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Abstract 

     In this study, we introduce the concept of triple interval valued sequence space 
𝑙3̄(𝑝), where p=(puvw) is a triple sequence of bounded strictly positive numbers and 
study its different properties like completeness, solidness, converge free etc. We prove 
some inclusion relations also. 
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1  Introduction 
     

     Interval arithmetic was first suggested by Dwyer [1] in 1951. Development of interval 

arithmetic as a formal system and evidence of its value as a computational device was provided by 

Moore [2] in 1959 and Moore and Yang [3] 1962. Furthermore, Moore and others [4], [5], [6] and 

[7] have developed applications to differential equations. 

     Chiao in [8] introduced sequence of interval numbers and defined usual convergence of 

sequences of interval number. Şengönül and Eryilmaz in [9] introduced and studied bounded and 

convergent sequence spaces of interval numbers and showed that these spaces are complete metric 

space. A set consisting of a closed interval of real numbers 𝑥 such that 𝑎 ≤ 𝑥 ≤ 𝑏 is called an 

interval number. A real interval can also be considered as a set. Thus we can investigate some 

properties of interval numbers, for instance arithmetic properties or analytical properties. We 

denote the set of all real valued closed intervals by I𝑅. Any elements of I𝑅 is a closed interval and 

denoted by 𝐴. That is 𝐴 = {𝑥 ∈ ℝ: 𝑎 ≤ 𝑥 ≤ 𝑏}. An interval number 𝐴 is a closed subset of real 

numbers [8]. Let 𝑥𝑙 and 𝑥𝑟 be first and last points of 𝐴 interval number, respectively. For 𝐴, 𝐵 ∈

I𝑅 , we have 𝐴 = 𝐵 ⇔ 𝑥1𝑙
=𝑥2𝑙

, 𝑥1𝑟
=𝑥2𝑟

. 𝐴 + 𝐵 = {𝑥 ∈ ℝ: 𝑥1𝑙
+ 𝑥2𝑙

≤ 𝑥 ≤ 𝑥1𝑟
+ 𝑥2𝑟

}, and if 

𝛼 ≥ 0 , then 𝛼𝐴 = {𝑥 ∈ ℝ: 𝛼𝑥1𝑙
≤ 𝑥 ≤ 𝛼𝑥1𝑟

}  and if 𝛼 < 0 , then 𝛼𝐴 = {𝑥 ∈ ℝ: 𝛼𝑥1𝑟
≤ 𝑥 ≤

𝛼𝑥1𝑙
}, 

 𝐴. 𝐵 = {𝑥 ∈ ℝ: min{𝑥1𝑙
. 𝑥2𝑙

, 𝑥1𝑙
. 𝑥2𝑟

, 𝑥1𝑟
. 𝑥2𝑙

, 𝑥1𝑟
. 𝑥2𝑟

} ≤ 𝑥 

                ≤ max{𝑥1𝑙
. 𝑥2𝑙

, 𝑥1𝑙
. 𝑥2𝑟

, 𝑥1𝑟
. 𝑥2𝑙

, 𝑥1𝑟
. 𝑥2𝑟

}}. 
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     The set of all interval numbers I𝑅 is a complete metric space defined by 

 𝑑(𝐴, 𝐵) = max{|𝑥1𝑙
− 𝑥2𝑙

|, |𝑥1𝑟
− 𝑥2𝑟

|}[10]. 

     In the special case 𝐴 = [𝑎, 𝑎] and 𝐵 = [𝑏, 𝑏], we obtain usual metric of 𝑅. 

 

     Let us define transformation 𝑓: ℕ → 𝑅  by 𝑘 → 𝑓(𝑘) = 𝐴,  𝐴 = (𝐴𝑘) . Then 𝐴 = (𝐴𝑘)  is 

called sequence of interval numbers. The 𝐴𝑘  is called 𝑘𝑡ℎ  term of sequence 𝐴 = (𝐴𝑘) . 𝑤𝑖 

denotes the set of all interval numbers with real terms and the algebraic properties of 𝑤𝑖 can be 

found in [11]. 

     An interval valued sequence space 𝐸̄ is said to be solid if 𝐵̄ = (𝐵̄𝑘) ∈ 𝐸̄ whenever |𝐵̄𝑘| ≤
|𝐴̄𝑘|for all k∈ℕ and 𝐴̄ = (𝐴̄𝑘) ∈ 𝐸̄. 

An interval valued sequence space 𝐸̄ is said to be monotone if 𝐸̄ contains the canonical pre-image 

of all its step spaces. 

     An interval valued sequence space 𝐸̄  is said to be convergence free if 𝐵̄ = (𝐵̄𝑘) ∈
𝐸̄whenever 𝐴̄ = (𝐴̄𝑘) ∈ 𝐸̄and 𝐴̄𝑘=0̄ implies 𝐵̄𝑘=0̄. 

 

2  Main Results 
      Throughout the study, p=(puvx) is a triple sequence of bounded strictly positive numbers. 

We define the following interval valued triple sequence space: 

  𝑙3̄(𝑝), = {𝐴̄ = (𝐴̄𝑢𝑣𝑤): ∑ [𝑑(𝐴𝑢𝑣𝑤, 0̄)]
𝑝𝑢𝑣𝑤∞

𝑢,𝑣,𝑤=1 < ∞} 

and if puvw=1 for all u,v,w∈ℕ, then we have 

 𝑙3̄ = {𝐴̄ = (𝐴̄𝑢𝑣𝑤): ∑ 𝑑(𝐴𝑢𝑣𝑤, 0̄)∞
𝑢,𝑣,𝑤=1 < ∞}. 

Lemma. If a sequence space E is solid, then it is monotone. 

Theorem 1. The sequence space 𝑙3̄(𝑝) is a complete metric space with respect to the metric 

defined by 

  𝜌(𝐴̄, 𝐵̄) = [∑ [𝑑(𝐴𝑢𝑣𝑤, 𝐵𝑢𝑣𝑤)]
𝑝𝑢𝑣𝑤∞

𝑢,𝑣,𝑤=1 ]

1

𝑀
, 

 where M=max(1,supu,v,wpuvw). 

Proof. Let (𝑥̄𝑖) be a Cauchy sequence in 𝑙3̄(𝑝). Then for a given 𝜀>0, there exists 𝑛𝑜 ∈ℕ, such 

that 

𝜌 (𝐴𝑢𝑣𝑤

𝑖
, 𝐴𝑢𝑣𝑤

𝑗
) < 𝜀 for all 𝑖, 𝑗 ≥ 𝑛𝑜 . 

     Then 

[∑ [𝑑 (𝐴𝑢𝑣𝑤

𝑖
, 𝐴𝑢𝑣𝑤

𝑗
)]

𝑝𝑢𝑣𝑤
∞
𝑢,𝑣,𝑤=1 ]

1

𝑀

< 𝜀  for all 𝑖, 𝑗 ≥ 𝑛𝑜 …(2.1)                                                   

 

 

 ⇒       ∑ [𝑑 (𝐴𝑢𝑣𝑤

𝑖
, 𝐴𝑢𝑣𝑤

𝑗
)]

𝑝𝑢𝑣𝑤
∞
𝑢,𝑣,𝑤=1 < 𝜀𝑀  for all 𝑖, 𝑗 ≥ 𝑛𝑜 

 ⇒       [𝑑 (𝐴𝑢𝑣𝑤

𝑖
, 𝐴𝑢𝑣𝑤

𝑗
)] < 𝜀  for all 𝑖, 𝑗 ≥ 𝑛𝑜and all u,v,w∈ℕ.  

     This means that (𝐴𝑢𝑣𝑤

𝑖
) is a Cauchy sequence in ℝ. Since ℝ is a Banach space, (𝐴̄𝑢𝑣𝑤

𝑖 ) is 

convergent. Now, let 

  𝑙𝑖𝑚𝐴𝑢𝑣𝑤

𝑖
= 𝐴𝑢𝑣𝑤 for each u,v,w∈ℕ  and 𝐴̄ = (𝐴𝑢𝑣𝑤). 



   Ayhan Esi                                                             121 

 

      Taking limit as j→∞ in (2.1), we have 

  𝜌(𝐴̄𝑖, 𝐴̄) < 𝜀 for all 𝑖 ≥ 𝑛𝑜. 

      Now for all𝑖 ≥ 𝑛𝑜 

  𝜌(𝐴̄, 0̄) ≤ 𝜌(𝐴̄, 𝐴̄𝑖) + 𝜌(𝐴𝑖, 0̄) < ∞. 

      Thus 𝐴̄ = (𝐴̄𝑢𝑣𝑤)𝑙3̄(𝑝) and so 𝑙3̄(𝑝) is complete. This completes the proof. 

 

Theorem 2. The sequence space 𝑙3̄(𝑝) is solid as well as monotone. 

Proof. Let 𝐴̄ = (𝐴̄𝑢𝑣𝑤)𝑙3̄(𝑝) and 𝐵̄ = (𝐵̄𝑢𝑣𝑤) ∈ 𝑙3̄(𝑝) be a interval valued sequence such that 

|𝐵̄𝑢𝑣𝑤| ≤ |𝐴̄𝑢𝑣𝑤| for all u,v,w∈ℕ. Then 

∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤

∞

𝑢,𝑣,𝑤=1

< ∞ 

 and 

 ∑ [𝑑(𝐵̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤∞
𝑢,𝑣,𝑤=1 ≤ ∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤∞

𝑢,𝑣,𝑤=1 < ∞ 

 

 Thus 𝐵̄ = (𝐵̄𝑢𝑣𝑤)𝑙3̄(𝑝) and so 𝑙3̄(𝑝) is solid. Also by Lemma, it follows that the space 𝑙3̄(𝑝) 

is monotone. This completes the proof. 

 

Theorem 3. The sequence space 𝑙3̄(𝑝)is not convergence free in general. 

Proof. The result follows from the following example. 

 

Example. Let puvw=2 for all u,v,w∈ℕ. We consider the triple interval sequence 𝐴̄ = (𝐴̄𝑢𝑣𝑤) as 

follows: 

   𝐴̄𝑢𝑣𝑤 = [
−1

(𝑢𝑣𝑤)2 , 0], for all k∈ℕ.  

      Then 

   ∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤∞
𝑢,𝑣,𝑤=1 ≤ ∑ (

1

(𝑢𝑣𝑤)2)∞
𝑢,𝑣,𝑤=1

2

< ∞. 

 

     So 𝐴̄ = (𝐴̄𝑢𝑣𝑤)𝑙3̄(𝑝). Now let us consider the interval sequence 𝐵̄ = (𝐵̄𝑢𝑣𝑤)defined as 

follows: 

  𝐵̄𝑢𝑣𝑤=[-(uvw)², (uvw)²], for all u,v,w∈ℕ.  

     Then 

  ∑ [𝑑(𝐵̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤∞
𝑢,𝑣,𝑤=1 ≤ ∑ ((𝑢𝑣𝑤)2)2∞

𝑢,𝑣,𝑤=1 = ∞, 
 

so 𝐵̄ = (𝐵̄𝑢𝑣𝑤)∉𝑙3̄(𝑝). Hence 𝑙3̄(𝑝)is not convergence free. This completes the proof. 

 

Theorem 4. 

(a) If 0<quvw≤puvw<1 for all u,v,w∈ℕ, then 𝑙3̄(𝑝) ⊂ 𝑙3̄(𝑞)and the inclusion is proper. 

(b) If 0<infu,v,wpuvw≤puvw for all u,v,w∈ℕ, then 𝑙3̄(𝑝) ⊂ 𝑙3̄ and if 1<puvw≤supu,v,wpuvw<∞ for all 

u,v,w∈ℕ, then 𝑙3̄𝑙3̄(𝑝). 

Proof.(a) Let 𝐴̄ = (𝐴̄𝑢𝑣𝑤)𝑙3̄(𝑝). Then 

  ∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤∞
𝑢,𝑣,𝑤=1 < ∞. 

      So there exists no∈ℕ such that 

 [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤 < 1, for all u,v,w≥no.  
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     Thus 

[𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑞𝑢𝑣𝑤 < [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑣𝑣𝑤  for all u,v,w≥no 

 and so, 

 ∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑞𝑢𝑣𝑤∞
𝑢,𝑣,𝑤=1 < ∞. 

     Thus 𝐴̄ = (𝐴̄𝑢𝑣𝑤)𝑙3̄(𝑝). The inclusion is strict and it follows from the following 

example. 

 

Example. We consider the triple interval sequence 𝐴̄ = (𝐴̄𝑢𝑣𝑤) as follows: 

 𝐴̄𝑢𝑣𝑤 = [
−1

√3𝑢𝑣𝑤
, 0], for all u,v,w∈ℕ 

 and 

 𝑞𝑢𝑣𝑤 = 2 +
1

𝑢𝑣𝑤 
𝑎𝑛𝑑 puvw=1, for all u,v,w∈ℕ.  

      Then 

 ∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑞𝑢𝑣𝑤 = ∑ (
1

√3𝑢𝑣𝑤
)

2+
1

𝑢𝑣𝑤∞
𝑢,𝑣,𝑤=1

∞
𝑢,𝑣,𝑤=1 < ∞, 

 and so 𝐴̄ = (𝐴̄𝑢𝑣𝑤)𝑙3̄(𝑞), but 

∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤 = ∑
1

√3𝑢𝑣𝑤
∞
𝑢,𝑣,𝑤=1

∞
𝑢,𝑣,𝑤=1 = ∞, 

 so 𝐴̄ = (𝐴̄𝑢𝑣𝑤)∉𝑙3̄(𝑝). This completes the proof. 

     (b) The first part of the result follows from the inequality 

 ∑ 𝑑(𝐴̄𝑢𝑣𝑤, 0̄) ≤∞
𝑢,𝑣,𝑤=1 ∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤∞

𝑢,𝑣,𝑤=1  

 and the second part of the result follows from the inequality 

 ∑ [𝑑(𝐴̄𝑢𝑣𝑤, 0̄)]𝑝𝑢𝑣𝑤 ≤∞
𝑢,𝑣,𝑤=1 ∑ 𝑑(𝐴̄𝑢𝑣𝑤, 0̄)∞

𝑢,𝑣,𝑤=1 . 

 

Open Problem 
We introduced triple interval valued sequence space 𝑙3̄(𝑝), and studied its different properties like 

completeness, solidness, converge free etc. We also proved some inclusion relations about them. 

For the reference sections, consider the following introduction described the main results are 

motivating the research. Thus it will be possible to benefit from this article for new studies. 
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