying (P0) and (Q), we will consider an iterative approach which we explain
in the following.

Let n ≥ 2 be an integer and let u1 ∈ H2
0 (ω), with u1 6= 0. We construct

φn−1 ∈ H2
0 (ω) as the solution of the equation ∆2φn−1 = − [un−1, un−1], and

(un, ψn) is such that:

(Pn)



(un)tt − α∆(un)tt + ∆2un − µ
(
(ψn)t

)
|x3=0

= F1(un−1, φn−1) in ω × [0, T ] ,

(ψn)tt = ∆ψn in Σ× [0, T ] ,
un = ∂µun = 0 on Γ× [0, T ] ,
(un)|t=0 = ϕ0,

(
(un)t

)
|t=0

= ϕ1 in ω,

(ψn)|t=0 = ψ0,
(
(ψn)t

)
|t=0

= ψ1 in Σ,

∂x3ψn = (un)t on ω × [0, T ] ,
∂νψn = 0 on ∂Σ/ω × [0, T ] ,

where F1(u, φ) is defined by (2.5).
Let us explain more the use of the previous process. We start with given

0 6= u1, we first find φ1 ∈ H2
0 (ω) solution of ∆2φ1 = − [u1, u1]. Then (u2, ψ2)

is defined as solution of (P2). We then pursue the same way for constructing
φ2, ψ3, u3, φ3, ψ4, u4 in a similar manner.
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We are now in the position to state the main result of this section that
reads as follows.

Theorem 3.1. Let p ∈ L2(ω), µ, α > 0, (ϕ0, ϕ1) ∈ H2
0 (ω) × H1

0 (ω) and
(ψ0, ψ1) ∈ H1(Σ)× L2(Σ). Assume that all the following quantities

‖F0‖4,ω , |p|2,ω , ‖ϕ0‖2
2,ω , |ϕ1|22,ω , |∇ϕ1|22,ω ,

∣∣∇ψ0
∣∣2
2,Σ

and
∣∣ψ1
∣∣2
2,Σ

are small enough. Assume that further the initial data u1 6= 0 is chosen inde-
pendent in t and ‖u1‖ is small enough. Then there is one and only one weak
solution (u, φ, ψ) in L2

(
[0, T ] , H2

0 (ω) × H2
0 (ω) × H1(Σ)

)
satisfying P0,Q,P1,

and such that (ut, ψt) ∈ L2
(

[0, T ] , H1(ω)× L2(Σ)
)
.

Proof We divide it into three steps.

Step 1: Let us consider the problems (Pn). Throughout this proof we will
use the following notation

|‖u‖| := ‖u‖2 + |(u)t|22,ω + α |∇(u)t|22,ω and |‖ψ‖|∗ =: |ψt|22,Σ + |∇ψ|22,Σ .

By a mathematical induction on n ≥ 1, we will prove that the following in-
equalities

|‖un‖| ≤ ‖u1‖2 and ‖φn‖2,ω ≤ ‖u1‖

hold true for all n ≥ 1, with 0 ≤ t ≤ T .
Since u1 does not depend on t then, for n = 1 we have

|‖u1|‖ = ‖u1‖2 + |(u1)t|22,ω + α |∇(u1)t|22,ω = ‖u1‖2 .

Otherwise, φ1 is the solution of ∆2φ1 = − [ u1, u1 ], and consequently Theorem
2.1 ensures that there exists c0 > 0 such that

‖φ1‖ ≤ c0 |[ u1, u1 ]|1,ω .

Using the proof of Proposition 2.6, with ‖u1‖ < c and 0 < 4c0c < 1, we can
deduce that

‖φ1‖ ≤ 4c0 ‖u1‖2 ≤ 4c0c ‖u1‖ ≤ ‖u1‖ .

This means that the desired inequalities are true for n = 1.
Assume that for k = 2, ..., n and 0 ≤ t ≤ T , we have

|‖uk‖| ≤ ‖u1‖2 and ‖φk‖2,ω ≤ ‖u1‖ ,

and according to Theorem (2.1), Proposition (2.6) we deduce that

‖φn‖ ≤ c0 |[ un, un ]|1,ω ≤ 4c0 ‖un‖2 .
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Since (un+1, ψn+1) is the solution of (Pn+1), Proposition 2.7, Theorem 2.1
and Theorem 2.5 imply that, there exists 0 < c1 =: 2c0c

2 + 4 ‖F0‖4,ω < 1, such
that

|‖un+1‖|+ µ |‖ψn+1‖|∗ ≤ eT
(
‖ϕ0‖2 + |ϕ1|22,ω + α |∇ϕ1|22,ω + µ(|ψ1|22,Σ + |∇ψ0|22,Σ)

+

∫ T

0

‖F1(un, φn)‖2
L2(ω)

)
≤ eT

(
‖ϕ0‖2 + |ϕ1|22,ω + α |∇ϕ1|22,ω + µ(|ψ1|22,Σ + |∇ψ0|22,Σ) + 2

∫ T

0

|p|22,ω

+

∫ T

0

2c1 ‖(un, φn)‖2
(H2

0 (ω))2

)
≤ eT

(
‖ϕ0‖2 + |ϕ1|22,ω + α |∇ϕ1|22,ω + µ(|ψ1|22,Σ + |∇ψ0|22,Σ) + 2T |p|22,ω

+

∫ T

0

2c1

(
‖un‖2 + ‖φn‖2 ))

≤ eT
(
‖ϕ0‖2 + |ϕ1|22,ω + α |∇ϕ1|22,ω + µ(|ψ1|22,Σ + |∇ψ0|22,Σ) + 2T |p|22,ω

+

∫ T

0

2c1(1 + 4c0) ‖un‖2
)
.

.

It follows that, with ‖un‖2 ≤ ‖u1‖2, we have

|‖un+1‖|+ µ |‖ψn+1‖|∗ ≤ eT
(
‖ϕ0‖2 + |ϕ1|22,ω + α |∇ϕ1|22,ω + µ

(
|ψ1|22,Σ + |∇ψ0|22,Σ

)
+2T |p|22,ω

)
+ 2TeT c1(1 + 4c0) ‖u1‖2 .

We can choose
0 < c3 = 2TeT c1(1 + 4c0) < 1 (3.1)

and

‖ϕ0‖2 + |ϕ1|22,ω+α |∇ϕ1|22,ω+2T |p|22,ω+µ
( ∣∣∇ψ0

∣∣2
2,Σ

+
∣∣ψ1
∣∣2
2,Σ

)
≤ 1− c3

eT
‖u1‖2 .

Thus, with 0 < c1 < 1, we have

|‖un+1‖|+ µ |‖ψn+1‖|∗ ≤ eT
(
‖ϕ0‖2 + |ϕ1|22,ω + α |∇ϕ1|22,ω + µ

(
|∇ψ0|22,Σ + |ψ1|22,Σ

)
+2T |p|22,ω

)
+ c3 ‖u1‖2 ,

≤ eT
1− c3

eT
‖u1‖2 + c3 ‖u1‖2 = ‖u1‖2 .

Furthermore, one has

‖φn+1‖ ≤ c0 |[ un+1, un+1 ]|1,ω ,

which, with ‖u1‖ < c and 0 < 4c0c < 1, immediately yields

‖φn+1‖ ≤ 4c0 ‖un+1‖2 ≤ 4c0 ‖u1‖2 ≤ 4c0c ‖u1‖ ≤ ‖u1‖ .
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Summarizing, we have proved that, for all n ≥ 1 and any 0 ≤ t ≤ T ,

|‖un‖| ≤ ‖u1‖2 and ‖φn‖2,ω ≤ ‖u1‖ .

In another part, we have

|‖ψn‖|∗ ≤
1

µ
‖u1‖2 .

Step 2: For n ≥ 2, let (un, ψn) be the unique solution of (Pn) and let
2 ≤ m ≤ n. Then, it is easy to see that ψnm =: ψn − ψm and unm =: un − um
satisfy the following equations

(unm)tt − α∆(unm)tt + ∆2unm − µ((ψnm)t)|x3=0

= F1(un−1, φn−1)− F1(um−1, φm−1) in ω × [0, T ] ,
(ψnm)tt = ∆(ψnm) in Σ× [0, T ] ,
unm = 0 ∂νunm = 0 on Γ× [0, T ] ,
(unm)|t=0 = 0 , ((unm)t)|t=0 = 0 in ω,
∂x3(ψnm) = (unm)t on ω × [0, T ] ,
∂ν(ψnm) = 0 on ∂Σ/ω × [0, T ] ,
(ψnm)|t=0 = 0 , ((ψnm)t)|t=0 = 0 in Σ.

Note that φn−1 − φm−1 is a solution of the following problem
∆2(φn−1 − φm−1) = − [un−1, un−1] + [um−1, um−1] , in ω × [0, T ]

φn−1 − φm−1 = ∂ν(φn−1 − φm−1) = on Γ× [0, T ] ,

According to Theorem (2.1) we can write

‖φn−1 − φm−1‖ ≤ c0 |[un−1, un−1]− [um−1, um−1]|1,ω ,

and by Proposition 2.6, with (2.7), we infer that

‖φn−1 − φm−1‖ ≤ 4c0

(
‖un−1‖+ ‖um−1‖

)
‖un−1 − um−1‖

≤ 8c0c ‖un−1 − um−1‖ . (3.2)

Utilizing Proposition 2.7 and Theorem 2.5 again we get

|‖un − um‖|+ µ |‖ψn − ψm‖|∗ ≤ eT
∫ T

0

|F1(un−1, φn−1)− F1(um−1, φm−1)|22,ω ,

≤ eT c1

∫ T

0

‖(un−1 − um−1), (φn−1 − φm−1)‖2
(H2

0 (ω))2 ,

≤ eT c1

∫ T

0

(
‖un−1 − um−1‖2 + ‖φn−1 − φm−1‖2 ),

≤ eT c1

∫ T

0

(
‖un−1 − um−1‖2 + 64c2

0c
2 ‖un−1 − um−1‖2 ),

≤ eT c1(1 + 64c2
0c

2)

∫ T

0

‖un−1 − um−1‖2 ,
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We then get, with c4 = eT c1(1 + 64c2
0c

2),

|‖un − um‖| ≤ eT c1(1 + 64c2
0c

2)

∫ T

0

‖|un−1 − um−1|‖ ,

≤ (c4)m−2

∫ T

0

...

∫ T

0

‖|un−m+2 − u1|‖ ,

and consequently

|‖un − um‖| ≤ (c4)m−2
∑n−m+1

k=0 (c4)k
∫ T

0

...

∫ T

0

‖|(u2 − u1)|‖ ,

≤ (c4)m−2
∑n−m+1

k=0 (c4)k
(
2 ‖u1‖2 ).

This, with the help of (3.2), yields

‖φn − φm‖ ≤ 4c0

(
‖un‖+ ‖um‖

)
‖un − um‖ .

The sequence (un, φn−1)n≥2 is a Cauchy sequence in L2
(

[0, T ] , (H2
0 (ω))2

)
.

It follows that (un, φn−1) converges to some (u, φ) in L2
(

[0, T ] , (H2
0 (ω))2

)
and

((un)t,∇(un)t) converges to ((u)t,∇(u)t) in L2
(

[0, T ] , (L2(ω))2
)
. We then infer

that (un)t converges to ut in L2([0, T ] , L2(ω)).
Furthermore, (∇ψn, (ψn)t) is also a Cauchy sequence in L2([0, T ] , (L2(Σ))2)

and therefore (∇ψn, (ψn)t) converges to some (ψ∗, ψ∗∗) in the Banach space
L2
(

[0, T ] , (L2(Σ))2
)
. According to the Hölder inequality, we have∣∣∣∣ψn(t)− ψn(0)−

∫ t

0

ψ∗∗
∣∣∣∣2
2,Σ

=

∫
Σ

∣∣∣∣ψn − ψn(0)−
∫ t

0

ψ∗∗
∣∣∣∣2 =

∫
Σ

∣∣∣∣∫ t

0

(
(ψn)t − ψ∗∗

)∣∣∣∣2 ,
≤
∫

Σ

T 2

∫ t

0

|(ψn)t − ψ∗∗|2 ≤ T 2

∫ t

0

|(ψn)t − ψ∗∗|22,Σ .

Hence the function-sequence ψn(t)−ψn(0) converges to

∫ t

0

ψ∗∗ in L2([0, T ] , H1(Σ)).

According to Theorem 2.5, we have ψn ∈ C0
(

[0, T ] , H1(Σ)
)
. It follows

that (ψn)t converges to ψt = ψ∗∗. Otherwise, by Proposition 2.7 we can say
that F1(un−1, φn−1) converges to F1(u, φ) in L2(ω).

By the continuity of the operators ”trace” and ”∂ν”,

(un, φn−1)Γ = (∂νun, ∂νφn−1) = (0, 0) and ((un)t)|Γ = 0

imply that
(u, φ)Γ = (∂νu, ∂νφ) = (0, 0) and (ut)|Γ = 0.

Thanks to Theorem 2.5, we can write(
un, (un)t, ψn, (ψn)t

)
∈ C0

(
[0, T ] , H2

0 (ω)×H1(ω)×H1(Σ)× L2(Σ)
)
,
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with

(un)|t=0 = ϕ0, ((un)t)|t=0 = ϕ1, (ψn)|t=0 = ψ0, ((ψn)t)|t=0 = ψ1

and so we infer that

u|t=0 = ϕ0, (ut)|t=0 = ϕ1, ψ|t=0 = ψ0, (ψt)|t=0 = ψ1

To show that (u, φ, ψ) is a weak solution of P0,Q,P1, we follow an analog
method as that of [8]. Let φj ∈ C1(0, T ), 1 ≤ j ≤ j0, be such that ϕj(T ) = 0,
and

θ =

j0∑
j=1

ϕj ⊗ ej, ϕ =

j0∑
j=1

ϕj ⊗ e1
j ,

where (ek) and (e1
k) are basis of H2

0 (ω) and H1(Σ), respectively. We have the
following variational equations:

−
∫ T

0

∫
ω

unt θt + α

∫ T

0

∫
ω

∇unt∇θt − µ
∫ T

0

∫
ω

θ(ψnt )|x3=0 +

∫ T

0

∫
ω

∆un∆θ

=

∫ T

0

∫
ω

F1(un−1, φn−1)θ −
∫
ω

un1θ(0)− α
∫
ω

∇un1∇θ(0) (3.3)

and

−
∫ T

0

∫
Σ

ψnϕt +

∫
Σ

∇ψn∇ϕ = −
∫
ω

unt ϕ+

∫
Σ

ψn1ϕ(0). (3.4)

Letting n→ +∞ in (3.3) and (3.4) we deduce that, for all θ ∈ L2([0, T ], H2
0 (ω)),

θt ∈ L2([0, T ], H1(ω)), ϕ ∈ L2([0, T ], H1(Σ)) and ϕt ∈ L2([0, T ], L2(Σ)), such
that θ(T ) = ϕ(T ) = 0, we have

−
∫ T

0

∫
ω

utθt + α

∫ T

0

∫
ω

∇ut∇θt − µ
∫ T

0

∫
ω

θ(ψt)|x3=0 +

∫ T

0

∫
ω

∆u∆θ

=

∫ T

0

∫
ω

F1(u, φ)θ −
∫
ω

ϕ1θ(0)− α
∫
ω

∇ϕ1∇θ(0) (3.5)

and

−
∫ T

0

∫
Σ

ψϕt +

∫
Σ

∇ψ∇ϕ = −
∫
ω

utϕ+

∫
Σ

ψ1ϕ(0). (3.6)

Summarizing, we have established that (u, φ) is a weak solution of the von
Karman evolution and ψ is a solution to the vibration problem.

Step 3: We now prove the uniqueness. Assume that there exist two solu-
tions (u1, φ1, ψ1) and (u2, φ2, ψ2) in L2

(
[0, T ] , (H2

0 (ω))2 × H1(Σ)
)

such that,
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for some c > 0 small enough, we have ‖u1‖2 ≤ c and ‖u2‖2 ≤ c. This implies
that u12 =: u1 − u2 and ψ12 =: ψ1 − ψ2 satisfy the following equations

(P3)



u12
tt − α∆u12

tt + ∆2u12 − µ(ψ12
t )|x3=0

= F1(u1, φ1)− F1(u2, φ2) in ω × [0, T ] ,
ψ12
tt = ∆ψ12, in Σ× [0, T ] ,
u12 = 0 , ∂ν(u

12) = 0 on Γ× [0, T ] ,
u12(x1, x2, 0) = 0, (u12)t(x1, x2, 0) = 0 in ω,
∂νψ

12 = 0 on Σ/ω × [0, T ] ,
∂x3ψ

12 = u12
t on ω × [0, T ] ,

ψ12(x1, x2, 0) = 0, (ψ12)t(x1, x2, 0) = 0 in Σ.

This means that (u12, ψ12) is a solution of the problem (P3) and therefore,
Theorem 2.5 and Proposition 2.7 ensure that we have

∣∣∥∥u1 − u2
∥∥∣∣+ µ

∣∣∥∥ψ1 − ψ2
∥∥∣∣
∗ ≤ eT

∫ T

0

∥∥F1(u1, φ1)− F1(u2, φ2)
∥∥2

L2(ω)

≤ eT c1

∫ T

0

(1 + 64c2
0c

2)
∥∥u1 − u2

∥∥2 ≤ c5

∫ T

0

∣∣∥∥u1 − u2
∥∥∣∣+ µ

∣∣∥∥ψ1 − ψ2
∥∥∣∣
∗

with c5 = eT c1(1 + 64c2
0c

2), and∫ T

0

∣∣∥∥u1 − u2
∥∥∣∣+ µ

∣∣∥∥ψ1 − ψ2
∥∥∣∣
∗ ≤ Tc5

∫ T

0

∣∣∥∥u1 − u2
∥∥∣∣+ µ

∣∣∥∥ψ1 − ψ2
∥∥∣∣
∗ .

If we chose c > 0 such that c5 = eT c1(1+64c2
0c

2) < 1
T

we then deduce that u1 =
u2, ψ1 = ψ2 and φ1 = φ2. The proof of the theorem is completed. ±

We end this section by stating the following result.

Proposition 3.2. Let (u, ψ) ∈ L2
(

[0, T ] , (H2
0 (ω))2×H1(Σ)

)
and φ ∈ L2

(
[0, T ] , H2

0 (ω)
)

be as above. Then the following equality

Ẽ
(
u(t), ut(t), φ

)
+
µ

2

(
|ψt|22,Σ+|∇ψ|22,Σ

)
= Ẽ1(ϕ0, ϕ1, φ0)+

µ

2

( ∣∣∇ψ0
∣∣2
2,Σ

+
∣∣ψ1
∣∣2
2,Σ

)
,

holds for any 0 < t < T , where φ0 ∈ H2
0 (ω) is the unique solution of ∆2φ0 =

− [ϕ0, ϕ0] and,

Ẽ
(
u(t), ut(t), φ

)
=:

1

2

(
|ut|22,ω+α |∇ut|22,ω+‖u‖2 )+1

4

∫
ω

(
|∆φ|2−2 [u, F0]u−4pu

)
,

Ẽ1(ϕ0, ϕ1, φ0) =:
1

2

(
|ϕ1|2+α |∇ϕ1|22,ω+‖ϕ0‖2

2,ω)+
1

4

∫
ω

(|∆φ0|2−2 [ϕ0, F0]ϕ0−4pϕ0).
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Proof

According to Theorem 2.5, for any 0 < t < t0 and f = F1(u, φ), (u, ψ)
satisfies the following variational equations∫

ω

uttut + α

∫
ω

∇utt∇ut +

∫
ω

∆u∆ut − µ
∫
ω

ut(ψt)|x3=0 =

∫
ω

F1(u, φ)ut,

and ∫
Σ

ψttψt +

∫
Σ

∇ψ∇ψt = −
∫
ω

ut(ψt)|x3=0 .

It follows that

1

2

d

dt

(
|ut|22,ω+α |∇ut|22,ω+‖u‖2 )+

1

2
µ
d

dt

(
|ψt|22,ω+ |∇ψ|22,ω

)
=

∫
ω

F1(u, φ)ut,

(3.7)

with F1(u, φ) =: [u, φ+ F0] + p(x1, x2).

First we have∫ t

0

∫
ω

p(x1, x2)ut =

∫
ω

p(x1, x2)u(t)−
∫
ω

p(x1, x2)u0.

Otherwise, one has [2]∫ t

0

∫
ω

[u, φ+ F0]ut =

∫ t

0

∫
ω

[u, φ]ut +

∫ t

0

∫
ω

[u, F0]ut,

=
1

2

∫ t

0

∫
ω

d

dt

(
[u, u]

)
φ+

1

2

∫ t

0

∫
ω

d

dt

(
[u, F0]u

)
,

= −1

4

∫
ω

|∆φ|2 +
1

4

∫
ω

|∆φ0|2 +
1

2

∫
ω

[u, u]u− 1

2

∫
ω

[ϕ0, ϕ0]ϕ0.

If we integrate (3.7) with respect to t over [0, T ], we then get

Ẽ(u(t), ut(t), φ)+
µ

2

(
|ψt|22,Σ+|∇ψ|22,Σ

)
= Ẽ1(ϕ0, ϕ1, φ0)+

µ

2

( ∣∣ψ1
∣∣2
2,Σ

+
∣∣∇ψ0

∣∣2
2,Σ

)
,

completing the proof. ±

4 Numerical application

This section displays a numerical resolution of the previous theoretical study.
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4.1 Preliminaries

Let Σ and ω be defined by

Σ =]0, 1[×]0, 1[×]0, 1[⊂ R3, ω =]0, 1[×]0, 1[⊂ R2

and T > 0. In order to solve numerically the problem (P0), we introduce a
uniform mesh of width h. Let ωh be the set of all mesh points inside ω with
the internal points:

xi = ih, yj = jh, i, j = 1, ...N − 1, h =
1

N + 1
, ∆t =

1

T
.

Let ωh be the set of boundary mesh points and uh be the finite-difference
approximation of u.

In [1], Bilbao presented a numerical study of the convergence and stability
of the conservative finite difference schemes for the dynamic von Karman plate
equations via energy conserving methods.

For approaching the weak unique solution of the dynamic nonlinear plate
coupled with wave equations, we will utilize the following discrete model of
the von Karman evolution developed by Bilbao and Pereira in [1, 11].

(P∗)


δ2
t u

n
ij − αδ2

t (δ
2
x + δ2

y)u
n
ij + ∆2

hu
n
ij = [ unij v

n
ij + Fij ] + pij + µ.δtψ

n
ij0 in ωh,

∆2
hv

n
ij = − [ unij u

n
ij ] in ωh,

u0
ij = (ϕ0)ij, δtu

0
ij = (ϕ1)ij in ωh,

unij = vnij = 0 on ωh,
∂νu

n
ij = ∂νv

n
ij = 0 on ωh,

with the following discrete differential operators:

δ2
t u

n
ij =

un+1
ij − 2unij + un−1

ij

(∆t)2
,

δtu
n
ij =

un+1
ij − unij

∆t
,

∆2
hu

n
ij = h−4 [ uij−2 + uij+2 + ui−2j + ui+2j − 8(uij−1 + uij+1 + ui−1j + ui+1j)

+ 2(ui−1j−1 + ui−1j+1 + ui+1j−1 + ui+1j+1)− 20uij ] ,

δ2
xu

n
ij =

uni+1j − 2unij + uni−1j

(h)2
,

δ2
yu

n
ij =

unij+1 − 2unij + unij−1

(h)2
,
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δ2
xyu

n
ij =

uni+1j+1 − uni+1j−1 − uni−1j+1 + uni−1j−1

(2h)2
,

[ unij, v
n
ij ] = δ2

xu
n
ijδ

2
yv

n
ij − 2δ2

xyu
n
ijδ

2
xyv

n
ij + δ2

yu
n
ijδ

2
xv

n
ij.

We have transformed the above problem to the numerical resolution in
three steps itemized as follows:
First step: We approach the velocity of potential gas to the following semi-
linear wave equations by using the finite difference method of 7-point stencil,
[6].

(P∗∗)


ψtt = ∆ψ in Σ× [0, T ] ,
ψ|t=0 = ψ0 (ψt)|t=0 = ψ1 in Σ,
∂x3ψ = ut on ω × [0, T ] ,
∂νψ = 0 on ∂Σ/ω × [0, T ] ,

Second step: We use the numerical procedure of 13-point formula of finite
difference developed by Gubta in [5] for illustrating the weak solution of the
following biharmonic problem:

∆2v = f1 in ω,
v = g1 on Γ,
∂νv = g2 on Γ.

Third step: According to the first and second steps, we use the discrete model
of the von Karman evolution (P∗) for illustrating the unique solution of the
wave equations coupled with a dynamic von Karman evolution.

4.2 Non-coupled Approach

In [5], Gubta presented a numerical analysis of the finite-difference method
for solving the Biharmonic equation. Such a method is known as the non-
coupled method of 13-point. Moreover, Glowinski and Pironneau [4] made
the observation that the 13-point finite difference scheme combined with a
quadratic extrapolation formula near the boundary is equivalent to the mixed
finite element method with piecewise linear elements.

Proposition 4.1. [5], The 13-point approximation of the Biharmonic equation
for approaching the unique solution v of the problem (P ) is defined by:

(1)

{
Lhvij = h−4 [vij−2 + vij+2 + vi−2j + vi+2j − 8(vij−1 + vij+1 + vi−1j + vi+1j)

+2(vi−1j−1 + vi−1j+1 + vi+1j−1 + vi+1j+1)− 20vij] = f1(xi, yj)

for i, j = 1, 2, ..., N − 1, where we set vij = v(xi, yj).
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When the mesh point (xi, yj) is adjacent to the boundary ωh, then the
undefined values of vh are conventionally calculated by the following approxi-
mation of ∂νv:

vi−2,j = 1
2
vi+1,j − vij + 3

2
vi−1,j − h(∂xv)i−1,j

vi,j−2 = 1
2
vi,j+1 − vij + 3

2
vi,j−1 − h(∂yv)i,j−1

vi+2,j = 1
2
vi+1,j − vij + 3

2
vi−1,j − h(∂xv)i+1,j

vi,j+2 = 1
2
vi,j+1 − vij + 3

2
vi,j−1 − h(∂yv)i,j+1

Remark 4.2. Gubta in [5] generalized the approximation of ∂νv known as the
(p, q) formula or the two-point formula. Otherwise, a detailed study of the
linear matrix system of the scheme (1) can be found in [9, 10].

4.3 Finite difference schemes

In this subsection, we investigate a finite difference method for approaching
the 3−D wave equation by using 7-point stencil on the cubic lattice presented
in [6]. We utilize the uniform mesh previously described. Let Σh be the set of
all mesh points inside Σ with internal points

xi = ih, yj = jh, zk = kh, i, j, k = 1, ...N − 1, h =
1

N + 1
, ∆t =

1

T
.

Let Σh be the set of boundary mesh points and ψh be the finite-difference
approximation of ψ.

Let

∆x = ∆y = ∆z =
1

h
, h =

1

N + 1
, ∆t =

1

T

and we introduce the last typical notation for discrete differential operators.
We approximate the problem (P∗∗) by the following finite difference system,
[6].

(2)


δ2
tψ

n
ijk = ∆hψ

n
ijk in Σh,

Ψ0
ijk = (ψ0)ijk, δtψ

0
ijk = (ψ1)ijk in Σh,

(∂νψ)nijk = 0 on Σh/ωh,

δzψ
n
ij0 = δtu

n
ij0 on Σh ∩ ωh.

Example 1. Consider the following analytical body forces:
d1 = (sin(πx)sin(πy))2, d4 = (cos(2πx))2, d2 = (sin(πy))2cos(2πx)
d3 = (sin(πx))2sin(2πy), d5 = (cos(2πy)sin(2πx))2

p(x, y) = 2.10−8 [(2d1 − 8(π)2)(d2 + d3 − d4)8((π)4d2d3 − d5)− µd1] ,

u0 = 10−1x2y3(e−x
2−y2

)(sin(2πx)cos(2πy))2, ψ0 = 10−6(xy)2(e−x
2−y2

),

ψ1 = 10−4(xy)(e−x
2−y2

)(sin(π(x− y) + π))2, u1 = 15.10−4x2y3x2(y − 1)3e−x
2−y2
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Displacement of plate, T = 0.1s Displacement of plate, T = 2.5s

Displacement of plate, T = 3s V elocity wave, T = 1.5s, z = 0

Displacement and wave in the point (2, 7) for T = 4s
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