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Abstract

In this short article, we discussed some difference double sequence
spaces defined by Orlicz function and study different properties of these
spaces and also establish some inclusion results among them.
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1 Introduction

Definition 1.1 (/1) The double sequence 0,5 = {(k,,l5)} is called double
lacunary sequence if there exist two increasing of integers such that

k, =0, h,=Fk, —k,_1 00 asr — oo
and -
lo=0, hy=1,—1s1 — 00 ass— oo.
Notations: k,; = k.5, h, s = h,,fzs, 0, s is determined by
Lo ={(k,1): ks <k <k.and l;_; <l <I},

B -,
Vs =

and qr.s = %ﬂ&s'
lsfl
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Definition 1.2 (/2]) A double sequence x = (x1,;) has a Pringsheim limit L
(denoted by P —limxz = L) provided that given an € > 0 there exists an N € N
such that |z, — L| < € whenever k,l > N. We shall describe such an x = (xx,)
more briefly as 7 P—convergent”.Let A = (am,n,k,l)z}:o be a four dimensional

infinite matriz of real numbers for all m,n =0,1,.... The sums
oo 00 00,00
E E mn k1 Tkl = E Qm,n k1 Tk,
k=0 =0 k,l=0

are called A-transforms of the double sequence x = (xg,).We say that a se-
quence x = (xy,) is A-summable to the limit L if the A-transform of © = ()

exists for all m,n =0,1,... and convergent in the Pringsheim sense, 1i.e.,
P.q
lim E Amn,k 1Tkl = Ymn
P,q—>00
k,l=0
and

lim vy, , = s.

m,n

The four dimensional matrix A is said to be RH—regular if it maps every
bounded P—convergent sequence into a P—convergent sequence with the same
P—1limit. The assumption of boundedness was made because a double sequence
which is P-convergent is not necessarily bounded. Using this definition Robison
and Hamilton, independently, both presented the following Silverman-Toeplitz
type characterization of RH —regularity.

Theorem 1.1 (/3, 4]) The four dimensional matriz A is RH—regular if
and only if

RH,y : P —limy, p, G pig = 0 for each k and [;

RHy : P — lim,,, ZZ?Z’S,I okl = 1;

RHj5 : P — lim,,, 220121 |kt =0 for each I

RH, : P —lim,,, 220131 |@mn k| = 0,for each k;

RH; - Z?l’iil |@mn k| is P—convergent;

RHg : There exist finite positive integers A and B such that

Zk,l>B |G gea] < A.

Definition 1.3 Let M be an Orlicz function, p = (px,;) be a factorable dou-
ble sequence of strictly positive real numbers, A = (amnk1) be a nonnegative
RH —regular summability matriz method and Ax = (Axy) = (xx — xpy1). We
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now define the following new double sequence spaces:

wy (A, M,p)\ = {:c = (xpy) € s":

P —lim

s

00,00 Dk,
Z [M (Z (e |Azkl|>] =0,

"8 mnely k,1=0

for some p > 0} ,

w" (A, M,p)\ = {x = (xpy) € s":

=

’ITL,’ILEIT’S

P—lim

T,8 hr,S

g |AJZ1€’[ — L|

k,l=0 P

Pk,

for some p > 0 and L} ,

and

wy, (A, M,p), = {x = (xpy) € 8"

00,00 Dk,
Z [M (Z Qmn k,l |Aikl|>] < 00

m,nelr s k,l=0

sup
m,n,k,l 'lrs

When M(x) = x, we have the following difference sequence spaces:

wlt (A,p), = {2 = (w) € 5"

[e.o]

1 ’A | Pk,
P —lim Z (Z Qm,n,k,l ki > =0,
p

T!‘S h
"8 mnel.s \k,l=0

for some p > 0} ,

w" (A, p)p = {x = (x,) € s":

> ‘Awk,l - L’
Z <Z Am,n,k,l P )

mn€l,s \k,l=0

Pkt

=0,

P — lim

T,S hns

for some p > 0 and L} ,
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and

wh (A, p)a = {:c = (wpy) € 8"

Dk,l
1
sup h Z < 00
m,n,k,l 'lr.s mmely.s

Some spaces are defined by specializing A, f and p = (py,;) . For example, if
A = (C,1,1) the difference sequence spaces defined above become w? (M, p)
w" (M, p), and wy, (M,p), which are as follows:

00,00
E Qm,n k1 Tk,

k,1=0

A’
wy (M,p), = {x = (x) € s :

m—1n—1
1 ) A Pkl
P—lim— Y [M (ﬂ)l — 0,
m,n Mmn P

k,1=0,0

for some p > 0} ,

w" (M, p), = {33 = (xpy) € s :

m—1n—1
. 1 : |A$kl—L|
P —1lim — M| ———
o Y (B

' k,1=0,0

Pkl

:07

for some p > 0 and L} ,

and

wh (M, p), = {x = (xpy) € 8" :
m—1n—1
1 ’ |A[Ekl|
— VA 2l
ap S o (122

Let A = (C,1,1), pg, = 1, for all k,l € N and M(x) = z, we obtain the
following difference sequence spaces:

m—1n—1
1 b
wZZ,A = {l’ = (xy) € " : P—lim — E |Axy,y| = 0} ,

k,1=0,0

Pk,

< oo, for Somep>0}.

m—1,n—1
1 k)
Wp = {x = (xpy) € " : P —lim — E |Axy; — L| =0, for some L} ,

k,1=0,0

1 m—1n—1
W A = {x = (wpy) € 8" sup Z |Azp| < oo} )

k,1=0,0
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2 Main results

In this section we shall establish some basic properties for the difference se-
quence spaces defined above.

Theorem 2.1 Letp = (py,) be bounded. The classes of sequences w? (A, M, p) 5,
w" (A, M,p), and wi (A, M,p) . are linear spaces.

Theorem 2.2 [f0 < h =infpy; < suppy; = H < oo, then for any Orlicz

function M and a nonnegative RH — regular summability matriz method A,
then w" (A, p), C w" (A, M,p), -

Theorem 2.3 w? (A, M,p), ,w" (A, M, p), andw (A, M,p),are complete
linear topological spaces with the paranorm

9 (zry)) = Sup [T | + Sup |71,]

1
7 00,00 A P\ T
+ inf p% > 0 :sup < Z (- [M (| xkl|)} ) <1

T\ k,1=0,0 P

where T' = max (1, H) , H = supy,; px,.
Proposition 2.1 (a) w" (A, M,p), C wi (A, M,p),, (b) wi (A, M,p), C
wézo (A7 Mup)A'

Theorem 2.4 The spaces wy (A, M,p), and w* (A, M,p), are nowhere
dense subsets of w% (A, M, p), -

Theorem 2.5 (a) If0 < h =infpy; < pi; <1, then
w" (A, M,p), Cw" (A, M), .
(b) If 1 < piy < suppr; < 0o, then
w" (A, M), Cw" (A, M,p), .

Theorem 2.6 If sup];’_“—’; < oo forallk >1i,1>j, then w" (A, M,p) C
w" (A, M,p), and the inclusion is strict, where

u n . oy |:L‘kl _ L| Dkl
w" (A, M,p) = qx = (xy) € s" : P—lim Z A | M | 22— =0,

" k,1=0,0 P
for some p >0 and L} .

Example 2.2 The inclusion is strict follows from the following example.

Let A= (C,1,1), M (z) = 2P, px; = 1 for all k odd and for alll € N and
Pk = 2 otherwise. Consider the sequence © = (xy;) defined by x; = k + 1
for all k,1 € N. We have Axy; = 0 for all k,l € N. Hence v = (x1;) €
w" (A, M,p), but v = (z1,;) & w” (A, M,p).



On some new difference double sequence spaces ... 13

3 Double A-Statistical Convergence

The concept of statistical convergence for single sequences was introduced
by Fast [5] in 1951. Later, Mursaleen and Edely [6] defined the statistical
analogue for double sequence x = (zy,) as follows: A real double sequence
x = (z,) is said to be P—statistical convergence to L provided that for each
e>0

1
P —lim — {the number of (k,1): k<m,l <n; |z, —L| >¢c}=0.

m,n TNT,

In this case, we write sty — limy;2,; = L and we denote the set of all
P—statistical convergent double sequences by sts.

Definition 3.1 A real double sequence x = (xy,;) is said to be P—statistical
A—convergence to L provided that for each € > 0

1
P —lim — {the number of (k,1): k <m,l <n; |Axy, — L| >¢e} =0.

m,n TN,

In this case, we write ston — limyg;xx; = L and we denote the set of all
P—statistical A—convergent double sequences by sta a.

Theorem 3.2 If M be an Orlicz function, then w" (M), C staa.

Theorem 3.3 sty p = w2 (M), if and only if the Orlicz function M is bounded.

4 Open Problem

In this paper, we discussed some difference double sequence spaces defined by
Orlicz function and study different properties of these spaces and also establish
some inclusion results among them. It is open problem that what are the
results of this study in more generalized sequence spaces?
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