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Abstract
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1 Introduction

The concept of hyper structures was introduced in 1934 by Marty [19] at the
8" congress of Scandinavian mathematicians. Hyper structures have many
applications to several branches of both pure and applied sciences (for example
see [1], [2], (4], [5], 18}, 9], [10], [12], [13], [20], [25], [28)).

Fuzzy sets were defined by Zadeh in 1965 [26]. The fuzzy set theory were
developed by Zadeh himself and many researchers in mathematics. For ex-
ample the concept of a fuzzy group was introduced by Rosenfeld [22] and the
notion of fuzzy ideal in a ring introduced and studied by Liu [18]. Recently
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fuzzy set theory have been had good develop in hyperstructures theory ( see
6], [15], [27]). Corcini et. al. in a recent book on hyperstructures [11] points
out on their applications in rough set theory, cryptography, codes, automata,
probability, geometry, lattices, binary relations, graphs and hypergraphs.

The notion of T'-rings was introduced by Nobosawa [21] and immediately
after him in 1966, Barnes [7] extended this notion and obtained more results.
Almost 10 years later Kyuno [16, 17] investigated new aspects of I'-rings such
as: prime I'-rings and left and right unities of I'-rings. Also in recent years
Ozturk et. al. [14] applied the concept of fuzzy sets to the theory of I'-rings.

In this paper, we show that the first condition of the definition of hyper-
groups and third condition of the definition of hyperring are meaningless and
we redefine them. Then we introduce the notion of (v-)fuzzy hyperideals of
[-hyperrings and obtain some related basic results, such as: characterization
of (v-)fuzzy hyperideals based on their level subsets and construction new
(v-fuzzy) hyperideals by given fuzzy hyperideal of I'-hyperrings. In particu-
lar, we show that under certain conditions v-fuzzy hyperideals of I'-hyperrings
become two-valued. We describe v-fuzzy hyperideals of the product of I'-
hyperrings. As a beautiful example based on our previous Geometric work
[23], we prove that L-Fuzzy tangent spaces of C*° L-fuzzy manifolds with gra-
dation of opennes, are hypergroups.

2 Notations and Preliminaries

In this section we gather all definitions and simple properties which we require
of semihyperrings and fuzzy subsets notions.

Definition 2.1 [19]. Let H be a nonempty set. A map +: Hx H — P*(H)
is called hyperoperation or join operation, where P*(H) is the set of nonempty
subsets of H .

Definition 2.2 [19]. A set H together a hyperoperation + is called a canon-
ical hypergroup if the following conditions are satisfied

1) (z+y)+z=x+(y+2) Vz,y,z € H;

(2) z+y=y+um;

(3) There ezist an element 0 € H such that for every x € H, there is only
one ' € H such that
Ocx+a Na' +x (we denote 2’ by —x);

(4) Vz,y,z € H, z€x+y impliesz € z —y.

Remark 2.3 First condition of the definition of a canonical hypergroup is
meaningless. Because for all x,y,z € H, x +y and y + z are elements of
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P*(H), so additions (z +y)+ z and x + (y + z) are inaccurate. we rewrite
this definition more precisely as follows:

Definition 2.4 A set H together a hyperoperation + and two maps
+,: P*(H)xH — P*(H) and +o: HxP*(H) — P*(H)

(Ay2) — A+z={r+z|r€e A} and (x,A) — a+A={z+s|s€ A}

is called a redefined canonical hypergroup (briefly r-canonical hypergroup) if
satisfy the following conditions:

(i) (x4+y)+1z2=x+2 (y+2) Vr,y,z € H,
(i) x+y=y+ux;

(iii) There exists an element 0 € H such that for every x € H, there is only
one x' € H such that 0 € x + 2’ N 2’ + z (we denote 2’ by —x);

(iv) Vx,y,z€ H, z € x+y impliesx € z — y.

By U <, H, we mean that U is a subhypergroup of H and it is that
the restriction of hyperoperation + is closed on U. We denote the set of all
subhypergroup of H, by SH(H).

A canonical hypergroup is a commutative polygroup.

Since the tangent spaces of an C°°- manifold play very important roles in
many parts of mathematics, as an useful example of r-canonical hypergroup ,
we investigate the LG-fuzzy tangent space LGT,(X) to an C* L-fuzzy mani-
fold of dimension n with gradation of openness which we defined in our previous
paper [23].

Definition 2.5 Let (X,%) be an C* L-fuzzy manifold of dimension n with
gradation of openness and p € X. We define the LG-fuzzy tangent space
LGT,(X) to X at p to be the set of all mappings Z, : C>(p) — R satisfying
for all a, B € R and f,g € C*(p) the two conditions:

Z) Zp(af + 69) = a(pr) + B(Zpg) (linearity);
i) Zy(fg9) = (Zpf)g(p) + f(p)(Zp9) (leibniz rule),

with the LG-fuzzy vectore space operations in LGT,(X) defined by:
(Zy+Wo)f =Z,f + W, f
(aZy)f = a(Z,f).
If we define n : LGT,(X) — L, n(f) = A(p), where (A,7) is a LG-fuzzy
coordinate neighborhood of p. Then (LGT,(X), n) is a L-fuzzy vector space.
Fach Z, € LGT,(X) is called an LG-fuzzy tangent vector to X at p.
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Example 2.6 Let (X, %) be a C' L-fuzzy manifold of dimension n with gra-
dation of openness and p € X. Let LTG,(X) be the L-fuzzy tangent space to
Xatp. Let

LTG,(X) =A{ Yp = {Xp, =X} | X, € LTG,(X) }.

Then (LTGP(X ), @) is a hypergroup with respect to the hyperoperations

Xp@?p: {Xp‘i‘Yfm Xp_Y;?}-

Proof. ¥V X,.Y,, Z, € LTG,(X), we have:
(i) (X, ®Y,) @1 Z, = X, §2 (Y, ® Z,). Since:
Z

p:{XpJVYp@Zv Xp—yzo@z}
{Xp“’ p+Zp7 Xp"'Y;?_Zm Xp—Yp‘i‘va Xp_Y;?_Zp};

and (X, ®: (Y, ®2,) ={ X, @Y, +7Z,, X, 0Y,~ 7, }
X7 2 Xy~ G+ 2. Xy Y= T X, — (V- 4, }
(ii) E@z :E@Yp. Because we see

XP@Y;): {Xp+Y;ﬂ Xp_Y}J}
={{(Xp+Y), (X, +)}L { (X, =-Y,), (Y, —Xp) }}
:{ { (Y;f'_Xp)? _(Yp‘i‘Xp)L {(Yp_Xp)v (Xp_YrD) }}
={Y,+X,, Y, - X, }
=Y, D X,;

0, € (X,®-X,) N (=X, ®X,). Since we have:

Y:D69 _Xp = { Xp+ (_X;D)a Xp - (_Xp) } = { Op, 2Xp }

_Xp@Xp: {_Xp""(Xp)a _Xp_(Xp) }:{O_pa _2Xp}
(iv) ¥ X, Yy, Zy € LTG,(X) Z, € X, +Y, implies X, € Z,—Y, . Since:
ZyeXp+Y, = Z,=X,+Y, or Z,=X,-Y,
— Z,=X,+Y, or Z,=X,-Y,
- X, =2Z,-Y, or X, =2,+Y,
= Yp:zp_y}o or Yp:Zp"‘Y;?
— -7V,

Definition 2.7 ([15],/25]). An algebraic structure (R,+,.) is called a hyper-
ring if:
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(i) (R,+) is a canonical hypergroup,

(i) (R,.) is a multiplicative semigroup having zero as a bilaterally absorbing
element, v.e., v.0 =0 = 0.x,

(7ii) The multiplication is distributive with respect to the hyperoperation +,
ie,x.(y+z)=zy+xzand (y+z2)xr=yxr+zz Vr,y,z € R.

Remark 2.8 Notice that the third condition of the definition of hyperring is
meaningless. Because for all x,y,z € H, * 4+ y and y + z are elements of
P*(H), so the multiplication x.(y + z) and (z + y).z are careless. Therefore
we need to redefine exactly hyperrings as follows:

Definition 2.9 An algebraic structure (R, +,.) is called a redefined hyperring
(r-hyperring) if:

(i) (R,+) is a r-canonical hypergroup,

(i) (R,.) is a multiplicative semigroup having zero as a bilaterally absorbing
element, i.e., v.0 =0 = 0.x,

(7ii) Two multiplication ., and .o defined by
. HxP*(H) — P*(H) and o P*(H)xH — P*(H)

(2,A) — ., A={ar|re A} and (Ajz) — A, x={sxz|s€A}

are distributive with respect to the hyperoperation +, i.e.,
r ., (y+z2)=zy+xz and (y+2z2) ,x=yx+zz, Y,y zeR.

Definition 2.10 /3/.

(i) A nonempty subset I of a hyperring R is called a right ( resp. left)
hyperideal of R if r.xc € I (resp. x.r € I)Vr € R, Vx € I;

(i) I is called a hyperideal if I is both left and right hyperideal;

(iii) A proper hyperideal I of R (I # R) is called a prime hyperideal if
a.b € I implies that a € I or b € I. The set of all prime hyperideals of
R is called the prime spectruR of R and it is denoted by Spec(R).

Definition 2.11 [3/. Let (R,+) and (I',+) be canonical hypergroups. Then
R is said to be an T'- hyperring if there exists a mapping -: RxI'x R —
P*(R) such that the following conditions are satisfied:

(1) (x +y)az Cxaz +yaz , zaly+2) Cray+zaz; Yo,y € R, Va el
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(2) x(a+ B)y C way +xfy; Yo,y € R, Yo, €T
(3) (vay)Bz C za(yBz); Yo,y € R, Vo, B €T.

If in definition, we replace all inclusion with equality, then R is called a
strong I'- hyperring.

Example 2.12 Let (R,+,-) be a arbitrary hyperring and (I',+) be a subhy-
pergroup of R, then by

RxI x R— P*(R)
() —  {z] 2 € mb}
R is a I'- hyperring. Since

(i) a(y +79)b={z]z € aly + )b} = {z|z € (ay + a7/)b}
={z|z € ayb+ ay'b} = ayb + av'd.

(i) ay(b+V)={zlz€ay(b+V)} ={z]z € ayb+ ayb' } = ayb+ ayl/
(iii) (ayb)y'V ={z|z € (ayb)y'V'} = {z |z € ay (') }.

Definition 2.13 Let (R,+) and (I',+) be r-canonical hypergroups. Then R
is called a redefined T'- hyperring if there exists - : RxI'x R — P*(R) and
three relative maps:

. P*(R)xI'xR — P*(R) and ., : RxI'xP*(R) — P*(R)
(A, 2) — ALa,z={raz|re A}, (r,0,A) — z,a,A={zas|se A}
5 Rx P(T') x R — P*(R)
(v,B,z) — x.,B.,z={arz | re B}
such that the following conditions are satisfied:

(i) (x+y) o,z Craz+yaz , x,0,(y+2) Cray+raz; Yo,y z € R,
Va e T’

(ii) w.,(a+ B).,y C wvay +xfy; Yo,y € R, Yo, B €T
(ii) (zay).,B.,z C x.,a.,(yB2); Va,y € R, Va,B €.

Example 2.14 Let M , T' be two commutative polygroup and M = End(T).
Then by following map M is a I'- hyperring.

-t M xT'x M — P*(M)
(f,a,9) — {h| h € f(a)-g}
forall f,ghe M ,ae€ A Since
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(1) flatad)-g={z]z€ flat+d)-g} ={z]| z€(f(a) - g+ f(d)-9)}
= fla) g+ f(d)-g

(i) fla)-(g+9)=ATIT € (fla)-g+ fla)-9)} = fla)-g+ fla)- ¢
(iii) ( f(a)-(f'(a)-g)) ={W W € f(a) - (f'(a')-9)}
= {WW e (fla)- f)(d)-9)}

= (f(a)- f)(d) - 9).
Definition 2.15 [3/. A right (resp. left) hyperideal of T'- hyperring R is a
subpolygroup U of R such that UT'R CU (RUU CU). Also if A isa

subpolygroup of T', then the subpolygroup I of R is said to be a right (left)
A-hyperideal if IAR C I (resp. RAI CI).

Clearly every hyperideal of a I'- hyperring is a /A-hyperideal for some A CT.
We use [ = [0, 1], the real unit interval as chain with the usual ordering, in
which A stands for minimum or infimum (inf)(or intersection) and V stand
for maximum or supremum (sup)(or union), for the degree of membership. A
fuzzy subset of a given set X is a mapping p : X — I. We denote the set of
all fuzzy subset of X by FS(X), that is FIS(X) = {u|lp : X — [0,1]} is a
function.

Definition 2.16 [25] Let (R,+) be canonical hypergroup and pu € FS(R).
Then 1 is a fuzzy subpolygroup of R, if for all a,b € R the following
conditions hold:

(1) A pl(z) = pla) A p(b);

z€a+b
(2) p(—a) = p(a).
We denote the set of all fuzzy subpolygroups of R, by FP(R). In the sequel
by R we mean a I'- hyperring.

Definition 2.17 [3] (1) A fuzzy subset p of R is said to be left (resp. right)
fuzzy hyperideal of R iff for all x,y € R and v €T we have

(1-1) pe FP(R),
(1-2 ) N nwz)Zply)  (resp. N p(z) = ple)).

zZETYY zZEXTYY

We denote the set of all fuzzy hyperideals of R by FHI(R).
(2) A fuzzy subset p of R is said to be a left (resp. right) v— fuzzy
hyperideal of R iff for all xz,y,z € R and v €T

(2-1) pe FP(M) and ve FP(T);

(2-2) N p(z) =2 py) Avly)  (resp. N p(z) = p(x) Avy) ).

ZEXTYY zexvy

Clearly every fuzzy hyperideal is v— fuzzy hyperideal, for some v € FP(T).
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3 Main Results

First we introduce several binary operation in F'S(R).

Definition 3.1 Let u,v € FS(R). Then
(@) (p+v)(@) =V{uy) Av(z) [z €y + 2, y,2 € R}
(ii) (p—v)(@) = VA{ny) Av(z) |z €y -2z y,z € R}

AN u(yr), 1y2), - ilyn), v (1), v(22), -, v(20) }
(i) (p)(@) =V x € iyi%zi, neN, y,z€R, v;el }
(i0) (10 0)(@) =V {ly) Avz) |+ € 2, .2 € R, 7 €T}

Proposition 3.2 . Ifu€ vy — FHI(R) and £ € vo — FHI(R), then

(482 \/{u | zex+y, z,y € R}

is a 1 N ve—fuzzy hyperideal of R. Moreover p+ & = (pU¢E) .

Proof. Let z € x + y then,

(h+8(=) =V Agw)z€ex+y }
> \/{,u(tl) /\f(t2)| dt, € g +v1,5|t2 € Uy + V2, 2 €T+ 1o,
XE Uy + U2, Y € V1 + Vg

=V A{u(u) A pvr)) A (§(uz) Ag(v2) [ @ € ur +ug, y €vr+ w2}
= {(p(ur) A &(uz)) A (plv1) A&(v2)) | © € g +up, y € vy + 02}
= (VA{n(ur) AN&(ua) [ & € ur +up ;A {pu(vr) A&(v2) [y € v1 + 12})
= (p+ @) A (p+8)(y).
(h+8)(z) = V{u(u) ANE(v) [z €utv }
2 VA{u(—u) NE(=v)| —z€ —u—wv}

(n+&)(=2)

Let z € zyy then we have

(b +8)(z) = V{nla) NED) | z€a+b}
>\ A{u(to) N&(so) | Fto € zyy,Iso € uyv, z €Etog+So, y Eu+ v}
> VAu(u) Nm(y) ANEw) Ama(v) |y € uto
= (&) A (m ) (7).

similarly (u+&)(2) > (u+&)(x) A (m Nn2)(y). Then we have:
(1 +€)(2) > [(u+ @)V (u+ O] A Gm N m)().
since (0) =€(0) = u,{Cpu+é = pUlCpu+& = p+{C(puUl).
Now it is enough that we prove if ( € 9y Nne and pUE C ¢, then
(h+8)() =VA{u@)ANEy)zex+y }
<V A =€ ty)

therefore u + £ C ¢ = p+&=(nUE).
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Proposition 3.3 If pu is a n—fuzzy hyperideal of I'- hyperring R and v €
FS(R), then

() =\/ {/\(M(«%’) Av(y:))

i=1

z€Y xy, n€N, z,y € R, %€F}
=1

is a n—fuzzy hyperideal of R. Moreover uv = (1o v).
Proof. Let z € x + y, then we have:

MWZZV{AwwﬂAMM)zEZm%%neAﬂwmeRw%eF}
7 =1

m l / ! /
T € lemyj, y € kZ LYY }
j= =1

m
x € Y XY, T,y € R, 5 € F}
j=1

n

=1 i=1

=V {A/\l(u(—xi) Av(=yi)) ‘ —z € ;(—wz‘)(—%)(—yi% ne€N, —xz;,—y €R, }
= pv(—2)
Now let 2z € x7yy, then we have:

uv(z) =\ { A ((a;) Av(by)) | z € > aryibi, n € N, a;,b; € R, ; € F}
i=1

i=1

uwazv{AumwAwM»

3

>\ { A (u(ti) Av(vg)) ' 3t € xyvi,y € > wivivi, n € N, u;,v; € R, }
=1 =1

>V { Altw) A Avte)| € 8 v ne N, e 1 )
= (y) An(v).

similarly, (p2/)(2) = (uv)(@)An(y). Therefore (ur)(2) > [(uv)(@)V () (y)IA

().
Clearly p ov C pv. Hence (powv) C uv.

Now it is enough we prove that if ( € n — FHI(R) and p ov C ( then
v € C.
) =V { A () A v

i=1

=

n
z € Y xiviyi, n € N, x4,y; € R, ’YiEF}
i=1

n n
i=1 i=1
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n
z € > xivii, n € N, 3t; € xivivyi, xi,yi € R, vi € F}
i=1

Ve
V {C(tzl) A C( 12) A A C( zn) S il(tij)a n e N7 El(t’ij) € T5Y5Yj5, L5, Y5 € R}
=
<V {C(tw) z € f)l(tij% n € N, 3(ti;) € 575, =5,y € R,7; € F}
=
= ((2).

Therefore pv = (pov).

Proposition 3.4 Let p,v,¢ € FS(R) as T'- hyperring. Then

pro(v+¢) Cpov+pod.

Proof. Let w,u,v € R and w € uyv. Then we have
po (v+¢)(w) =V{pu) A+ | weuyw, u,ve R, yeT}
(W) AN(VA{v(y) AC(z) [vey+2 )
{(u(u) Av(y)) A (uu) ANC(2) v ey + 2}
{(w(w) Av(y)) A (u(u) ACO2) | uyv C uyy +uyz }
)

{ (povt )AL A (poQ)(t2)]| uyv Cuyy + uyz
t1 €Uy to€uyz

<VA{l(pov)(ts) A(po)(ty)]]| Its € uyy, Ity € uyz, w € tg + tg, uyv C uyy + uyz}
< (pov+poo)(w).
Thus po(r+¢) Cpuov+ poc.

nluw
=V
<V

V

IA

Theorem 3.5 [3] Let a;, be a fuzzy point of T'- hyperring R. The fuzzy set p
is defined by
_ft if refa)
=10 50
Then p = {(ay).

Proof. First we show that pu € n-FHI(R). Because the level sub set of
p o, thatis u; = (a) and pg = R are fuzzy hyperideals of R.

Therefore € n-FHI(R). Also since u(a) =t thus a; € p, that is a; C p.

Now we suppose that v € n-FHI(R) and a; € v. We show that u C v.
Suppose r € R. If
mu(r) =0 then v(r) > 0= pu(r).

Other wise pu(r) = p thatis r € (a) hence we have v(r) > v(a).

On the other hand by suppose we have v(a) > t. Hence v(r) >t = u(r).
So v D p therefore p = (ay) .

Lemma 3.6 Let pu,v € FS(R). The pu C v iff x4 € u concludes that
xy €v, forall x; € R.
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Proof. Lemma 0.5, page 4, of [14].

Example 3.7 (1) If I be a hyperideal of R then x; € FHI(R) .
(2) Let R be a commutative polygroup. Then

1 if =0
a ifrx#0, 0<a<l

is a fuzzy hyperideal of R.
(3) Let {u;} is a descending chain of hyperideals of R . Then fuzzy set
W defined by:
o if T € Uy \ Upat

plz) = 1 if x € ﬁun
n=0

is a left fuzzy hyperideal of R.
(4) Let {w;} is a strongly ascending chain of hyperideals of R. Then fuzzy
subset p defined by:

) = {

is a fuzzy hyperideal of R.

if k=A{ieN|zecu}

= O

4 n— Fuzzy Prime Hyperideal

Theorem 4.1 Let R be a T'-hyperring and p € F(R). Then the following
conditions are equivalent:

(i) wis a n- fuzzy hyperideal of R.

(ii) a) p by operation + is a subgroup of R.
b) xmop<p ,  poxm <
(i) p—p<p and forall re R, (ruVur)<p

Proof. (i) — (ii) Let pwe€n— FHI(R). So first u(—xz) > p(z), second by
hypothesis, we have:

p(z) 2 {u@) N ply)| z €z +y, =y R} (1)
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Therefore

(wt+m) =\ A{ulr) Auls)}

zer+s ,r,s€ER

< \/ {ut)|ter+s, r,se R} by (4.1)
=\ ) = o)

TET+S

Now we show hat xp o C pand po xy < p But by suppose we have
p(z) = {p(z) A py)| z € vy, =,y € R} (2)
Now we suppose z € R. Thus

poxa(e) = \/ (ulr) Axu(s))

xETYS

< \/{u(w)/\l]mérw, rs€R, yel'L by (2)
—\/ {u@)} = o).

TETYS
We can similarly show that yy op < .

(i1) — (i) Let p € FS(R) satisfy in (a) and (b). Since p is a fuzzy subgroup
of R wunder '+’, hence

A< p, p(—z) > p(x) forall z € R (3)
Let z € x —y therefore for all x,y € R we have:

w(z) > (p+p)(z)
= \ o {u(r) Auls)}

= (@) A p(—y)}

Now we prove that for all x,y € R,

w(z) > \/{ux), u(y) |z € 2y, z€R, yeT}

Since we have: 1 > xar o p, so for all z € zyy we have:

wz) = (xarop)(2)

=\ D) Apls)}

> Do) A ()}
= 1A p(y) = uwy).
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And similarly since p > p o xas we have:

u(2) > () (5)
Therefore from (4.5),(4.6) we conclude that
() > \/{n(@), ny) |z € 2yy, z,y.2 € R, y €T}

(1) — (di1) Let pen— FH[(R). Then for all € R we have:
(w—mz) =\ {u) Apz

Also for all z, r,y,y € R
(rpv pr)(z) = (rp)(@) V (ur) ()

< VOV ) pw), \/ (@), w(r)
<V (ul@), p(x))

= () V() = p(x).

(1ii) — (i) Let pu—pCp and  V(rp,pr) Cp. Soforall z,y € R and
zET—Y

wz) = (n—p)(z)
= \/{u®)Apk) z€t—k, tkeR}
= {ul@) Apy)} (6)

Since for all r € R, we have \/(ur,rn) C pu. Hence rp C pu, and pr C p.
Now if we set r = x, then

wz) >\ {@w@)|zczw ,xy2€R, yeT}

ryt=zvYy
> p(y) (7)
similarly by putting r =y we have:

w(z) > p(x), where z € xvyy. (8)
Therefore from (7),(8) we conclude that
>\/{M y)| z€ xyy,z,y,z€ R, yeT'} (9)
Therefore we have € n — FH[(R).
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Definition 4.2 [2/] Let p € n — FHI(R) be non-constant. p is called a
n — fuzzy prime hyperideal if and only if for any p,v € n— FHI(R)

pwCp = (uCp or vCp)
Remark 4.3 we can say that p € n— FHI(R) is prime if and only if p be
non-constant and for all p,v € n— FHI(R).

povCp = puCp or vCp

Definition 4.4 Let p € n— FHI(R) and p be non constant . We say
that p is complete n — fuzzy prime hyperideal of R if and only if for any
fuzzy point a; and by of T'—hyperring R such that a,b € R and s,t € [0, 1]
we have:

aobsCp = (ax Cp or by Cp).

Lemma 4.5 Let a; and bs (For all a,b € R and s,t € [0,1]) are two
arbitrary fuzzy points of I'—hyperring R. Then

ag © bs - (a’yb)(t/\s)
Proof. Let z € R

(ar0bs)(z) = \/{ Dz eyyz, y,z€ R, yeT}
(t A zf x € avb,
0 if  otherwise

= (a7b)ns) (2)

Lemma 4.6 If R be a commutative I'—hyperring . Then for all fuzzy points
a; and bs of R we have:

<(It> o} <bs> g <at e} bs>
Proof. For every x € R

(a0 (@) = (@ano) () = { 41 e o)

0 1f  otherwise

(ar) o (bs) (x) = \/{{a) W) A(bs)(2)lx€yyz, y2€ R, y €T}

_ [ @ns)  if  z€(), ye(a), z€yy2
N 0 if  otherwise

Then by theorems universal algebra, for z € (b), y € (a), we have z € yyz €
(a)(b) C (avyb). Thus
(agobs) (x) =t As
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Theorem 4.7 (i) Every complete n— fuzzy prime hyperideal of R is a n—
fuzzy prime hyperideal of R.

(ii) Conversely, if R be a commutative, then every n— fuzzy prime hyperideal
of R is a complete n— fuzzy prime hyperideal of R.

Proof. (i) Let pis a complete n— fuzzy prime hyperideal of R and v, k are
two arbitrary n— fuzzy prime hyperideal of R. So vk C p. we will show that
kCpor vCp.

Assume that v nsubseteqp and k n C p. Hence there exist a € R such that
v(a) < p(a). Therefore a,q) ¢ p. Now assume that b € R. Then about a,(q
and b we can say a,(,) € v, byp) € k. Thus for r € R

Ay (a) © bk(b) (r) = (ayb) (v(a)Ak(b)) (r) by lemma 4.5

(v(a) A k(b)) if r€naynb
1f  otherwise
< A {vla). s vian), k(b1 k(ba), 7€ naynb =3 aii b}
— Vk(r) < p(r).

Therefore a,(q) o brp) € p.

Since p is complete 7n— fuzzy prime hyperideal of R and a,) ¢ p we
conclude that by € p. That is k(b) < p(b). Since b was a arbitrary member
of R so we have k C p.

(77) Let R is a commutative I'—hyperring and p be a n— fuzzy prime hy-

perideal of R. We prove that p is complete n— fuzzy prime hyperideal of R.
Therefore we assume ay, by are fuzzy points of R. Hence a;0b;, C p So we have:

(ag) o (bs) C (az0bs) Cp by lemma 4.6
But since p is prime hence
() o (bs) Sp = ((ar) Sp or (b;) Sp) = (me€p or bsep)
That is p is a complete prime n— fuzzy prime hyperideal of R.

Theorem 4.8 Let a;, by are fuzzy points of T,R. Then

otherewise,

0 v ={o e

. _ [t if  r€ayg for ¢q€T,R
(i) aix,, (r) _{ 0 if otherewise,
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[ (tAs) if rezyb, z€ayu, u€R
() (aex, )bs(r) = { 0 if otherewise,
. t if r e 2%iGi, 2 € uivia, qi, w; € T,R , neN,
(7,11) (XMat)XM (T) - z; 1; P
0 if otherewise

Proof.
(i) For all r € T,R we have:

Xyai(r) = { VX 1) Ao A X (Pn) A ar(qr) Ao A ag(gn)} ifrelépi%qi?

0 if  otherwise,

n
B { (IAt) if red pvia, pi€TIyR,
= i=1

0 if  otherwise,

=1
0 if  otherwise.

n
{t if re)y pvia, pi€ TR, el

(ii) This can be proved similar to (i).

(iii) For each r € T,R we have:

i=1

(ag X )bs(r) = { V8GO A M0 () A D@ e Bl )} 2 e Zn: DPiYidi,

0 if otherwise,

(iv) This is proved Similar to ().

Theorem 4.9 Let a;, b, are two arbitrary fuzzy points of R, fora,b € R, s,t €
[0,1]. Then

(7’) X <at> X = X At X
(”) ar X bS g <at> <b8>

Proposition 4.10 For any fuzzy point a; of R, we have x,,aix,, belongs to
n— fuzzy prime hyperideal of R.

Proof. using theorem 4.9 and the notion of product of two hyperideals, the
proof is obvious.

Theorem 4.11 Let u,v € FS(R) then
(i) If p € n— FHI.(R), then uv C p
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(i) If v € FHI}(R), then pv C v.

Proof.

(i) Let z € R

i=1

0=V {u
\/{,u (z1) Ao A p(zn)) |xEZzl/\ 2 € a;yibi,  ag, by ER}
Vi

IN

=1

IN

u(ts) | ti Z’Z’J’ zij € a;jy;bj, a;,b; € R}

=1

p()

Therefore puv C p.

(ii) This can be proved similar to (7).

Open Problem Is residual division fuzzy hyper ideal of hyperring, an I'-
hyperring? What conditions are required?
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