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Abstract

In this paper, we introduce triple sequence spaces via Orlicz function
and examine some properties of the resulting these spaces.
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0.1 Introduction

Before we enter the motivation for this paper and the presentation of the main
results we give some preliminaries.

Recall in [11] that an Orlicz function M is continuous, convex, nondecreas-
ing function define for > 0 such that M(0) = 0 and M (z) > 0. If convexity
of Orlicz function is replaced by M (z+y) < M (z)+M (y) then this function is
called the modulus function and characterized by Ruckle [16] .An Orlicz func-
tion M is said to satisfy Ay — condition for all values u, if there exists K > 0
such that M (2u) < KM (u),u > 0.

Remark. An Orlicz function satisfies the inequality M (A\x) < AM (x) for
all A with 0 < A < 1.

Lindenstrauss and Tzafriri [10] used the idea of Orlicz function to construct
the sequence space

I = {(Iz) : Zfil M (‘i—") < 00, forsomer > 0},
which is a Banach space normed by

@l =inf {r>0:32, M (5) <1},
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The space [y is closely related to the space [,, which is an Orlicz sequence
space with M (z) = |z|”, for 1 < p < oco.

In the later stage different Orlicz sequence spaces were introduced and
studied by Tripathy and Mahanta [5], Esi [1], Esi and Subramanian [2], Esi
and Et [3], Parashar and Choudhary [12] and many others.

By the convergence of a triple sequence we mean the convergence on the
Pringsheim sense [4] that is , a triple sequence x = () has Pringsheim limit
L (denoted by P —lima = L) provided that given € > 0 there exists n € N
such that |z — L| < € whenever 4,7,1 > n. We shall write more briefly as
" P — convergent”.

The concept of paranormed sequences was studied by Nakano [9] and Si-
mons [13] at the initial stage. Later on it was studied by many others.

The triple sequence x = (x;) is bounded if there exists a positive number
M such that |zi;| < M for all 4, j,1 € N. Let I3, the space of all bounded triple
sequences such that

%[l (0 3) = SUP; 1 [Tin| < 00

Throughout the paper, w? (X) denotes the spaces of all triple sequences
in X, where (X, q) denotes a seminormed space, seminormed by ¢g. The zero
double sequence is denoted by 6 in X.

2.DEFINITIONSANDBACKGROUND

Let P, denotes the class of all subsets of N, those do not contain more than
s elements and {¢, } represents a non-decreasing sequence of real numbers such
that ng,1 < (n+1) ¢, for all n € N.

The sequence space m (¢) introduced by Sargent [15] is defined as follows:

m(6) = {& = (@) ¢ eblls) = WPzt 0e, & Tie il < 00}

and studied some of its properties and obtained its relationship with the
space [,,.

A triple sequence space E is said to be solid or normal if (ajzi) € E,
whenever (z;;) € E for all triple sequences (cj) of scalars such that |a;;| <1
for all 4, 5,1 € N.

A triple sequence space E is said to be symmetric if (zy) € E implies
(xﬂ(i)ﬂ(j)ﬂu)) € F, where 7 is a permutation of the elements of N.

Let K = {(in, jrslm) : 0y kym € Nyjiy < ig < iz < ...y j1 < Jo < J3 < ...and

Iy <ly <l3<..CNxNxNand E be a triple sequence space. A K — step
space of F is a sequence space

A ={@ig,) ¢ () € E}

A canonical pre-image of a sequence (zy) € E is a sequence (yi;) € E
defined as follows:

T ’Lf (i,j, l) cK

yin = { 0, otherwise

A canonical pre-image of a step space /\f} is a set of canonical pre-images
of all elements in A\%.
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A triple sequence space F is said to be monotone if E contains the canonical
pre-images of all its step spaces.

Lemma. A double sequence space E is solid implies F is monotone.

Let Piy denotes the class of all subsets of Nx N x N, those do not contain
more that s X ¢ x ¢ elements. Throughout the paper {¢, mp} represent a non-
decreasing trlple sequence of real numbers such that ng,1.m, < (N + 1) dpmyp
and mqbn m+1l,p = (m + 1) ¢n 1, P and p¢n ,m,p+1 < (p + 1) Cbn D

In this paper we introduce the following triple sequence spaces: Let M be
an Orlicz function and a p = (p;;1) be a bounded triple sequence of positive
real numbers such that 0 < H, = inf; ;; piy < pij < sup; ;; Piji = H < o0, then

13, (M, q,p) = {z = (z) € w* (X) : sup;;, [M (¢ (22))]™ < o0, for some r >0},

[ (M, q) = {95 = (wip) € w* (X) : 3275 2100 [M (g (NI < 00, for v > O} ’

m’ (M’ ¢7 Qap) = {ZL‘ = (xijl) € w? (X) : Sups,t,qzl,aepstq ﬁ Z(i,j,l)eg [M (q (%))]pul <
00,

for some r > 0}.

The following inequality will be used throughout the paper

|aij1 + bijl‘pijl < max (1, 2H_1) (|aij1 Pigl + |bij1 pijl)

where a;; and by are complex numbers and H = sup; ;; piji < 0.

It is easy to see that the triple sequence space li (M, q) is a seminormed
space, seminormed by

g ((zy)) =inf {rpT]l >0: )0 M (¢(B)) < 1} ,whereJ = max (1,2771)
3.MAIN RESULTS

In this section we prove some results involving the triple sequence spaces
m?® (M, ¢,q,p) 13 (M, q) and I3, (M,q,p) .

Theorem 3.1. m3 (M, ¢, q,p) and I3 (M, q,p) are linear spaces.

Proof. Let (x), (yi) € m® (M, ¢,q,p) and «, 8 € C. Then there exists
positive numbers r; and ry such that

5 pijl
1 Tijl
SUD, o1 0er 5 Lgnes | M (0 (32))] < o0
and

3 Pijl
1 Yijl
SUPs t.4>1,0€ Patq $s.1.4 Z(i,j,l)eg [M <q (ﬁ))] < 0.

Let r3 = max (2 |a| 71,2 |5|12) . Since M is non-decreasing convex function
and ¢ is a seminorm, we have

azij+BYij
Soaver [M (0 (=252))]

S {0 (52) a2
< max (1 2A-1) > ies [M (q (Z”)ﬂ +maz (1,2971) [M <q (Z—;l)ﬂ .

So,

Pijl

pij1
1 axul"’ﬁyul J

SUDy; t,g>1,0€ Patq Gst.q Lalisgl)ET [ <q (
M

o Dijl
S Supstq>l O'EPﬁ,tq (bgfq Z('La] l)eU |: ( ( J1)>:| +
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. Pijl
1 vit
Sups,t7q21,0'6Pstq bt Z(i,j,l)EJ [M <q ( o ))]

< 00,

therefore (axij + Byip) € m® (M, ¢, q,p) . Hence m? (M, ¢, q,p) is a linear
space.

The proof for the case I3, (M, q,p) is a routine work in view of the above
proof.

Theorem 3.2. The space m3 (M, ¢, q,p) is a seminormed space, semi-
normed by

h((ziy)) = inf {7“ 7 >0 SUD; ¢ 4>1,0€ Paq ¢s;tq > tijnee M (¢ (B2)) < 1} ,whereJ =

max (1,2771) .

Proof. Clearly h ((xi)) > 0 for all (zy;) € m? (M, ¢,q,p) and h(6) = 0.
Let r; > 0 and r9 > 0 be such that

1 Tijl
SUDs 4> 1,0€ Potq 3ag D ines M (C] (ﬁ)) <1
and

1 ij
Sups,t,qu,o‘EPstq bs,t,q Z(i7j7l)60' M (q <%>> S 1.
Let r = r; 4+ ro. Then we have

SUps,t,qZLUEPstq ﬁ Z(i7j7l)60 M (q <M>)

— sups,t,qZLJEPstq ﬁ Z(Zﬂj,l)éa M (q (%))

< SUDs t,g>1,0€Patq ¢S;tq Z(i,j,l)eg {rerl'rzM <q (%l)) + mTTQrzM (q <z71:_;1>>}
< <r12r2> SUDs t,g>1,0€ Pag ﬁ Z(i,jyl)@ M (q (%))

1 Yijl
+ <—T17fr2> SUPs t.4>1,0€ Patq 6544 Z(z‘,j,l)ef M (q <ﬁ>>
<1

. / .
Since the r s are nonnegative, so we have

: Pij Zij1+yij
h ((zi1) + (yi1)) = inf {7" 7 >0: SUDs ¢ g>1,0€ Pug ﬁ Z(i,j,z)eg M <q (ﬂTy]l>> < 1}
Pijl y
< inf { > 0550 e 5 Ssnes M (1(2)) < 1}

Pijl
. =£ . 1 R
ity > 055D, ot g 7 Sanes M (4 (22)) < 1}

= h((zin)) + h ((yip)) -
Next for A € C, without loss of generality, let A £ 0, then

h (()‘xijl)) = lnf {T‘ ‘]J >0: Sups,t,qu,aePstq ﬁ Z(i7j7l)eg M <q < TJ1>> S 1}
, Pilj .
= an {(|A| p) 7 >0 SupS,t,qu,UEPscq ﬁt,q Z(i,j,l)eo M <q (%)) < 1} 7wh'€r€p =

>

Hence we get

h((Azip)) < max (1, [A[) 2 ((zi)) -

This completes the proof of the theorem.

The proof of the following result is a consequence of the above theorem.
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Proposition 3.3. The double sequence space I3, (M, ¢, p) is a seminormed
space, seminormed by

[ ((zin)) = inf {r@ >0 :sup, ;; M (q(22)) < 1} ,whereJ = max (1,2771)

Theorem 3.4. m* (M, ¢, q,p) C m* (M, ¢, q,p) if and only if sup,, , =22 <

Proof. Let sup,,, f;s—i‘; < 0o and (zi) € m3 (M, ¢, q,p) . Then

SUDs t g>1,0€ Patg ﬁ Y ines IM (g (B2))]™" < oo, forsomer > 0.
So,

SUDs 142106 Pug g 2tisies (M (4 (54))]™

< (Sups,t,q i?iﬁ) SUD, 0 g210€Paq g nes M (4 (51)]™ < 00,
Therefore (zy51) € m* (M, 1, q,p) . Hence m* (M, ¢, q,p) C m* (M, 1,4, p).

Conversely, let m?® (M, ¢, q,p) C m* (M,,q,p) . Suppose that sup, , , Zi‘; =

0o. Then there exists a sequence of natural numbers (s;;) such that P —
lim; ;, ZZZ = 00. Let (zy;) € m?® (M, ¢,q,p). Then there exists r > 0 such
that

SUDs t,g>1,0€ Paq ﬁ D (ijis)eo [M (q (1)) < oo

Now, we have

SUD, 121,06 P 7oy Sotiges M (2 (52))]™
¢ " .. <
> (SU.pi,j,l %Zl;i) Supi,j,yZl,crePSitj Z(i,j’l)ea [M (Q (%))}Pm - .

Therefore (z;;) ¢ m3 (M, q, p) . This is a contradiction. Hence SUD; ¢ 4 iii‘;

Sy ¢5i ,t]-’ ,q]

00 .
The following result is a consequence of Theorem 3.4.
Corollary 3.5. Let M be an Orlicz function. Then m3 (M, ¢, q,p) =
m3 (M, 1, q,p) if and only if Supg; , f;si‘; < oo and sup,, , iszz < oo for all
s, t,g=1,2,....

Theorem 3.6. Let M, M, M5 be Orlicz functions satisfying As—condition.
Then

(i) m® (My, ¢, q,p) C m?* (MoMy, b,q,p),

(ii) m? (My, ¢, q,p) N'm> (Ma, ¢, q,p) C m* (My + My, ¢,q.p).

Proof. (i) Let (xi;) € m? (M, ¢, q,p) . Then there exists r > 0 such that

SUDs t,g>1,0€Paq ﬁq D (ig)eo (M (g (52))]™" < oo

Let 0 < e < 1and § with 0 < d < 1 such that M () < e for 0 <t < 4. Let
yij = My (q (@)) and for any o € Py, let

Z(i,j,l)eU [M (yijl)]pijl = Zl [M (yijl)]pijl + Zz [M (yijl)]pijl

where the first summation is over y;; < 6 and the second is over y;; > 9.
By the remark we have

21 M (yip) < max <1> [M (1>]H) 21 (y)™" < max (1, [M (2)]H) S ()P
(3.1)
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For Yy > )

Uit < yind < 14 ypo

since M is non-decreasing and convex, so

M (y) < M (1+yud™") < 5M (2) + 3M (2yd™").

Since M satisfies Ay — condition, so

M (yi) < %yijlé_lM (2) + %yijlé_lM (2) = Kyo ' M (2).

Hence,

5 M ()" < max (1, [K51M (2)]) 5, ()" (3.2

By (3.1) and (3.2) we have (x3;) € m?® (MoMjy, ¢, q,p) . Thus m?® (My, ¢, q,p) C
m* (MoMy, ¢,q,p) -

(ii) Let (zi5) € m? (My, ¢, q,p) N m? (Ma, ¢,q,p) . Then there exists r > 0
such that

SUDs t,g>1,0€ Paq ﬁ D (ijil)eo (M (g (52))]™ < o0

and

SUDst,4>1,0€ Patq ﬁ Z(i,j,l)Ea [MQ (q (%))]pﬂj < 00.

The rest of the proof follows from the equality

2 (il)es [(My + M) (q (%))}pm

< (1,270) 3 ey [V (o (32)] o (1,20) 5 [0 0 (52))]

This completes the proof.

Taking M; (x) = x in above theorem, we have the following result.

Corollary 3.7. Let M be an Orlicz function satisfying Ay — condition,
then m? (¢, ¢,p) C m* (M, ¢,q,p).

From Theorem 3.4. and Corollary 3.7., we have:

Corollary 3.8. Let M be an Orlicz function satisfying Ay — condition,
then m® (¢, q,p) C m* (M, v, q, p) if and only if sup,, , ZZZ’;Z < 00.

Theorem 3.9. The double space m? (M, ¢, q,p) is solid and symmetric.

Proof. Let (z;;) € m® (M, ¢,q,p) . Then

SUDs t,g>1,0€ Paq ﬁ 2 (i jeo [M (q (%))}pm < 00. (3.3)

Let (\;) be a double sequence of scalars with |Aj;| < 1 for all 4,5,1 € N.
Then the result follows from (3.3) and the following inequality

Z(z‘,j,l)&r [M (q (@))}” < Z(i,j,l)eo [|>\ij1\ M (q (%))]pm (bythe Remark)

< Yiignes [M (2 (5]

The symmetricity of the space follows from the definition of the triple space
m3 (M, ¢, q, p) and symmetric triple sequence space.

The following result follows from Theorem 3.9 and the Lemma.

Corollary 3.10. The triple space m?® (M, ¢, q, p) is monotone.

The proof of the following result is a routine work.

Proposition 3.11. The triple spaces I3 (M,q) and I3, (M, q,p) are solid
and as such are monotone.

Theorem 3.12. I3 (M,q) C m® (M, ¢,q,p) C I3, (M,q,p).
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Proof. Let (zy) € I3 (M, q) . Then we have
Zioj}l:l,l,l [M (q (m))}pm < o0, for some r > 0. (3.4)

T
Since {¢nm} is monotonic increasing, so we have

1 Tij Dij 1 i pijl
s Lgnes M (@ G < 507 e [M (0 (54))] < oo
Hence
i ijl

SUDs t,g>1,0€ Pstq ¢+tq Z(i,j,l)EU [M (q (Tl))}p < 0.

Thus (zy) € m® (M, ¢,q,p) . Therefore I3 (M,q) C m?® (M, $,q,p). Next
let (z33) € m® (M, ¢,q,p) . Then we have

SUD 21,0 g oy 2tigieo M (0 (51))]™ < 00, for some v > 0.

So,

sup; jien 575 | M (4 (Z2))]"" < oo, forsomer > 0 (on taking cardinality ofotobel).

Therefore (x3y) € 13, (M, q,p). Hence m® (M, ¢,q,p) C 13, (M,q,p). This
completes the proof.

Theorem 3.13.(i) m? (M, ¢, q,p) = l; (M, q) if and only if sup, ; ;51 @s1,q <
00.

(ii) m3 (M, ¢,q,p) = >, (M, q,p) if and only if SUDg 4 4>1 %?q < 0.

Proof.(i) It is clear that m? (M,v,q,p) = lz (M,q) when tg,, = 1 for
all s,t,q € N. By Theorem 3.4., m3 (M, ¢,q,p) C m3(M,,q,p) if and only
if SuPstZ%Z < oo ie. sup,,;, Psiq < 00. By Theorem 3.11., m? (M, ¢, q, p)
= 13 (M, q) if and only if sup, , , 51,4 < 00.

(ii) We have m?® (M, v, q,p) = I3, (M, q) if ¢, , = stq for all s,¢,q € N. By
Theorem 3.4. and Theorem 3.11., it follows that m? (M, ¢, q,p) = I3, (M, q,p)
if and only if sup;,; ;> %?q < 00.

This completes the proof.

The proof of the following result is routine work.

Proposition 3.14. Let M be an Orlicz function, ¢; and ¢ be seminorms.
Then

(i) m3 (M7 ¢7 q17p) N m3 <M7 ¢a q27p) C m2 (M7 Cb, q1 + QZ,Z?) )

(ii) If ¢ is stronger than go, then m? (M, ¢, q1, p) C m> (M, ¢, g2, D),

(111) lgo (Ma Q17p) N lgo (M7 QQ,p> - lgo <M7 Q1 + Q2ap> )

(iv) If ¢, is stronger than gy, then I3 (M, q1,p) C I3, (M, go, D),

(V) lg (M7 QI) N lp% <M7 q2) C lg (M7 q1 + (12) )

(vi) If ¢ is stronger than gy, then I3 (M, q1) C I3 (M, g2) .

4.PARTICULARCASES

If one considers a normed linear space (X, ||.||) instead of a seminormed
space (X, q), then one will get m3 (M, ¢, ||.]| , p) , which will be a normed linear
space, normed by

, Pij
()| = inf {r% > 050D, o1 epny 57 Sagnes M (|
max (1, 2H_1) .

T

) < 1} ,whereJ =
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The triple space m? (M, ¢, ||.|| , p) will be a solid, monotone and symmetric
space. Further most of the results proved in the previous section will be true
for this space too.

Open Problem: In the introduced spaces can Orlicz functions be replaced
by other functions 7 Whether the proof of seminormed spaces can be checked
for other spaces 7
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