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Abstract

In this paper a subclass of p-valent harmonic functions as-
sociated with Mittag-Leffler-type Poisson Distribution Series
in the open unit disc has been introduced and some properties
as coefficients estimate,extreme points, distortion bounds and
closure theorems have been studied.
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1 Introduction

A continuous function F = H + iG is a complex valued harmonic function in
a complex domain C , if both U and V are real harmonic in C. In any simply
connected domain D ⊆ C,we can write F=H+Ḡ,. We call H the analytic part
and G the co-analytic part of F. A necessary and sufficient condition for F to
be locally univalent and sense-preserving in D is that |H ′(z)| > |G′(z)| in D
(see Clunie and Sheil-Small [3]).
Denote by C(p) the class of functions F=H+Ḡ, that are harmonic multivalent
and sense-preserving in the unit disk D={z ∈ C : |z| < 1}. The class C(p) was
studied by Ahuja and Jahangiri [1] and class C(p) for p=1 was defined and
studied by Jahangiri et. al. in [6]. For F=H+Ḡ ∈ C(p), we may express the
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analytic functions H and G as:

H(z) = zp +
∞∑

n=p+1

|an|zn, G(z) =
∞∑
n=p

|bn|zn(p ∈ N) (1)

where z ∈ D,|bp| < 1.
Now Mittag-Leffler function Eα(z) introduced by Mittag-Leffler [7] is given as

Eα(z) =
∑∞

n=p

zn

Γ(αn+ 1)
, (z ∈ D,Re(α) > 0).

Wiman[8] has introduced a general function Eα,β as

Eα,β =
∑∞

n=p

zn

Γ(αn+ β)
, (z, α, β ∈ D,Re(β) > 0, Re(α) > 0).

The normalization of the Mittag-Leffler function [4] is given as

Eα,β(z) = Γ(β)zEα,β = zp +
∑∞

n=p+1

Γ(β)

Γ(α(n− 1) + β)
zn

where z,α, β ∈ D : β ̸= 0,−1,−2, .... and Re(β) > 0, Re(α) > 0.
The probability mass function of the Mittag-Leffler-type Poisson Distribution
is given as

P (X = r) =
mr

Γ(αk + β)Eα,β(m)
, r = 0, 1, 2, 3....

where m > 0, α > 0 and β > 0.
Using this normalized form of the Mittag-Leffler-type Poisson Distribution,
Frasin et.al.[5] has defined an operator on class C(p) for p=1 as

Imα,βF (z) = z +
∑∞

n=2

Γ(β)mn−1

Γ(α(n− 1) + β)Eα,β(m)
cnz

n; z ∈ D

Motivated with this work we defined a new subclass Rm,p
α,β of Harmonic functions

F (z) ∈ C(p) , which satisfy the conditions

Re

{
(1 + δeiΦ)z(Imα,βF (z))′

p(Imα,βF (z))
− δeiΦ

}
≥ γ, (2)

for (α ≥ 0 and 0 ≤ β < 1, 0 ≤ γ < 1)
or equivalently

Re

{
(1 + δeiΦ)z(Imα,βF (z))′ − pδeiΦ(Imα,βF (z))

p(Imα,βF (z))

}
≥ γ (3)

where

Imα,βF (z) = zp +
∞∑

n=p+1

Γ(β)mn−1

Γ(α(n− 1) + β)Eα,β(m)
cnz

n, z ∈ D (4)

We also let CRm,p
α,β = Rm,p

α,β

⋂
C(p).

In this paper we determine the Coefficients inequality, Distortion theorem,
Extreme points and Clousre proerty for the class CRm,p

α,β .
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2 COEFFICIENTS INEQUALITY

We will first derive a sufficient condition for the functions of the class Rm,p
α,β .

Theorem 2.1: Let F=H+Ḡ (H and G being given by 1.1). If

∞∑
n=p+1

[{
n(1 + δ)− p(γ + δ)

p(1− γ)

}
|an|+

{
n(1 + δ) + p(γ + δ)

p(1− γ)

}
|bn|

]
Γm,n
α,β (5)

≤ 1−
{
1 + γ + 2δ

1− γ

}
Γm,p
α,β |bp|,

then F ∈ Rm,p
α,β , where

Γm,n
α,β =

Γ(β)mn−1

Γ(α(n− 1) + β)Eα,β(m)
, . (6)

Proof: Let F=H+Ḡ in (2.1), we get

Re

(1 + δeiΦ)
[
z(Imα,βH(z))′ − z(Imα,βG(z))′

]
− pδeiΦ(Imα,βH(z) + Imα,βG(z))

p((Imα,βH(z) + Imα,βG(z))

 =

Re

{
A(z)

B(z)

}
where A(z)= (1+δeiΦ)

[
z(Imα,βH(z))′ − z(Imα,βG(z))′

]
−pδeiΦ(Imα,βH(z)+Imα,βG(z))

and B(z)=p((Imα,βH(z) + Imα,βG(z))
Using the fact that Re ω(z) ≥ γ if and only if |1− γ + ω| ≥ |1 + γ − ω| [2],
it is sufficient to show that
|A(z) + (1− γ)B(z)| − |A(z)− (1 + γ)B(z)| ≥ 0.
Substituting for A(z) and B(z), we get

|A(z)+(1−γ)B(z)|−|A(z)−(1+γ)B(z)| = |(1+δeiΦ)
[
z(Imα,βH(z))′ − z(Imα,βG(z))′

]
−

pδeiΦ(Imα,βH(z) + Imα,βG(z)) + (1− γ)
[
p((Imα,βH(z) + Imα,βG(z))

]
|-

|(1 + δeiΦ)
[
z(Imα,βH(z))′ − z(Imα,βG(z))′

]
− pδeiΦ(Imα,βH(z) + Imα,βG(z)) − (1 +

γ)
[
p((Imα,βH(z) + Imα,βG(z))

]
|

= |(1 + δeiΦ)
[
pzp +

∑∞
n=p+1 nΓ

m,n
α,β anz

n−1 −
∑∞

n=p nΓ
m,n
α,β bnz

n−1
]

− δeiΦ
[
pzp +

∑∞
n=p+1 pΓ

m,n
α,β anz

n +
∑∞

n=p pΓ
m,n
α,β bnz

n
]

+ (1− γ)
[
pzp +

∑∞
n=p+1 pΓ

m,n
α,β anz

n +
∑∞

n=p pΓ
m,n
α,β bnz

n
]
| −

|(1 + δeiΦ)
[
pzp +

∑∞
n=p+1 nΓ

m,n
α,β anz

n−1 −
∑∞

n=p nΓ
m,n
α,β bnz

n−1
]

− δeiΦ
[
pzp +

∑∞
n=p+1 pΓ

m,n
α,β anz

n +
∑∞

n=p pΓ
m,n
α,β bnz

n
]
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− (1 + γ)
[
pzp +

∑∞
n=p+1 pΓ

m,n
α,β anz

n +
∑∞

n=p pΓ
m,n
α,β bnz

n
]
|

= |
[
2p(1− γ)eiΦ

]
zp +

∑∞
n=p+1 2

[
n(1 + δ)− p(γ + δ)eiΦ

]
Γm,n
α,β anz

n

−
∑∞

n=p 2
[
n(1 + δ) + p(γ + δ)eiΦ

]
Γm,n
α,β bnz

n|
≥ [2p(1− γ)] |z|p −

∑∞
n=p+1 2 [n(1 + δ)− p(γ + δ)] Γm,n

α,β |an||z|n
−
∑∞

n=p 2 [n(1 + δ) + p(γ + δ)] Γm,n
α,β |bn||z|n

= 2p(1− γ)|z|p −
∑∞

n=p+1 2 [n(1 + δ)− p(γ + δ)] Γm,n
α,β |an||z|n

−
∑∞

n=p 2 [n(1 + δ) + p(γ + δ)] Γm,n
α,β |bn||z|n

≥ 2p[(1− γ)− (1 + γ + 2δ)Γm,p
α,β |bp|]|z|p

−
∑∞

n=p+1 2 [n(1 + δ)− p(γ + δ)] Γm,n
α,β |an||z|n

−
∑∞

n=p+1 2 [n(1 + δ) + p(γ + δ)] Γm,n
α,β |bn||z|n ≥ 0.

By virtue of (2.1), this implies that F ∈ Rm,p
α,β .

Theorem 2.2: Let F=H+Ḡ ∈ C(p). Then F ∈ CRm,p
α,β if and only if

∞∑
n=p+1

[{
n(1 + δ)− p(γ + δ)

p(1− γ)

}
|an|+

{
n(1 + δ) + p(γ + δ)

p(1− γ)

}
|bn|

]
Γm,n
α,β (7)

≤ 1−
{
1 + γ + 2δ

1− γ

}
Γm,p
α,β |bp| where 0 ≤ γ < 1.

Proof: Since CRm,p
α,β ⊂ Rm,p

α,β , we only need to prove ’only if’ part of the the-
orem. To this end, for functions f of the form (1.1) with condition (1.3), we
notice the condition

Re

{
(1 + δeiΦ)z(Imα,βF (z))′

p(Imα,βF (z))
− (δeiΦ + γ)

}
≥ 0.

The above inequality is equivalent to

Re[(1 + δeiΦ)
[
pzp +

∑∞
n=p+1 nΓ

m,n
α,β (anz

n −
∑∞

n=p nΓ
m,n
α,β bnz

n
]

−(δeiΦ + γ)
[
pzp +

∑∞
n=p+1 pΓ

m,n
α,β anz

n +
∑∞

n=p pΓ
m,n
α,β bnz

n
]

×
[
pzp +

∑∞
n=p+1 pΓ

m,n
α,β anz

n +
∑∞

n=p pΓ
m,n
α,β bnz

n
]−1

] ≥ 0.

Re[p(1− γ) +
∑∞

n=p+1

{
(n− pγ) + δ(n− p)eiΦ

}
Γm,n
α,β anz

n−p

-
1

zp
∑∞

n=p

{
(n+ pγ) + δ(n+ p)eiΦ

}
Γm,n
α,β bnz

n]

×[p+
∑∞

n=p+1 pΓ
m,n
α,β anz

n−p +
1

zp
∑∞

n=p pΓ
m,n
α,β bnz

n]−1 ≥ 0.

Thus condition must hold for all values of z, such that |z| = r < 1. Choosing Φ
according to condition and noting that Re(−δeiΦ) ≥ −δ|eiΦ| = −δ, the above
inequality reduces to

|p(1− γ)− p {1 + γ + 2δ}Γm,p
α,β |bp| (8)

−
∑∞

n=p+1 [{n(1 + δ)− p(γ + δ)} |an|+ {n(1 + δ) + p(γ + δ)} |bn|] Γm,n
α,β r

n−p|



34 J. AWASTHI

×[p+
∑∞

n=p+1 pΓ
m,n
α,β |an|rn−p +

∑∞
n=p pΓ

m,n
α,β |bn|rn−p]]−1 ≥ 0.

Letting r −→ 1− and if the condition (2.3) does not hold, then the numerator
in (2.4) is negative. This contradicts our assumptions that F ∈ CRm,p

α,β . Hence
F ∈ CRm,p

α,β .
For

∑∞
n=p+1 |An|+

∑∞
n=p |Bn| = 1, the harmonic univalent function

F (z) = zp +
∑∞

n=p+1

(1− γ)

{n(1 + δ)− p(γ + δ)}Γm,n
α,β

Anz
n

+
∑∞

n=p

(1− γ)

{n(1 + δ) + p(γ + δ)}Γm,n
α,β

Bnzn

shows that equality in the coefficient bound given by (2.3) is sharp.

3 DISTORTION THEOREM

Theorem 3.1: Let the function F(z)=H(z)+ ¯G(z) defined by (1.1) be in the
class CRm,p

α,β . Then for |z| = r < 1, we have

|F (z)| ≤ (1 + |bp|)rp +
p(1− γ)

Γm,p+1
α,β

[
1−

{
1 + γ + 2δ

1− γ

}
Γm,p
α,β |bp|

]
rp+1 (9)

and

|F (z)| ≥ (1− |bp|)rp −
p(1− γ)

Γm,p+1
α,β

[
1−

{
1 + γ + 2δ

1− γ

}
Γm,p
α,β |bp|

]
rp+1. (10)

The result is sharp.
Proof: We prove only the left hand inequality. Let F ∈ CRm,p

α,β . Taking the
absolute value of F(z), we have
|F (z)| ≥ (1− |bp|)rp −

∑∞
n=p+1 {|an|+ |bn|} rn

≥ (1− |bp|)rp − rp+1
∑∞

n=p+1 {|an|+ |bn|}

≥ (1− |bp|)rp −
p(1− γ)

Γm,p+1
α,β

rp+1
∑∞

n=p+1

Γm,n
α,β

p(1− γ)
{|an|+ |bn|}

≥ (1−|bp|)rp−
p(1− γ)

Γm,p+1
α,β

∑∞
n=p+1

[
n(1 + δ)− p(γ + δ)

p(1− γ)
|an|+

n(1 + δ) + p(γ + δ)

p(1− γ)
|bn|

]
Γm,n
α,β r

p+1

≥ (1− |bp|)rp −
p(1− γ)

Γm,p+1
α,β

[
1−

{
1 + γ + 2δ

1− γ

}
Γm,p
α,β |bp|

]
rp+1.
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4 EXTREME POINTS

Theorem 4.1: A function F = H + Ḡ ∈ CRm,p
α,β if and only if F(z) can be

expressed in the form

F (z) =
∞∑
n=p

(XnHn + YnGn) (11)

where

Hp(z) = zp, Hn(z) = zp +
(1− γ)

{n(1 + δ)− p(γ + δ)}Γm,n
α,β

zn(n ≥ p+ 1) (12)

Gn(z) = zp +
(1− γ)

{n(1 + δ) + p(γ + δ)}Γm,n
α,β

zn(n ≥ p),

Γm,n
α,β F (z) is given by (1.4) and

∑∞
n=p (Xn + Yn) = 1 with Xn ≥ 0, Yn ≥ 0.

In particular the extreme points of CRm,p
α,β are Hn and Gn.

Proof: Let F(z) be of the form (4.1). Then we have

F (z) =
∑∞

n=p (Xn + Yn) z
p +

∑∞
n=p+1

(1− γ)

{n(1 + δ)− p(γ + δ)}Γm,n
α,β

Xnz
n

+
∑∞

n=p

(1− γ)

{n(1 + δ) + p(γ + δ)}Γm,n
α,β

Ynz
n

= zp +
∑∞

n=p+1

(1− γ)

{n(1 + δ)− p(γ + δ)}Γm,n
α,β

Xnz
n

+
∑∞

n=p

(1− γ)

{n(1 + δ) + p(γ + δ)}Γm,n
α,β

Ynz
n

Furthermore, let

|an| =
(1− γ)

{n(1 + δ)− p(γ + δ)}Γm,n
α,β

Xn

and |bn| =
(1− γ)

{n(1 + δ) + p(γ + δ)}Γm,n
α,β

Yn.

Now,
∑∞

n=p+1

{
n(1 + δ)− p(γ + δ)

(1− γ)

}
Γm,n
α,β |an|+∑∞

n=p

{
n(1 + δ) + p(γ + δ)

(1− γ)

}
Γm,n
α,β |bn|

=
∑∞

n=p+1Xn +
∑∞

n=p Yn = 1−Xp ≤ 1. So F ∈ CRm,p
α,β .

Conversely, suppose that F ∈ CRm,p
α,β .

Setting Xn =

{
n(1 + δ)− p(γ + δ)

(1− γ)

}
Γm,n
α,β |an| (n ≥ p+ 1)

Yn =

{
n(1 + δ) + p(γ + δ)

(1− γ)

}
Γm,n
α,β |bn| (n ≥ p)

and Xp = 1−
∑∞

n=p+1 Xn −
∑∞

n=p Yn.
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Therefore,
F (z) = zp +

∑∞
n=p+1 |an|zn +

∑∞
n=p |bn|zn

= zp +
∑∞

n=p+1

(1− γ)

{n(1 + δ)− p(γ + δ)}Γm,n
α,β

Xnz
n

+
∑∞

n=p

(1− γ)

{n(1 + δ) + p(γ + δ)}Γm,n
α,β

Ynz
n

= zp +
∑∞

n=p+1 [Xn {Hn(z)− zp}] +
∑∞

n=p [Bn {Gn(z)− zp}]
So F (z) =

∑∞
n=p (XnHn(z) + YnGn(z)) .

5 Open Problem

The open problem here is to find more normalized form of Mittag-Leffler-type
Poisson Distribution series and to find more classes of Harmonic functions
satisfying some conditions.Also to find some more properties like Radius of
starlikness, Radiud of convexity etc.
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