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Abstract

In this study, we introduce the concept of triple interval valued sequence space
13(p), where p=(puw) is a triple sequence of bounded strictly positive numbers and
study its different properties like completeness, solidness, converge free etc. We prove
some inclusion relations also.
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1 Introduction

Interval arithmetic was first suggested by Dwyer [1] in 1951. Development of interval
arithmetic as a formal system and evidence of its value as a computational device was provided by
Moore [2] in 1959 and Moore and Yang [3] 1962. Furthermore, Moore and others [4], [5], [6] and
[7] have developed applications to differential equations.

Chiao in [8] introduced sequence of interval numbers and defined usual convergence of
sequences of interval number. Sengoéniil and Eryilmaz in [9] introduced and studied bounded and
convergent sequence spaces of interval numbers and showed that these spaces are complete metric
space. A set consisting of a closed interval of real numbers x such that a < x < b is called an
interval number. A real interval can also be considered as a set. Thus we can investigate some
properties of interval numbers, for instance arithmetic properties or analytical properties. We
denote the set of all real valued closed intervals by IR. Any elements of IR is a closed interval and

denoted by 4. Thatis A = {x € R:a < x < b}. An interval number 4 is a closed subset of real
numbers [8]. Let x; and x, be firstand last points of 4 interval number, respectively. For 4,B €
IR, we have A =B © x;,=x,,, X1, =%;,. A+ B ={x € Rixy, + x,, <x <x;, +x, }, and if
a >0, then aZ={xe]R:axll SxSaxlT} and if a <0, then azz{xE]R:axlr <x<
axll}’

A.B = {x € R: min{xll.le,xll.xzr,xlr.le,xlr.xzr} <x

< max{xll.le,xll.xzr,xlr.le,xlr.xzr}}.
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The set of all interval numbers IR is a complete metric space defined by
_ d(A’B) = mixuxll - x21|' |x1r - xzr|}[10]
In the special case A = [a,a] and B = [b, b], we obtain usual metric of R.

Let us define transformation f:N - R by k - f(k) =4, A= (A4;). Then A= (4,) is
called sequence of interval numbers. The A, is called k™ term of sequence A = (4;). w'
denotes the set of all interval numbers with real terms and the algebraic properties of w' can be
found in [11].

An interval valued sequence space E is said to be solid if B = (B,) € E whenever |B| <
|Aj|forall keN and 4 = (4,,) € E.

An interval valued sequence space £ is said to be monotone if £ contains the canonical pre-image
of all its step spaces.

An interval valued sequence space E is said to be convergence free if B = (B,) €
Ewhenever A = (4;) € Eand A,=0 implies B,=0.

2 Main Results

Throughout the study, p=(puw) is a triple sequence of bounded strictly positive numbers.
We define the following interval valued triple sequence space:

- - —_ Puvw

l3(p); = {A = (Auvw): Zuvw 1[d(Auvw' )] < oo}
and if puw=1 for all u,v,weN, then we have

1= {A = (Auww): Zifv,w=1d(Auvw' 0) < oo}
Lemma. If a sequence space E is solid, then it is monotone.

Theorem 1. The sequence space [3(p) is a complete metric space with respect to the metric
defined by

1
Puvw M
,D(A B) = [Zuvw 1[d(Auvw: uvw)] ]
where M=max(1,Supu,v.wpuvw). )
Proof. Let (x!) be a Cauchy sequence in 13(p). Then for a given >0, there exists n, €N, such
that

- i= ..
P (Auvw , Avow ) < ¢ forall i,j = n,.

Then
o _ i — j Puvw % o
[Zu,v,wzl [d (Ao » Ao )] ] <e forall i,j =n, ...(2.1)
— Puvw
= Yovw=1|d Auvw, wow )] <&M forall i,j =n,
= [d (Zm,wl,Zu )] < e forall i,j > n,and all u,v,weN.

This means that (Au,,wl

convergent. Now, let

) is a Cauchy sequence in R. Since R is a Banach space, (/ﬁww) IS

LimAyy = Aups foreachuv,weN and 4 = (Ayw)-
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Taking limit as j—oo in (2.1), we have
p(4L,A) <& forall i =n,.
Now for alli = n,
p(4,0) < p(4,AY) + p(4,,0) < oo.
Thus A = (A,,) € 3(p) and so [3(p) is complete. This completes the proof.

Theorem 2. The sequence space I3(p) is solid as well as monotone.
Proof. Let 14 = (Ayw) €l3(p) and B = (B,,,) € [3(p) be a interval valued sequence such that
|Buow| < |Ayuw | for all u,v,weN. Then

oo

> (A, P < o0

u,v,w=1

and
Yo w=1ld By, O]Pew < 32 1 [d (A, 0)]Pew < oo

Thus B = (B,,,) € 3(p) and so [3(p) is solid. Also by Lemma, it follows that the space 3(p)
is monotone. This completes the proof.

Theorem 3. The sequence space [3(p)is not convergence free in general.
Proof. The result follows from the following example.

Example. Let puw=2 for all u,v,weN. We consider the triple interval sequence A = (A,,,,) as
follows:

Ay = [—,0], forall kex.

(uvw)2’

Then
[e'e) n N oo 1 2
Zu,v,w=1[d(AuVWf 0)]Puvw < Zu,v,w=1 ( ) <

(uvw)?

So A = (A,,u) € 13(p). Now let us consider the interval sequence B = (B,,,,,)defined as
follows:
B,,w=[-(uvw)2, (uvw)?], for all u,v,weN.
Then

Zﬁv,w:l[d(BuUWf 0)]pww < fo,v,w:l((uvw)z)z = oo,
0 B = (Byy)&3(p). Hence [3(p)is not convergence free. This completes the proof.

Theorem 4.
(a) If 0<quw<puw<1 for all u,v,weN, then [3(p) c I3(q)and the inclusion is proper.
(b) If 0<infy.vwpuw<puw for all u,v,weN, then 13(p) c I3 and if 1<puw<supuvwpuw<co for all
u,v,WweN, then 133(p).
Proof.(a) Let 4 = (4,,,,) € [3(p). Then
Zloﬁv,wzl[d(A_uUWt (_))]puvw < oo.
So there exists no€N such that
[d (A, 0)]Pww < 1, for all u,v,w>no.
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Thus
[d (A, 0)]9ww < [d(Ayp, 0)]Prew for all u,v,w>n,
and so,
Zi?,v,w:l[d(Auvw' 0)]quw < .
Thus A = (A,,,) € 3(p). The inclusion is strict and it follows from the following
example.

Example. We consider the triple interval sequence 4 = (4,,,,) as follows:

. -1
Auvw = [m, 0], for all u,v,wenN

and
Quow = 2 + ﬁand Puvw=1, for all u,v,weN.
Then

1

o0 = = o0 1 uvw
Zitosa [, D1 = 320t (i) ™ < o0
and so A = (Ayuw) €l3(q), but
[o ] 1 N o 1
] 2u,1_7,w=1[d(_Auvw: 0)]puvw = Zu,v,w:lm = 00,
S0 A = (Ayuw)€L3(p). This completes the proof.
(b) The fir_st part of the result follgws frpm the inequality
Zio;:v,w=1 d(Auvwr 0) < Zifv,w=1[d (Auvw: 0)]puvw
and the second part of the result follows from the inequality

Z?Zv,w:l[d (Auvw; ())]Puvw < Zzozv,w=1 d(Auvw: 0)

Open Problem

We introduced triple interval valued sequence space [3(p), and studied its different properties like
completeness, solidness, converge free etc. We also proved some inclusion relations about them.
For the reference sections, consider the following introduction described the main results are
motivating the research. Thus it will be possible to benefit from this article for new studies.
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