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Abstract

In this paper, we characterize generalized weak demicom-
pact linear operators by means of the De Blast measure of
noncompactness. Moreover we investigate the left and right
essential spectrum of the sum of two bounded operators acting
on a Banach space. The results are formulated in terms of
the DP property and some quantities related with the measure
of weak noncompactness.
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1 Introduction

In Fredholm theory, several analyzes of the essential spectrum of bounded or
unbounded linear operators are based on the compactness or weak compact-
ness classes [12, 13]. Recently, the sets of demicompact operators and theirs
extensions appeared as large classes, containing compact operators, and played
an important role in the investigation of essential spectra of linear operators
acting on Banach spaces (see for instance [2, 5, 14, 15, 16, 17]). In particular,
in 2019, I. Ferjani, A. Jeribi and B. Krichen in [9] introduced a new concept,
related with Riesz operators, the so-called generalized weak demicompactness
(for short GWDC). They provided some characterizations linking GWDC and
upper-semi-Fredholm operators and studied some stability results for essen-
tial spectra. In [10], the same authors studied the relative generalized weak
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demicompactness with respect to a given unbounded linear operator as an ex-
tension of the GWDC class. This definition asserts that if 7" and S are two
closed operators with domains satisfying D(T') C D(S), then T is called a
generalized weakly S-demicompact operator if there exists a finite subset ©
of C containing 0 such that for all A € C\O, %T is weakly S-demicompact
operator, 7' — AS has a finite ascent and all A € 04(T)\© are eigenvalues
of finite multiplicities with no accumulation point except possibly points of
©. Here, 0g(T") := C\ {\ € C: AS — T has a bounded inverse }, denotes the
S-spectrum of T" (see [8]). When S = I, o5(T") will simply denoted by o(T').

Motivated by the analysis started in [10, 14, 15, 16, 17], we give some extended
results to characterize GWDC operators by means of the De Blasi measure of
noncompactness. The obtained results are used to investigate the left and right
essential spectrum of the sum of two bounded operators.

In what follows, we present some notations and standard definitions from the
Fredholm theory. Let X and Y be two infinite dimensional Banach spaces. The
subsets £(X,Y), and K(X,Y) will respectively denote the set of all bounded
and compact operators from X into Y. For £L(X,Y’), we denote by N (T) and
R(T), respectively, the null space and the range of T. We define the nullity
a(T) (resp. the deficiency (7)) as the dimension of N(T) in X (resp. the
codimension of R(T) in Y). We denote by asc(T) the ascent of T, i.e. the
smallest non-negative integer n such that N(T") = N (T"*!). Now we recall
that an operator 7' € L(X,Y) is weakly compact if T'(M) is relatively weakly
compact in Y for every bounded subset M C X. The family of weakly compact
linear operators from X into Y, is denoted by W(X,Y'). The operator T is said
a Dunford-Pettis operator (for short DP operator), if 7" maps weakly compact
sets into compact ones. Recall also that T have a left Fredholm inverse (resp.
a right Fredholm inverse) if there exists T, € L(Y, X) (resp. T, € L(Y, X))
such that Ix — T}T € K(X) (resp. Iy —TT, € K(Y')). The set of upper semi-
Fredholm and lower semi-Fredholm operators from X into Y are respectively
defined by:

O (X,)Y):={T e LX,)Y): aT) < ocoand R(T) is closed in Y},

_(X,Y):={T € L(X,Y):B(T) < oo and R(T) is closed in Y'}.
The set of Fredholm operators from X into Y is defined by:

O(X,)Y)=d_ (X, Y)NdP, (X,Y).
The sets of left and right Fredholm operators are respectively defined by:
O(X,Y):={T € L(X,Y): R(T) is closed, complemented, and o(7T) < o0},

Q.(X,)Y):={T € L(X,Y): R(T) is a closed, N(T) is complemented, and 3(T) < oo}.
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The above sets satisfy the following inclusions:
O(X,)Y)CP(X,Y)and &(X,Y) C D,.(X,Y).

For an operator T' € ®(X,Y’), the index of T is defined by the number i(7") =
a(T)=p(T). If X =Y, then L(X,Y), K(X,Y), P(X,Y), 2. (X,Y), &)(X,Y),
and ©,(X,Y) are replaced by £(X), K(X), ®(X), ¢ (X), ¢,(X), and ,(X),
respectively. For X =Y, a complex number \ is in &7, &7, or &, if A\—T is
in ®(X), ¢(X), or ®, (X) respectively.

Now a bounded linear operator F'is called an upper semi-Fredholm perturba-
tion if U + F € ¢ (X,Y) whenever U € ¢, (X,Y). We denote by F(X,Y)
the set of upper semi-Fredholm perturbations. The sets of left Weyl and right
Weyl operators are defined by:

WI(X,Y) :={T € L(X,Y) : T is left Fredholm and i(7") < 0},

W (X,Y) :={T € L(X,Y) : T is right Fredholm and ¢(7") > 0}.
First, let us recall the axiomatic approach in defining measures of weak non-
compactness. Let us denote by X a Banach space, by Mx the set of all

bounded subset in X and by Wy the subfamily of Mx consisting of all rela-
tively weakly compact sets.

Definition 1.1 [4] A measure of weak noncompactness on My (for short,
MWNC) is a mapping v : My — R{ satisfying the following conditions. For
all A, B e My:

(1) v(B) = 0 if, and only if, B is relatively weakly compact.

(i7) If A C B, then v(A) < v(B).

(1ii) v(conv(B)) = v(B). Here, conv(B) denotes the closed convex hull of B.
(iv) V(AU B) = max{v(A),v(B)}.

(v) Y(MA+ B) < |AJv(A) +v(B) for all A € C.

(vi) (Cantor intersection property) If (4,), C My such that A, = A, and
Apyr C Ay forn=1,2, ... and if lim,,_,, o ¥(A,) = 0, then A, = :g A, #0.

As an example of a measure of weak noncompactness in a Banach space, we
cite the De Blasi measure w defined on M x as follows:

w(A) = inf{r > 0, there exists N € Wx such that A C N + B, }.
This function has several useful properties (see [7]).

Definition 1.2 Let X and Y be two Banach spaces and let w be the De
Blasi MWNC in Y. We define the function

vy L(X,)Y) — [0, 4o0]
T —u(T) =w(T(Bx)),

1, is called a measure of weak noncompactness of operators associated to w.



Generalized weak demicompactness 27

Resting upon this definition, we get the following properties of the function

(CoS

Proposition 1.1 [1] Let X and Y be be two Banach spaces and 7,5 €
L(X,Y). Let w be the De Blasi MWNC in Y and 1, be the MWNC of
operators associated to w. Then we have

(1) ¥o(T) = 0 if, and only if, T" is weakly compact.

(1) Yo (AT + S) < | Moo (T) + 1,(S) for all A € C.

(1ii) If X =Y, then ¢, (ST) < ¢, (S, (T).

(vi) If K e W(X,Y), then ¢,(T + K) = ¢,(T).

Several essential spectra are defined an studied in the litterature (see for ex-
ample [12]). In this research work, we are basically interested in the following
essential spectra:

oa(T) ={ eC : A=T ¢ ®/(X)} : the left Fredholm spectrum,
o.(T) ={ eC : A\=T¢ ®,(X)} : the right Fredholm spectrum,
ol (T):={ e C : X\=T ¢W(X)} : the left Weyl spectrum,

ol (T):={AeC : A\=T ¢ W,(X)} : the right Weyl spectrum.

This paper is divided into three sections. In the next section we establish
the relationship between generalized weak demicompact operators and the De
Blasi MWNC. In section 3 we determine the left and right essential spectrum
of the sum of two bounded linear operators by means of the essential spectrum
of each one.

2 Relationship between generalized weak demi-
compact operators and the De Blasi MWNC

Throughout this paper, we are working on two spaces, for example X and Y
with their respective measures of weak noncompactness wy and wy. However,
and in order to simplify our reasoning, wx and wy will be simply denoted w(.).
Of course, the reader will be able to link either to wx or to wy. Furthermore,
we denote — for the strong convergence (with respect to the norm of X') and
— for the weak convergence (with respect to the weak topology of X).

Let us start by the following lemma which will be useful for some proofs.
For this, let X and Y be two Banach spaces, T' € L(X,Y), w a measure
of weak noncompactness in X and Y and let 1, be the measure of weak
noncompactness of operators associated to w.

Lemma 2.1 Let X and Y be two complex Banach spaces such that X is non
reflexive and let 7' € L£(X,Y) such that R(T) is closed in Y. Assume that
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there exists C' > 0 such that for all z € X, ||z| < C||Tz||. Then, for all
F € Mx we have
w(F) < C w(T(F)).

Proof 2.2 For allx € X, we have ||z|| < C||Tx||, then T is one to one. Since
R(T) is a closed subspace of Y, it follows that T is boundedly invertible from
X into R(T) and ||T7Y| < C. Now, let F € My, then T(F) € My and we
have

w(F) = w(TT(F)))
< o (T7h w(T(F))
< w(T™H(By)) w(T(F))
< w(T ' (By)) w(T(F))
< T w(T(F)).

Hence,
w(F)<C w(T(F)).

Which achieves the proof.

Theorem 2.3 Let X be a non reflexive Banach space and A € L£(X) such
that A is a DP operator. Then, A is GWDC if, and only if, there exist a
positive constant C' and a finite subset © of C containing 0 such that for all

bounded set G € M
w(G) < Cw((M —A)(G)), for all A € C\6. &

Proof 2.4 Suppose that A is GWDC, then by using Theorem 3.1 in [9], there
exists a finite subset © of C containing 0 such that \I — A € &, (X) for all
A € C\O. Now, since asc(A — A) is finite, it follows that i(A\ — A) < 0,
applying Lemma 3 in [18], there exist a compact operator K and a bounded
below operator Ay such that \I — A = K + Ay. Since Aqg is bounded below,
there exists a positive constant C' such that for all v € X.

2]l < Cf| Aoz
Hence, by applying Lemma 2.1, we deduce for any bounded set G C X that
w(G) <C w((M—-A)G)).

To prove the converse, suppose that there exist a positive constant C' and a
finite subset © of C containing 0 such that for every bounded set G of X,

w(G) < C w((M—A)G)), for all X € C\O.
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Let (z,), be a bounded sequence of X such that
M- Az, >~z e X.

Choose G = {z,; n € N}. It is clear that G is bounded and w (M — A)(G)) =
0. Hence, w(G) = 0 which follows that (x,), has a weakly convergent subse-

quence. Consequently, %A is weakly demicompact for all \ € C\©. Now, since

1A is DP operator, it follows from Corollary 2.1 in [16] that \I — A € (X))
for all \ € C\©. Thus, applying Theorem 3.1 in [9], A is a generalized weakly
demicompact operator.

Corollary 2.5 Let X be a Banach space, A € £(X) and B € L(X). Suppose
there exists an integer n > 1, such that (AB)" or (BA)" is a DP operator and
AB — BA € W(X). Then, (AB)" is GWDC if, and only if, (BA)" is GWDC.

Proof 2.6 Suppose that (AB)™ is GWDC. In view of Theorem 2.3, there exist
a positive constant C,, and a finite subset © of C containing 0 such as for all

G e My,
w(G) < Cp w((M = (AB))(G)), for all A € C\O.
Hence, for every bounded set G,
w(G) < Cp w((M = (BA)")(G)) + Cn w(((BA)" = (AB)")(G)) -

Using the following identity

—_

(BA)" — (AB)" = Y (BA)*(BA — AB)(AB)"**,

3

il

we infer that (BA)" — (AB)™ € W(X). Hence, for all G € My,
w(((BAY — (AB)")(G)) = 0.
Accordingly, for all G € Mx,
w(@) < C, w((AM = (BA)")(Q)), for all X € C\O.

In view of Theorem 2.3, we conclude that (BA)" is GWDC.
The converse is proved similarly.

Corollary 2.7 Let X be a Banach space and A € £(X) such that A is a DP
operator. Then, A is GWDC if, and only if, there exists a finite subset © of C
containing 0 such that w (Al — A)(G)) = 0 implies w(G) = 0 for all A € C\O
and for each bounded set G C X.
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Proof 2.8 Suppose that A is generalized weakly demicompact. Then, from
Theorem 2.3, there exist a positive constant C' and a finite subset © of C
containing 0 such that for all G € My,

w(G) < C w((M—A)G)), for all A\ € C\O.

Hence, if w (M — A)(G)) =0, then w(G) = 0. Conversely, suppose that there
exists a finite subset © of C containing 0 such that w (M — A)(G)) = 0 implies
w(G) = 0 for all A € C\O and whenever G € Mx. Let (x,), be a bounded
sequence of X such that

(M- Az, ~x € X.

Choose G = {x,;n € N}, we have sow (A — A)(G)) = 0. Since G is bounded,
then w(G) = 0. Hence, we get %A is weakly demicompact for all X € C\©.
Now, from the fact that %A is DP operator and applying Corollary 2.1 in [16],
we deduce that \I — A € (X)) for all A € C\O. Consequently, we infer from
Theorem 3.1 in [9] that A is a generalized weakly demicompact operator. This
completes the proof.

Theorem 2.9 Let X be a Banach space and T" € £(X) such that T is a
DP operator. Assume that ¢,(7™) < 1, for some m > 0. Then, for every
k € N\{0} and every ¢ € {—1,1}, we have eT"* is GWDC.

Proof 2.10 Let A € C\{0}. Since ¢,(T™) < 1, it follows that lirf (Y (T™)) 5
n—-—+0oo

0, then there exists ng > n such that for all n > ny,

(1 (T70)) 0 < [A]. (1)
Also, we can write, for n > nyg,
no—1
Ao — T = N NTPTI(N-T) = Q(T)(A—T). (2)
§=0
Let (x,), be a bounded sequence in X such that vy, = Az, — Tz, converges

weakly to some element x € X. From Equation (2), we have the following
inclusion

{)\noa;n}ne N C {Tnoxn}ne N+ {Q(T>yn}n€ N,
then

IMN™w{Zptnen < w{T™2} nen + wW{Q(T)Yn}ne N

< Yuo(T™)w{wn fne v+ W{Q(T)Yn }ne .



Generalized weak demicompactness 31

Since Q(T) is a bounded operator, then it is weakly sequentially continuous,
and it follows that Q(T)y, — Q(T)x. Thus, we get

(A" = o (T))w{n }ne v < 0.

We conclude from Equation (1) that w{z,}nen = 0. Consequently, in view
of Corollary 2.7, T s generalized weakly demicompact. From Proposition 1.1
(i71), we infer that for every k € N\{0} and every e € {—1,1},

Yo (TF)
< (Yo(T))
< 1.

Yu(eT")

Hence, €T* is a GWDC operator.

3 Left and right essential spectra of the sum
of operators

We start this section with the following useful lemma.

Lemma 3.1 [6] Let X be a Banach space and 7', S € L(X).
(1) If T'S € ¢)(X), then S € ¢;(X).
(i7) If TS € ®,(X), then T € &, (X).

Now, we introduce the following set:
I'(X)={T € L(X):Tis DP and ¢ (T) < 1}.

Theorem 3.2 Let X be a Banach space, T € £L(X) and F' € £L(X). Assume
that there exists a finite subset © of C containing 0 such that the following
assertions hold :

(i) For every A € ®yp4p)\O, there exist Gy and Hy left Fredholm inverses
operators of (A —T — F') such that 6T FGy, € I'(X) and §FTHy, € I'(X), for
any 0 € [0,1]. Then

[O’l(T) U O'Z<F)]\@ C [O’l(T + F)]\@

(i1) For every A € ®,(r;p)\O, there exist G, and H), right Fredholm inverses
operators of (AI —T — F') such that 0G,TF € I'(X) and 0H,,FT € I'(X),
for any ¢ € [0,1]. Then,

0,(T) U, (F)\O C o,(T + F)\O. &
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Proof 3.3 (i) Let A € C\O. If there exist Gy, and Hy; a left Fredholm inverses
operators of (A —T — F) then Gy(M —T — F) =1 — K, where K € K(X).
Then we have

M -T)YM—-F) = M\M—-T—-F)+TF
= MM ~-T—-F)+TFGy(M —T — F)+TFK.

So, we obtain

(M = T)M — F) = (M +TFGy)M —T — F) + TFK. (3)
Also, we can write

M —-—F)YXM-T)=M+FTHy) M -T—-F)+ FTK. (4)

Let N\ & oy(T + F)UE, then A\l =T — F € ®/(X) and let Gy and Hy be a
left Fredholm inverses operators of (Al — T — F) such that STFGy € T'(X)
and SFTHy € T'(X). Hence, from Theorem 2.9, it follows that —0T FG
and —0FTHy are generalized weakly demicompact with a generalized set ©.
Now, when applying Theorem 3.2 in [9], we deduce that (A + TFGy;) and
(M + FTHy) are Fredholm operators on X, for all \ € C\©. Now, taking into
account Equations (3) and (4), when applying Theorem 2.5 and Theorem 2.7 in
[11], we deduce that (A —T)(A[ —F) € ®,(X) and (A\[—F)(A\[-T) € ;(X).
Thus, using Lemma 3.1, we get \I =T € ®)(X) and \I — F € ®,(X), for all
A e C\6o.

(12) If there exist Gy, and Hy, a right Fredholm inverses operators of (A —
T — A), then we can write

M —-T)YMNM—-F)=\M-T—-F)\ +G\TF)+ K;TF. (5)
and
M —-FYXMN-T)=(M—-T—F)\ + H\,FT)+ K, FT, (6)

where K1 € K(X).
The same arguments have been used, it is sufficient to replace Equation (3) by
Equation (5) and Equation (4) by Equation (6).

Now, we will extend the results of the above theorem for the left and right
Weyl spectra.

Theorem 3.4 Let X be a Banach space and T, S € L£(X). Assume that there
exists a finite subset © of C containing 0.

(i) If for every A € ®y144)\O, there exists Gy a left Fredholm inverse of
(M — T — S) such that §T'SG, € I'(X), for any 6 € [0, 1], then

ol (T+9)\6 c o (T)ud, (9)\6.
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(it) If for every A € ®,.(p45)\O, there exists G, a right Fredholm inverse of
(M — T — S) such that G, TS € I'(X), for any ¢ € [0, 1], then

ol (T+ SN\ C [0, (T)Uoal,(S))\O.

Proof 3.5 (i) Let A € C\O. If there exists Gy, a left Fredholm inverse opera-
tor of ( A\I =T — S) then Gy(M —T —S) =1 — K, where K € K(X). Then

we have

M —=T)YM—=S) = M\M-T—-S8)+TS
= MM ~-T—-8)+TSGy(\ —T - S)+TSK.

So, we obtain
M =T)MN —=S)=MN+TSGy)N —-T —-95)+TSK. (7)
Let X\ & [0l (T)U Gl (S)|UE, then
M —T € d(X) andi(N —T) <0,

M — S € d(X) andi(A — S) <0.

Thus, the use of Theorem 2.5 and Theorem 2.7 in [11] and Equation (7),
enables us to deduce that

(A +TSG\)N =T — 8) € ®)(X) and i((M + TSGy)(M —T — S)) < 0.

As 0T SGy € T'(X), we infer from Theorem 2.9 that, —6T SG ), is GWDC with
a generalized set ©. Now, when applying Theorem 8.2 in [9], we get

Hence, from Lemma 3.1, we deduce that
M—-T—-Se€d(X)andi(A\ -T - S5) <0.

Hence, A & o', (T + S).
(12) This assertion can be proved similarly to the first item.

4 Open Problems

1. Can we relax the DP property in Theorems 2.3 and 2.9 7

2. Can we extend these results for unbounded linear operators with an
axiomatic measure of weak noncompactness?

3. What about generalized essential spectra of the sum of two bounded or
unbounded linear operators (see [3])?



34 B. Krichen
References
[1] B. Abdelmoumen, A. Jeribi and M. Mnif M, Measure of weak noncom-

[11]

[12]

[13]

pactness, some new properties in Fredholm theory, characterization of
the Schechter essential spectrum and application to transport operators,
Ricerche mat. 61, 321-340 (2012).

W. Y. Akashi, On the perturbation theory for Fredholm operators, Osaka
J. Math., 603-612 (1984).

A. Azzouz, M. Beghdadi and B. Krichen, Generalized relative essential
spectra. To appear in Filomat. (2022).

J. Banas and A. Martinn, On measures of weak noncompactness in Banach
sequence spaces, Portugal. Math., 131-138 (1995).

W. Chaker, A. Jeribi and B. Krichen, Demicompact linear operators,
essential spectrum and some perturbation results, Math. Nachr., 1-11
(2015).

S. Charfi, A. Elleuch and I. Walha, Spectral theory involving the concept
of quasi-compact perturbations, Mediterr. J. Math., (2020).

F. S. De Blasi, On a property of the unit sphere in Banach spaces, Bull.
Math. Soc. Math. Roum. 21, 259-262 (1977).

M. Faierman R. Mennicken, M. Moller, A boundary eigenvalue problem
for a system of partial differential operators occuring in magnetohydro-
dynamics, Math. Nachr., 173 141-167 (1995).

[. Ferjani, A. Jeribi and B. Krichen, Spectral properties involving gen-
eralized weakly demicompact operators, Mediterr. J. Math. Art., 30 21
(2019).

I. Ferjani, A. Jeribi and B. Krichen, Spectral properties for generalized
weakly S-demicompact operators, Linear and Multilinear Algebra, 1-19
(2020).

M. Gonzalez and M. O. Onieva, On Atkinson operators in locally convex
spaces, Math. Z., 505-517 (1985).

A. Jeribi, Spectral theory and applications of linear operators and block
operator matrices, Springer-Verlag. New-York., (2015).

T. Kato, Perturbation theory for linear operators, Springer-Verlag Inc.,
New York, (1966).



Generalized weak demicompactness 35

[14] B. Krichen, Relative essential spectra involving relative demicompact un-
bounded linear operators, Acta. Math. Sci. Ser. B Engl. Ed., 546-556
(2014).

[15] B. Krichen and D. O’Regan, On the class of relatively weakly demicom-
pact nonlinear operators, Fixed Point Theory, 625-630 (2018).

[16] B. Krichen and D. O’Regan, Weakly demicompact linear operators and
axiomatic measures of weak noncompactness, Math. Slovaca, 1403-1412
(2020).

[17] W. V. Petryshyn, Remarks on condensing and k-Set contractive mappings,
I. J. Math. Anal. Appl., 717-741 (1972).

[18] V. Williams, Closed Fredholm and Semi-Fredholm operators, essential
spectra and perturbations, J. Func. Anal., 1-25 (1975).



