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Abstract

The purpose of this paper is to establish the existence and
the uniqueness of a weak solution for the global functional
energy associated to the wave equations coupled with the mod-
el of the von Karman evolution with rotational inertia and
clamped boundary conditions. The resulting system of non-
linear equations is solved by a numerical scheme based on the
finite difference method.
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1 Introduction and position of the problem
A dynamic von Karman equations with rotational inertia a > 0,[2] describes

the oscillations of a rectangular elastic thin plate. In nonlinear wave equations
coupled with the von Karman model, we usually consider the case when the
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plate is interact with an acoustic wave, whose interface is in a two-dimensional
manifold. The model of the wave-structure interaction with clamped boundary
conditions, for the displacement u and the Airy stress function ¢, is well-known
and can be formulated as follows, see [2] for instance.

Find (u, ¢) € L*([0,T], H*(w)) x L*([0,T], H¢(w)) such that

Uy — aluy + A%u — [¢p + Fy,u] = p(z,t) in wx[0,T],

(]P)O) Ul,—g = PO, (ut)|t:0 = ¥1 mn w,
u=0,u=0 on I'x[0,T],

and
A2¢—|—[U7U]:0 m wX[O,T],
(Q){gb:o’ dop=0 on T x[0,T].

Here w denotes the surface plate, ¢y and ¢; refer to the initial data, d,u =
V.1 is the normal derivative inside the boundary I, the parameter a > 0 takes
into account the rotational inertial momenta of the elements of the shell/plate
and [.,.] stands for the so-called Monge-Ampere operator defined by, [2]:

(6, u] = O01100s0u + O11ud22¢ — 20120012 (1.1)

The dynamic plate, which is subject to an internal force Iy and to a pressure
p(z,t), is interacted with an enclosed acoustic field filling a bounded domain
¥ in R3.

The aerodynamically pressure p(x,t) has the following form, see [2]:

p(z,t) = po(x1, 22) + (V1) ay—0, With & = (21, 29, 73),

where py € L*(w) and p > 0 is the intensity of the interaction between the
chamber of wave and the plate. The acoustic velocity potential ¢(z, t) satisfies
the following vibration problem, []:

Yy = AY in ¥ x[0,T],
(IP’ ) ¢\t:0 = 1/107 (wt)hzo = 2/}1 m X,
1 3x3¢ = Uy on w X [O,T] 7
o =0 on 0¥ /w x [0,T].

Here w is a subset of the boundary 9% of 3 such that x = (x1, z5,0) for any
r € wNOX, ¥° and ¥* are initial data and 7' > 0 is a real number. As usual,

we use the notation u, = 2% and uy = %, for the sake of simplicity.

ot

In [2], Chueshov and Lasiecka studied the problem of wave-plate interac-
tion and established the existence and the uniqueness of a weak solution by
using the theory of nonlinear semi-group. To justify the uniqueness, they used

the weak continuity of nonlinear terms involving Airy stress function.
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The aim in this paper is establish the existence and the uniqueness of the
weak solution for the model of the wave-plate interaction, with rotational in-
ertia and clamped boundary conditions. Our approach is based on an iterative
problem whose the sequence-solution converges to the unique solution of the
considered problem. Finally, we apply the finite difference method developed
by Bilbao in [!] for illustrating the theoretical study.

2  Preliminary results

Throughout the following, 3 denotes a nonempty bounded domain in R?, with
boundary 0%, and w is a nonempty bounded open domain in R?, with w C 9¥.
We assume that I" := Jw is regular and any point € 9% Nw can be written
in the form z = (21, 22,0).

Let p > 1 be a real number and m > 1 be an integer. We denote by |.|,.
the standard norm of LP(w) and by ||| the classical norm of H™(w).

For v € HZ(w) we set

Joll = | = ([ du?)’,

which defines a norm in the space HZ(w), see [1, 7] for instance. For any fixed
a > 0 we also set:

lull, = lull + a [Vuly, + Jwl,, -
We define
W(0,T) = {u L ue L2< 0, 7] ,Hg(w)),ut e L2< 0, 7] ,L%))},

which is a Hilbert space with the associated norm

2 2 1/2
<|U|L2([O,T],Hg(w)) + |ut|L2<[O,T],L2(w))> '
We recall the following results, see [, 7] for instance.
Theorem 2.1. Let f € L*(w). Then the following problem

Av=Ff in w,
Q)L v=20 on T,
o,v=0 on T,

has one and only one solution v € H3(w) N HY(w) satisfying

ol < colflye

for some constant ¢y > 0 depending only on mes(w).
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Remark 2.2. If the function f belongs to LQ( [0,7], LQ(w)) then the unique
solution v of the problem (Q) satisfies v € L*([0,T], HE(w) N H*(w)).

Theorem 2.3. Let g € L2([0,T], L*(w)), ¢° € L*([0,T], H (X)) and ¢"' €
L2([0,T),L*(X)). Then the following vibration problem.:

Yy = A in X x (0,77,
?mt:o = wﬁzo ) (wt)\t:o = w|1t:0 m 27

(F) 0wV =g on w x[0,T],
0, =0 on 0% /w x [0,T7],

has one and only one solution » € H'(X) satisfying vy € L*(X).

We mention that the solution ¢ of the problem (R), as well as the following
expressions

|V¢]§72 ::/E<Vw(:v,y,z,t)>2dxdydz, ](w)t@’z ::L(%w(x,y,z,t)fdxdydz,

do not depend on ¢ € [0, 7.
We recall the following result as well, see [9].

Theorem 2.4. Let g € L*([0,T], L*(w)), ¥° € L*([0,7], HY(X)) and ¢* €
L2([0,T],L*(X)). Then the solution ¢ of the problem (R) is such that ¢ €
L2([0,T],H (X)) and ¢y € L*([0,T],L*(X)). Moreover we have the following
estimation

T

2 2 2 2
20l + Vel < (Ve 0 st [ (9h?).
Now, we are in the position to state our main result of this section as recited

in the following.

Theorem 2.5. Let f € L*([0,T],L*(w)), (¢o,¢1) € Hi(w) x Hj(w) and
(Y0, 9t) € HY(X) x L3(X). Then the following problem:

(uy — alAuy + A?u — (W) jes=0 = [ in w x [0,T7,
Yy = At in X x[0,T]
u=0,u=0 on I'x[0,7T],
(S) U= = ¥0, (ut)\t:() = ¥ n w,
1%:0 = 1/}0’ (77Z)t)|t:0 = ¢1 in 27
Dyt = Uy on wx[0,T],
L O =0 on 0%/w x (0,77,

has one and only one weak solution u such that

(u,ue) € C°([0,T], Hj(w)) x Hy(w) and (1) € C°([0,T], H (X)) x L*(%).
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Moreover we have the following estimation
el * el e [Vl s [ b [Vl 5 < €T( lol*+lprlp+a [Veorl3,
T
2 2
el Ve L+ [ 0707 @D
Proof

For proving this result, we will follow the same approach as in [2, &].
We consider an approximate problem to (S) and we then use the variational
method involving the n-order approximate solution. Let { e, e} } be a basis in
the space HZ(w) x H'(X). We define an n-order Galerkin approximate solution
to the problem (S) with clamped boundary conditions on the interval [ 0,7 |,
as a function (u™, ™) such that:

th er and Y"(t) Zlk ey, n=123 ..

where (hg(t), l1(t)) € W2°(0,T;R) x WH(0,T;R). Then, ¢" is determined
by u™ according to the problem (Q), (tn0,%no), (Un1, ¥n1) are chosen such that
(Uno, o) converges to (g, %) in L2( [0, T], H3(w) x Hl(E)) and (uy1, Un1)
converges to (p1,9!) in L2( [O,T] Hi(w) x LA(X)).

For this, we set v =: u™ — u™, Y™ =: Y™ — Y™ and, Upmr =: Unk — Umk,
Yok =: Uk — Ui for k=0, 1. ertmg the variational problem associated to
(S), we get:

/uﬁu?m—i-oz/Vu?tVu?m /AU"AU?’”—M/ () le=0 /fu

and

/ugufm a/VquVu? /AumAu?m—p/ (O 1ag=o /fu

Let us remark that we have

nm, nm nm nm nm nm nm nm _
/U’tt Uy /Vut Vuy /AU Auy _M/Ut (¥ )la:3:0 =0,
w w w w

and also
Lo+ [ oo == [a@m),

Lo [ vorvum == [ar@m),

Hence
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and then

/wgm¢?m+/v¢nmv¢?m: _/u?m( ;Lm)h -
) ) w 3

It follows that we have

1d nm|2 nm||2 nm|2 nm [, nm
<|Ut |2,w+||“ "+ a |V |27w>_l‘b/ut (t )

—_— =0
2 dt " ’

‘13:0
and

|13:O.

Md nm nm nm nm
b (s Vel ) = < [ (o)

We then infer that

d nm|2 nm |2 nm |2 d nm |2 nm |2
%( Uy ’2,0.) + [Ju"™ " + o [V |2,w> +M£<’wt ’2,2 + |V ’2,2) =0.

Integrating this latter equality with respect to ¢ > 0, using the fact that
uﬁzo = Uno, (u?)|t:0 = Un1, T/JSZO - /l/}n() and (¢f)|t=0 = ¢n17 we then get
nm nm|2 nm |2 2 2 2
("™, + M( [V o + [V |2,2) = [tnmily,, + @ [Vtnmily,, + [[wamol|
+ 1 Vnmoly s + 1 [Ynmals s
For 0 < s <t we have

"™l + (15" s + V™ 55 ) < Tl + @ Vit + ol

t
2 2 nm nm|2 nm|2

[Tl e+ [ (el + (107 B+ (997 ))- 22)

For the sake of simplicity we set, for 0 < s <,
nm nmi2 nm12
I(s) = lu"™ o + p( W™ s + VY™ [55)-

Then (2.2) yields

(165~ [ 160)d7) < e (wnmlie + [Tl + ol

0

+ 1% |v¢nm0|;72 + 12 |¢nm1’§,2 > '
It follows that

L(e /Osl(a)da> = cI(s) — e /Osl(a)daze‘s(l(s) —/OSI(U)dG),

< e (ftmml},, + @ [Vt 3., + o |

+u |v¢nm0|§7§) + 1| nm |§2 )
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Remark that the following expression
|unm1|§,w +a |vunm1|§,w + ||unm0||2 +u |v¢nm0|§,z +u |¢nm1|§,2 = 1(0),

does not depend on s, and therefore we can write

t d s t
/ e G / I(0)do)ds < ( / ) (ftmm I3+ 0 [Vttt 3, + o
o ds 0 0 ’ 7
+u |V¢nmo|§,g +p |¢nm1|§,£ >=

from which we deduce

t
e’ / I(0)do < (1—¢™") < |Unm1|§,w ta |Vunm1|§7w + ||unm0||2 tu |V¢nm0|§,2
0
2
+ 1% |¢nm1|2,2 ) :

Since . .
| (i i + 190 ) = [ 1),

then we have

/0 Io)do

(1—e)
et

(e = 1) (tnm B + 0 [Vt 3+ ol + Vol + 1 i 25 ).
(" = 1) ftnma 3, + Vet B, + Nt + 119 nmol3 s + 4 [ ;)

IN

( ‘unml‘g,w + o |vunml|;,w + Hunm0H2 +u ’vwnmo‘g,z tp anl’g,z )’

IN

IN

This, when combined with (2.2), yields

nm nm |2 nm |2 2 2 2 2

Hu Ha + :u( ‘wt ‘2,2 + ‘Vw ’2,2) S < ’u”m1’2,w ta |Vunm1‘2,w + HuanH + I ‘vwnmoyz’g
+ |¢nm1|§72 ) + (" =1) < |unm1|§,w ta |Vunm1|§,w
 ttmmoll® + 1V bmoll + 1 ;).
< ™ ((ftmm 30 + 0 [Vttt 3.+ ttmo

+,u |V"7Z)nm0|§72 + :u |wnm1|§,2 > :

The sequence (u”,l/J”) is a Cauchy sequence and according to the n-order

approximate problem we have (u”,y") € C°([0,T], H¢(w) x H'(X)) and

(up,vp) € C°([0,T], Hj(w) x L*(X)). We then deduce that (u”,%™) con-

verges to (u, 1) in the Banach space C°( [0, 7], HZ (w)x H (X)) and ((u™)¢, ¥7)
converges weakly to ((u)s, ¢;) in C°([0,T], H}(w) x L*(X)).
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For showing that (u,1)) is a weak solution of the problem (S), we proceed
in an analogous way as in [3].
Let ¢, € CY(0,T), 1 < j < jo, be such that ¢;(T) = 0 and

Jo Jo
9212903'@6]', 9021290j®€}-
j=1 j=1

With this, we have the following variational equations

—/OTLu?9t+a/OTLVu?V9t—M/OT/MH(W)%_O+/OT/WAunA9
/ /fe /“’“9 0) - /qunlve(O) (2.3)
_/OT/EWL(PH-/EVWLVSOI —/wu’;go—ir/zwmgo(()). (2.4)

Letting n — 400 in (2.3) and in (2.4), we therefore deduce that, for all
0 € L*([0,T), H}(w)), 0, € L*([0,T], H'(w)), ¢ € L2([0,T], H'(X)) and ¢, €
L2([0,T7], L*(X)) such that ¢(T) = gp(T) =0, we have

—/OT/wutﬁt—l—a/OT/UJVutVQt—,u/OT/wQ(lpt)'zg0+/0T/LUAUA9
/ [ o= [ w00 —a [ vevao

—/OT/ZWHL/EVW@:—/wutsoJr/E@/le(O)

We then conclude that (u, ) is a weak solution of the problem (S).
Otherwise, by analogous method as in the proof of Theorem 2.4, it is not
hard to show the following inequality

and

and

2
[ o A S L S T A IS 6T< lpoll*Heor o ta [Vl 9t 5

T
Vgt [ ().

Now, we will establish the uniqueness. Let (uq,%;) and (ug,15) be two so-
lutions of the problem (S). Then (u1 — Ug, Py — wg) satisfies the following
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equations

( (]. — OéA)(Ul — U2)tt —+ A2<U1 — UQ> — N((wl)t — (¢2)t)|13:0 =0 m w X [O,T] s
(V1 = Ya)s + A1 —1P2) =0 in X x[0,7T],
uy — ug = 0y (ug —ug) =0 on T'x[0,7T],
(ul >|t -0 =0, ((ul - u2> )\z:o =0, mow,
(7/)1 ¢2)|t =0 =0, (( ) )lt:O =0, in X,
O (V1 — ¥2) = (wr)e — u2)t7 on wx|[0,T],

( Ou(Y1 —1b2) =0, on 0%/w x [0,T].

It follows that

= wslly + (1 = 2), [ + 1 [V (W1 = W2)l5,,

< e (fw) = ()5, + Im)o = (wa)o]* + [V () = (u2))];,,

) = ()5, + 1 |(Ven)° = (V) )

Hence u; = ug and ¢ = 5. The proof is finished. +
For the sake of simplicity, we need to introduce the following notation

Fi(u,6) = [ 6+ Fo,u] +p. (2.5)
We have the two following results as well.

Proposition 2.6. Let & = (u,¢) and 0 = (v,p) be in L*([0,T], (H3(w))?)
such that
||ﬂH(H§(w))2 <c and ||5’|(H02(w))2 <

for some ¢ > 0 small enough. If ||Foll,,, is small enough then the following
imequality

IA@) — E@ll ) < 2l 6) = (0,0 gz
holds true for some 0 < ¢y < 1.

Proof
By (2.5) and the fact that the map (¢, u) — [¢, u] is bilinear we can write

IFi@) = F@ll i) < | 16+ Fo,ul = [p+ Fo,v]

< | 16ul - [p,v]

1w

X +‘ [Fo,u — v]

(2.6)

1w

It is easy to see that

poul=lew]| =|lo—pultlou—rl| <|b-pul| +|lou=0]

1w
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By the definition (1.1) of [.,.] and using the Holder inequality we get

Iw—wmmwS/ﬁhw—wm%wH/YMw—¢M&wH2/WM¢—wWMM

< [0 (¢ — ‘P)|2,w ”U’HQw + D2 (1) — 90>|2,w ||“”2w +2[012(0 — 90)|2,w HUHu;
< ll¢ = ellllully,, + lo = @l lully, + 2116 — @l [lully, < 4cllo =l (2.7)

By similar arguments, we can prove that
| [907 u = U”l,w < dc ||u - UH

and
|[Fo,u— vl <4 Folly, [[u—vl.

Substituting these in (2.6), with a simple manipulation, we then get

1F1(@) = Fi(@)ll 1) < (8¢ + 41 Folly, ) 1w 0) = (v, 0)ll 122 -

If we put
¢ =8¢+ 4| Folly,,

and we choose
1 — 4 Folly,,

IFoll,, < 1/4, 0<c< 5

then we obtain

1F1 () = FL(0)l 1wy < 21w, 0) = (0, 0)ll (11202
with 0 < ¢ < 1. The proof is complete. F

Proposition 2.7. Let u,v € H(w) and Fy € H*(w) be with small enough
norms. Let ¢, € HZ(w) be, respectively, the solutions of the two following
equations:

A¢ = —[u,u] and A%p = —[v,7].

Then the following estimation

||F1(U, ¢) - Fl(v’ ()0)||L2(w) <a ||(U, ¢) - (?}, (20)||(Hg(w))2
holds for some 0 < ¢; < 1.

Proof

Following [2], we have

.6 = el |, < eol JulP + ol*) = ol
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for some ¢y > 0. Let ¢ > 0 be small enough, with |[ull,,, < cand v, , < ¢
Then we have
6] = [v,¢] | < 2606 Ju—v]

and so
[Fi(u, ¢) = Fi(v,9)ll 2 < ‘ [0+ Fo,u] = [¢ + Fo, v] -
<|lul = ool |, +|(Fu—v]], ,
< (200¢® + 4[| Folly, ) llu— vl
If we choose
1 |1 —4][Foll,,,
HF()H4M< Z and 0<c< T,
we have
0 < =2c0 + 4|y, <1,
so concluding the proof. +

3 Iterative approach

In this section, in order to establish the uniqueness of the solution (u, ¢) sat-
isfying (Pg) and (Q), we will consider an iterative approach which we explain
in the following.

Let n > 2 be an integer and let u; € HZ(w), with u; # 0. We construct
¢n_1 € HE(w) as the solution of the equation A%¢, | = — [u,_1, U, 1], and
(Un, 1) is such that:

[ (un)u — aA(up)y + A2y, — M((wn)t)

|2?3=O

= F1(up—1,Pn-1) in wx[0,7],

(Vn)ee = Aty in ¥ x[0,T],
Up = Oyt =0 on I'x[0,7T],
(PN) un)lt:o = o, ((un)t)|t:0 =¥ mo w,
(Yn )l = Y, ((d’n)t)‘tzo = ! mn 2,
Oy ¥n = (Un)y on w x[0,T],
| 0,0, =0 on 0% /w x [0,T7],

where Fi(u, ¢) is defined by (2.5).

Let us explain more the use of the previous process. We start with given
0 # uy, we first find ¢ € H(w) solution of A%¢; = — [uy,uy]. Then (ug, 1)
is defined as solution of (P,). We then pursue the same way for constructing
02,3, Uz, P3,04, Uy in a similar manner.



12 J. Oudaani and M. Raissouli

We are now in the position to state the main result of this section that
reads as follows.

Theorem 3.1. Let p € L*(w), p,a > 0, (po,01) € HE(w) x Hi(w) and
(0, 1) € HY(X) x LA(X). Assume that all the following quantities

2 2 2 2 2
1ol 1Pl Ipollsy s 1l s [Verls, s V0,5 and [4'];

are small enough. Assume that further the initial data uy # 0 is chosen inde-
pendent in t and ||u1|| is small enough. Then there is one and only one weak

solution (u,$,v) in L*([0,T], H3(w) x Hi(w) x HY(X)) satisfying P, Q, Py,
and such that (us, ) € L*([0,T], H (w) x L*(X)).

Proof We divide it into three steps.

Step 1: Let us consider the problems (P,). Throughout this proof we will
use the following notation

2 2 2 2 2
[elll := Null” + [(w)ely, + IV (@)ilyy, and [[9)l], = [rlys + Vs -

By a mathematical induction on n > 1, we will prove that the following in-
equalities
2
llunlll < Jlusl|” and [[¢n]

hold true for all n > 1, with 0 <t <T.
Since u; does not depend on ¢ then, for n = 1 we have

2,w S ||U1 ||

2 2 2 2
[lfualll = ™+ [(ur)el,, + [V (un)dy, = llull”

Otherwise, ¢ is the solution of A?¢; = — [ uy,u; ], and consequently Theorem
2.1 ensures that there exists ¢y > 0 such that

[o1ll < col[ur,ur ]y, -

Using the proof of Proposition 2.6, with ||u;|| < ¢ and 0 < 4¢pe < 1, we can
deduce that
o1l < 4eo [fur||* < deoe ] < [l

This means that the desired inequalities are true for n = 1.
Assume that for k =2,...,n and 0 <t < T, we have

2
llurlll < l[wn]|” and |[¢x

2,w < HU1|| )
and according to Theorem (2.1), Proposition (2.6) we deduce that

I6nll < ol unun ]I, < deol|unl®.
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Since (11, Yn+1) is the solution of (P,.1), Proposition 2.7, Theorem 2.1
and Theorem 2.5 imply that, there exists 0 < ¢; =: 2coc? +4 || Fy||,,, < 1, such
that

2 2 2 2 2
lotnaa 1+ e lomsll, < € (ol + 1B+ @ [Vr ey + a6 + (V07 )
T
4 [ IR )
0 T
2 2 2 2 2 2
< (Il + il + @[Vl + il s+ 1900 +2 [ I,
0
T
2
+/O 2c1 H(unvgbn)”(Hg(w))?)
2 2
- 6T< leoll® + l1l5,, + @ [Veorly,, + (¥t o5 + VYOl 5) + 2T Ipl;,,
T
2 2
+ [ 2en(flual? + oul®) )
0
2 2
- 6T< leoll® + l1l5,, + @ [Veorly,, + w9t s + VY L5 5) + 2T |pl;,,

T
—I—/ 2¢1(1 4 4cp) ||un||2>
0
It follows that, with ||u,||” < ||u1]|?, we have

2 2
s lll + w1l < eT( leoll® + 1o1l3,, + @ [Vorls,, + (10155 + VY 5y )
+2T ]p|§w> +2TeTei (1 + 4ep) Hu1|]2 )
We can choose
0 < c3=2Telci(1+4c) < 1 (3.1)

and

2 2 2 2 2 2 1—oc3
ol +|w1|2,w+0<|V¢1|2,w+2Tlp|2,w+u(\V¢°}22+W\2,2> < — .

Thus, with 0 < ¢; < 1, we have

2 2 2 2 2
lensalll + s sl < 6T( lpoll” + Il + @ [Veorly, + n(IVE L5 + 191 3)

2T |pl3,, ) + e |,
1-— C3
€T

<e' lua|* + s Jlua||* = [l

Furthermore, one has

H¢n+1|| < ¢o |[ Unp+1, Un+1 ]|1,w7

which, with |Jui|| < ¢ and 0 < 4¢pe < 1, immediately yields

16n1]l < deo l[unsll* < deg unl|* < deoe |u ] < el
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Summarizing, we have proved that, for all n > 1 and any 0 <t < T,
2
llunlll < flwal]” and {|énlly, < fuall-

In another part, we have

1 2
Hnlll, < =l
W

Step 2: For n > 2, let (uy,%,) be the unique solution of (P,) and let
2 < m < n. Then, it is easy to see that ¥, =: ¥, — ¥, and Uy, =: Uy — Uy,
satisfy the following equations

( (unm)tt - QA(unm)tt + A2U'nm - H’((wnm)t)b?):o
- Fl(un—b ¢n—1) - Fl(um—la ¢m—1) mow X [OaT] )
<wnm)tt = A(wnm) in 2 X [O,T] ,
Upm =0 Oty = 0 on T'x[0,7T],
(unm)\z:o =0 7((unm>t)\t:0 =0 m w,
a;rg (wnm) = (unm)t on w X [O, T] R
au("vbnm) =0 on GE/w X [O,T] ,
\ an)\t:o =0 7((wnm>t)\t:0 =0 n 2.
Note that ¢,_1 — ¢,_1 is a solution of the following problem
A2(¢nfl - ¢mfl) = - [unfla unfl] + [umfbumfl] ) in w X [OaT]
¢n—1 - ¢m—1 = ay(¢n—1 - (,bm—l) = on I'x [O,T] ,

According to Theorem (2.1) we can write

H¢n71 - ¢m71H S Co Hunfb unfl] - [umfla umfl”l’w )

and by Proposition 2.6, with (2.7), we infer that

I¢n-1 = dm-ll < dco(Nun-1ll + i1l ) tn-1 — 1]
< 8coc ||up—1 — Um—1] - (3.2)

Utilizing Proposition 2.7 and Theorem 2.5 again we get
T
|||un - um||| +u |||wn - ¢m|||* < eT/ |F1(un—17 Cbn—l) - Fl(um—la ¢m—1)|§,w )
0
T
S eTcl / H(unfl - umfl)a (¢n71 - (bm*l)H?Hg(w))Q )
Or
< €T01/ (||Un—1 — um—1||2 + ||pn—1 — ¢m—1||2 );
0
T
< eTcl/ (N[ttn1 — U1 ||” + 64c2c? [Jun—1 — um—1 "),
0

T
<ele(1+ 640302)/0 |ttt — U1,
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We then get, with ¢; = eTe;(1 + 64c3c?),

T
lun = umlll < efer(1 +64c5e?) [ [[tn-1 — um-alll,

<te [ /H\un iz = ]

and consequently

T

T
e — ] < (ca)™2 S0 () / / Iz — )l
< (™2 I ()5 (2 [P
This, with the help of (3.2), yields

I$n — Gl < deo(lunll + llmll) llun — wnll -

The sequence (U, ¢n—1)n>2 is a Cauchy sequence in L2( [0, 7] ) (HZ (w))? )
It follows that (u,, ¢, 1) converges to some (u, @) in LQ([ ,T7, (Hg(w))?) and
((un)t, V(ug)e) converges to ((w)e, V(u)) in L*( [0, 7], (L*(w))?). We then infer
that (u,); converges to u; in L*([0,T], L*(w)).

Furthermore, (Vt),, (1,):) is also a Cauchy sequence in L*([0,T], (L*(X))?)
and therefore (Vi,, (¢,):) converges to some (¢*,1**) in the Banach space
L2([0,T7,(L*(%))?). According to the Hélder inequality, we have

:/ (0) - /w —/ (e — )
/TZ/“Pnt— (U <T2/’¢nt— **|22

Hence the function-sequence 1, (t)—1,,(0) converges to / ™ in L*([0,T], H'(X)).

0
According to Theorem 2.5, we have ¢, € C°([0,7],H'(X)). It follows
that (), converges to 1, = 1**. Otherwise, by Proposition 2.7 we can say
that Fy(u,_1, ¢n_1) converges to Fy(u,¢) in L?(w).
By the continuity of the operators ”trace” and ”0,”,

(un7¢n71)F = (auunaau¢n71> = (070) and ((un)t)lr =0

2 2 2

Y

Bu(t) — a(0) — /0 t al

imply that
(u,¢)r = (Ou,0,¢) = (0,0) and (ug). = 0.

Thanks to Theorem 2.5, we can write

(n, (Un)e, Yny (Wn)e) € CO([0,T], Hi(w) x H'(w) x H'(X) x L*(X)),
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with

(un)lt:O = %o, ((un)t)h:o = ¢1, (%)lt:o = %ZJO» ((¢n)t)|t:o = @Zjl

and so we infer that

Ulieg = P05 (ut)|t:0 = @1, w\t:o = wo, (%)\t:o = wl

To show that (u,®,1) is a weak solution of Py, Q,P;, we follow an analog
method as that of [3]. Let ¢; € C*(0,T), 1 < j < jo, be such that ¢;(T) = 0,

and . '
Jo Jo
QZZQDJ'®€]', QOZZQOJ'@@;,
j=1 j=1

where (e;) and (e},) are basis of HZ(w) and H*(X), respectively. We have the
following variational equations:

—/OT/WU?QHLOC/OT/MVU?V@—M/OT/WQ(MZMS—O+/OT/WAU7ZA9
_ /0 ' /w Fi(tn 1. 61)0 — /w 1 0(0) — @ /w VuaVO0)  (3.3)
/ [eres [vorve== [wor [vug0. 64

Letting n — 400 in (3.3) and (3.4) we deduce that, for all 6 € L2([ T], Hg(w))
0, € L*([0,T], H'(w)), € L*([0,T], H'(X)) and ¢, € L*([0, T}, L*(X)), such
that 0(T) = ¢(T') = 0, we have

_/OT/w“t@t“‘/OT/wV“tWt_“/oT/w@(wlzso+/OT/wAuA9
/ /Fl u, $)0 /9019< ) — /WWNG(O) (3.5)

[ fwar [vovo=- [upr [wo0r 6o

Summarizing, we have established that (u, ¢) is a weak solution of the von
Karman evolution and 1 is a solution to the vibration problem.

Step 3: We now prove the uniqueness. Assume that there exist two solu-
tions (u', ¢*, ') and (u?, ¢?,¢?) in L*([0,T], (H3(w))* x H'(X)) such that,

and

and
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for some ¢ > O small enough, we have |[u!||” < ¢ and ||u2||* < ¢. This implies

that u!? =: ! — u? and ¥'2 =: ! — 9? satisfy the following equations

(i — el + A%t — p(Yy?),,
= Fi(u',¢1) — Fi(u?,¢9) in wx|[0,T],
i = Ayt in ¥ x[0,17,
(By) 12—O ,(9,,( ):O on T'x[0,T],
ulQ(Ihx?? ) ( ) <x17m27 ) =0 in w,
d,? =0 on Y/wx[0,T],
Dy h'? = uf? on wx|[0,T],
L 2 (21, 22,0) = 0, (1) (21, 22,0) =0 in .

This means that (u'?1'?) is a solution of the problem (P3) and therefore,
Theorem 2.5 and Proposition 2.7 ensure that we have

[l =

T
e / 1P (e, 6Y) = Fa(u?, )5,
T 2 " T
<o [ 161G ful = o <o [ [t = o[+ a0 - o7
0 0

with ¢z = eTey (1 + 64c3c?), and

T T
et = =T [ =

If we chose ¢ > 0 such that c5 = e”'¢; (1+64c}c?) < 7 we then deduce that u' =
u?, Yt = 9% and ¢! = ¢2. The proof of the theorem is completed. +

We end this section by stating the following result.

Proposition 3.2. Let (u,v) € L*([0,T], (H3(w))*xH* (X)) and ¢ € L*([0,T], H3(w))
be as above. Then the following equality

B (u(t), un(t), 6)+5 (inls s H VL 2 ) = Ba(oosor 60+ (967 o' ),

holds for any 0 < t < T, where ¢g € Hi(w) is the unique solution of A*¢y =
- [@07 SOO] and,

B(u(t), ui(t), 8) = = (Jurf2 +a [Vul2 +lull* )+ i/(|A¢|2_2[u,FO] u—4pu),

l\’)l»—t

1 1
E1(o, 1, b0) = §(|901’2+04!V%@,MJFHSOOH;M)JFZ/UA%’Z—? [0, Fo] po—4pso).



18 J. Oudaani and M. Raissouli

Proof

According to Theorem 2.5, for any 0 < ¢t < ty and f = Fi(u, ), (u,)
satisfies the following variational equations

/Uttut‘i‘a/vuttvut‘i‘/AUAut—M/Ut(i/ft)|zs0 :/F1<u7¢>ut7

and
/z¢ttwt+/szth = _[Jut(¢t)lz3—0'

d 2 2 2
%( |ut‘2,w+a |vut|2,w+ ||u|| )

It follows that

2+ VL2, =/F1<u, o),
(3.7)

1
el

N | —

with Fy(u, ¢) =: [u, ¢ + Fo| + p(x1, 22).

First we have

Otherwise, one has [2]

/Ot/w[“v(HFo]“t:/t/[u,¢]ut+/t/[u,Fo}ut,
//dtuu¢+ //dt“FO
_ /|A¢| +1 /|A¢0| L1 /J“ “]“_E/w[%’%]%-

If we integrate (3.7) with respect to t over [0, 7], we then get

E(U(t)aut(t)a¢)+g(Wt|§,2+|v¢‘§,z) E1(9007901,¢0 (W ‘22+|V1b0’22)

completing the proof.

4  Numerical application

This section displays a numerical resolution of the previous theoretical study.
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4.1 Preliminaries

Let ¥ and w be defined by
¥ =0, 1[x]0,1[x]0,1[C R?, w =]0,1[x]0, 1[C R?

and 7" > 0. In order to solve numerically the problem (Py), we introduce a
uniform mesh of width h. Let w; be the set of all mesh points inside w with
the internal points:

x;=1th, y; =7gh, 1,j=1..N—1, h:N;—l—l’ At:%.
Let @y be the set of boundary mesh points and wu;, be the finite-difference
approximation of wu.
In [1], Bilbao presented a numerical study of the convergence and stability
of the conservative finite difference schemes for the dynamic von Karman plate
equations via energy conserving methods.

For approaching the weak unique solution of the dynamic nonlinear plate
coupled with wave equations, we will utilize the following discrete model of
the von Karman evolution developed by Bilbao and Pereira in [1, 11].

5?;1?] — ad7 (02 4 02)upy + Ajuls = [ufy v + Fyy | 4 pij + 0,07k m
Apvl = —[uf ufl | in
(Po) q ug; = (90)ijs gy = (1) in
’LLZ = U;Lj =0 on
dyuiy = 9ufs =0 on

with the following discrete differential operators:

n+1 n n—1

52 = 4
£ (At)2 ’
n+1 _n
Seul = Yij Uy
k) At ’

2. n —4
Ahuij =h [ Ujj—2 + Uijro + Uj—25 + Ujyo; — 8(U¢j_1 + Uzjp1 + Ui—1j + ui+1j)
+ 2(Ui—1j—1 + Uim1j41 + Uig1j—1 + Uiprj41) — 20045 ],
n n n
S2un — Uy — 2u Uiy

o (e

n o n n
s - i 2uy + Ui

yigoT (h)2 )
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n n n n
no o Wirtje1 — Wigngo1 — Wiigjn T U

2
Oyl = (20)? ’
n n 2, n 2, n 2  ng2 n 2, n g2 n

We have transformed the above problem to the numerical resolution in
three steps itemized as follows:
First step: We approach the velocity of potential gas to the following semi-
linear wave equations by using the finite difference method of 7-point stencil,

[0]-

Yy = AY in ¥ x[0,T],
(P ) w|t:0 = ¢0 (¢t)|t:0 = wl m Z,
*ok amgw = Uy on w X [07 T] 7
&/1/) =0 on az/w « [O,T] ’

Second step: We use the numerical procedure of 13-point formula of finite
difference developed by Gubta in [5] for illustrating the weak solution of the
following biharmonic problem:

Av=f in w,
v =q on T,
ov=g¢gy, on T.

Third step: According to the first and second steps, we use the discrete model

of the von Karman evolution (P,) for illustrating the unique solution of the
wave equations coupled with a dynamic von Karman evolution.

4.2 Non-coupled Approach

In [5], Gubta presented a numerical analysis of the finite-difference method
for solving the Biharmonic equation. Such a method is known as the non-
coupled method of 13-point. Moreover, Glowinski and Pironneau [1] made

the observation that the 13-point finite difference scheme combined with a
quadratic extrapolation formula near the boundary is equivalent to the mixed
finite element method with piecewise linear elements.

Proposition 4.1. [5/, The 13-point approximation of the Biharmonic equation
for approaching the unique solution v of the problem (P) is defined by:

(1) Lpvij = h™* [ij_a + Vija + Viegj + Vigaj — 8(Vij_1 + Vijp1 + Viej + Visrj)
+2(Vim1j-1 + Vic1j41 + Vigrj-1 + Vigren) — 2005] = fi(zi, y5)

fori,j=1,2,..,N — 1, where we set v;; = v(z;,y;).
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When the mesh point (z;,y;) is adjacent to the boundary @y, then the
undefined values of v, are conventionally calculated by the following approxi-
mation of 0, v:

1 3
V-2 = gVisty — Vi gviong = AlOpv)iy,
Vij-2 = gUijen — Ui+ gvijon = h(ayv)w 1
Vie2j = 3Uitly Vi T Vi1 — h(0y0)it1,5
Vijt2 = Vig+1 — Vij + 3Vij—1 — h(Oyv)i

Remark 4.2. Gubta in [5] generalized the approzimation of 0,v known as the
(p,q) formula or the two-point formula. Otherwise, a detailed study of the
linear matriz system of the scheme (1) can be found in [9, 10].

4.3 Finite difference schemes

In this subsection, we investigate a finite difference method for approaching
the 3 — D wave equation by using 7-point stencil on the cubic lattice presented
in [6]. We utilize the uniform mesh previously described. Let X;, be the set of
all mesh points inside > with internal points

1 1
c—ih, oy =jh, s —=kh, k=1 .N—-1 h=—— At——.
L=t Y= 00 2 bJ N+1 T

Let ¥, be the set of boundary mesh points and 1, be the finite-difference
approximation of .

Let . . .
A:E:Ay:Az:E, h:N——i—l’ At:T

and we introduce the last typical notation for discrete differential operators.
We approximate the problem (P.,) by the following finite difference system,

[0].

Ol = Antly, in I,

(2) \P?Jk = (@ijes 0y = (Nin in Tn,
(0,05 =0 o 2/
(5sz0 (5tu130 on. XM

Example 1. Consider the following analytical body forces:

dy = (sin(mx)sin(my))?, dy = (cos(27x))?, dy = (sin(my))?cos(2wx)

ds = (sin(mx))? sin(27ry) ds = (cos(2my)sin(2rx))?

p( ,y) =2.107 [(%d — 8(m)?)(d2 + ds — da)8((m) dads — d5) — Mdzl] )
= 10""2%y’(e™ V) (sin(2ma)cos(2my))*, o = 10 (ay)* (e "),

wl = 104 (zy) (e *"~¥") (sin(m

( ) + W))27 Uy = 15.10~ 4$2y3x2<y _ 1)36—12—y2
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o]

Displacement of plate, T = 0.1s Displacement of plate, T = 2.5s

0.5 e 05 T~ T
5 0.6 - 0.6
- 4 T e 0.4
e 0

Displacement of plate, T = 3s Velocity wave, T =1.5s, z=10

) I L L I L

Displacement and wave in the point (2,7) for T = 4s
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