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Abstract

In this paper a subclass of p-valent harmonic functions as-
sociated with Mittag-Leffler-type Poisson Distribution Series
in the open unit disc has been introduced and some properties
as coefficients estimate,extreme points, distortion bounds and
closure theorems have been studied.
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1 Introduction

A continuous function F = H + iG is a complex valued harmonic function in
a complex domain C | if both U and V are real harmonic in C. In any simply
connected domain D C C,we can write F=H+G,. We call H the analytic part
and G the co-analytic part of F. A necessary and sufficient condition for F to
be locally univalent and sense-preserving in D is that |H'(z)| > |G'(z)| in D
(see Clunie and Sheil-Small [3]).

Denote by C(p) the class of functions F=H+G, that are harmonic multivalent
and sense-preserving in the unit disk D={z € C': |z| < 1}. The class C(p) was
studied by Ahuja and Jahangiri [1] and class C(p) for p=1 was defined and
studied by Jahangiri et. al. in [6]. For F=H+G € C(p), we may express the
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analytic functions H and G as:

=2+ Y lanz"G(2) =) |balz"(p € N) (1)

n=p+1

where z € D,|b,| < 1.
Now Mittag-Leffler function E,(z) introduced by Mittag-Leffler [7] is given as
ZTL
E(:)=S* — % (e D,R 0).
(2) = 57, ey (2 € D Fela) >0)
Wiman([8] has introduced a general function E, 3 as
Zn
Ewpg=> " —— (2,0, D.R >0,R > 0).
o= T gy (0 € DRe(3) > 0.Rel) > 0)
The normalization of the Mittag-Leffler function [4] is given as
o I'(3)
Ea — F EO[ = P _ n
75(2) (5)2’ B 20+ Zn_erl F(a(n _ 1) + ﬁ)z
where z,a, 8 € D: 8 #0,—1,—2,.... and Re(8) > 0, Re(a) > 0.
The probability mass function of the Mittag-LefHer-type Poisson Distribution
is given as
m

P = 1) = Sk T BB pm)
where m > 0, > 0 and > 0.
Using this normalized form of the Mittag-Lefller-type Poisson Distribution,
Frasin et.al.[5] has defined an operator on class C(p) for p=1 as

o r(g)ym"!
[ F &) =24 e T = 1) 1 BB ()

Motivated with this work we defined a new subclass Rzg’ of Harmonic functions
F(z) € C(p) , which satisfy the conditions

(L+ 3P E)
&{ PP }Z% ®

for (@« >0and 0< < 1,0<y<1)
or equivalently

r

r=0,1,2,3...

cp2" 2z €D

(14 0e"®)2(175F(2)) — pde® (175 F(2))
%{ e }27 ®)
where
17 = 2P + Z aln —1 )_T;) ) 2",z €D (4)

n= p+1

We also let RS = R (N C(p).
In this paper we determme the Coefficients inequality, Distortion theorem,
Extreme points and Clousre proerty for the class CRZ? .
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2 COEFFICIENTS INEQUALITY

We will first derive a sufficient condition for the functions of the class ]Rgfg'.
Theorem 2.1: Let F=H+G (H and G being given by 1.1). If

i Hn(1+5)—p(’y+5)}|an|+{n(1+5)+p(7+5)}|bn|] e (5)

Bt p(1—7) p(1—7)
1 28
<1- {8 pm,)
1—7x @
then F' € R}, where
P n—1
VE Rt . )
7 Dla(n —1) + B)Ea,ps(m)

Proof: Let F=H+G in (2.1), we get
N (1+ 0e™®) [Z(I;%H(z))’ - Z(](TBG(Z»/] — pde’® (I H (2) + 113G (2)) }
e S -

p((IZZﬂH(Z) + LZ%G(Z))
A(2)
fre {B<z> }

where A(z)= (1+5¢'®) [Z(J%H(z))' - z(zgjﬁa(z)y} —pSei® (I H (2)+ 17, G(2))
and B(z)=p((IJsH(2) + 1[’3G(2))

Using the fact that Re w(z) > v if and only if |1 — vy +w| > |1 + v —w| [2],

it is sufficient to show that

[A(2) + (1 =7)B(2)| = |A(2) = (1 +7)B(2)] = 0.

Substituting for A(z) and B(z), we get

|A(2)+(1=7)B(2)|—|A(z) = (1+7) B(2)| = |(1+d¢e™®) [Z(IOTBH(Z))’ — 2(I7G(2)) | —
PO (17 H(2) + TG ) + (1= ) [ H () + TG |

(14 8ei®) (L H(2)) = (TG | - poei® (I H(z) + TG () — (1+

9 [P H () + TLGE)] |

= |(1+ 5e'®) [pzp + 0 T,z nr;ﬁg—bnzn—l]

= 86 |p2P 300 PTG + S, pT b

+(1—7) [pzp + D o Pl anz™ + 307 pfzg‘bnzn] | —

(14 6¢™®) [pz” T Mg ans" ™ =370 nfgg‘bnz"*]

L [CES v S vl Ve e
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(1+7) |:pzp+z —p+1pro¢3anz +Zn pprmnb Akt ‘
= 2p(1 =)e®] 22 + 320 12 [n(1+0) — p(y +0)e®| T ayz"
=302, 2 [n(146) + ply + 0)e™] T by 2"
> 2p(1 =) 2P = 30,1 2[n(1+0) — p(y +0)] T0 5 anl| 2"

= 2onep 2[n(L+6) + p(y + O TS5 ball2["
= 2p(1 =)z = 3071 2[n(1 +6) — p(y + 0)| T lan||2]"
—Zf:,,?[n(1+5)+p(v+5)] Fm;lb |21

> 2p[(1 =) — (L4 4+ 20)T775 by ] |2[?

= Y1 2[n(1+0) = p(y + )] T4 5 anl|2]"

=2 mpir 2[0(L+0) + p(y +0)] Fmg"!b Hzln > 0.

By virtue of (2.1), this implies that F' € ]R

Theorem 2.2: Let F=H+G € C(p). Then F € CR}'% if and only if

i Hn(1+5)—p(7+5)}|an|+{n(1+5)+p(7+5)}|bn|} e ()

) p(1—7) p(1 =)

S1_{1%—7%—25

}Fm’p|b | where 0 <~ < 1.

Proof: Since CR]Y C RS , we only need to prove ‘only if’ part of the the-
orem. To this end for functions f of the form (1.1) with condition (1.3), we
notice the condition

(1+0660):(ImF(2))
Re — — (0" +~) ¢ > 0.
P F(2))
The above inequality is equivalent to
Re[(1 + de'®) [pz” + o g (anz™ = 3002 L 2h z”]
—(8e™® + ) [pzp + D o Plaganz™ + 3207 me ) z"}

[pzp + > pHmeg‘anz +> _ppl“ngnzn} | > 0.
Rle[ p(L=)+ >0 {(n—py)+6(n—pe®} T0 5 anz"
" Ly {(n+p7) + (0 + p)e F TT3D,2"]
[p + e p+1 P aﬁ ganz" P + % Ziippfngr?]’l > 0.
Thus condition must hold for all values of z, such that |z| = r < 1. Choosing ®

according to condition and noting that Re(—de®) > —4|e’®| = —§, the above
inequality reduces to

Ip(1 =) —p{l+v+20} T 7|0, (8)

= Yoneprn [{n(1+0) = p(y + 0)} lan| + {n(1 4 6) +p(v + 6)} [bal| T 57"
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X[p+ 3y PLa g lan|r™ ™0 4 3200 pLa g ba|r™ 7] > 0.

Letting » — 1~ and if the condition (2.3) does not hold, then the numerator
in (2.4) is negative. This contradicts our assumptions that ' € CR}"}. Hence
FeCRYY.

For >°7° 1 1Anl + 22,2, [ Bn| = 1, the harmonic univalent function

n=p

F(z)=2P+>"" — A, 2"
R (S RFTeE) o

+ = m,n
e Ta(1+0) + 2y + I I

shows that equality in the coefficient bound given by (2.3) is sharp.

B, z"

3 DISTORTION THEOREM

Theorem 3.1: Let the function F(z)=H(z)4+G(z) defined by (1.1) be in the
class CR[S. Then for |z[ = r < 1, we have

F)] < (14 Py + 2

Fm,p+1

—9) {1_{14—7%—25
a,B

m, 1
ﬁ} Fa,§|bp\] P (9)

and

P> (- - 2E0) {1 _ {Hv_ﬂé

721b |} rPt(10)
m,p+1 _ } a,B 17P
Ny 11—~

The result is sharp.

Proof: We prove only the left hand inequality. Let F' € CR["}. Taking the
absolute value of F(z), we have

[F(2)] = (1= [bp)r? = 3201 {lan| + (o]} 7"

> (L= [bp)r? = P71 320 sy {lan] + 1buf}

p(l B PY) o0 ZLEL
> _ p__ A T aptl — %P
sl (1 |bp|)r FZngl r Zn:p+1 p(l _ ’7) {|an| + |bn|}
PA—7) <o [R(+6)—ply+9) n(l+4)+py+9)
> — p_-~ '/
= (1 ’bp‘)r Fm,p+1 Zn:p+1 |: p(l _ ’}/) |an| + p(l . 7)

a,s

p(1—7) 14+y+25) .
> (1—1b p__ A ) L AP p+1
- ( | p‘)r F';rfg}—}—l |: { 1 o ,y a,ﬂ‘ p’ r

[ba]| D
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4 EXTREME POINTS

Theorem 4.1: A function F' = H + G € CR} if and only if F(z) can be
expressed in the form

= i (X, H, +Y,.Gp) (11)
where
Hy(z) = 2P, H,(2) = 2" + T+ 5>(_1;(3)+ 5)}F$ﬁnz”(n >p+1)  (12)

— P (1 — P)/) n
(@) =2+ S5 1 o0 10 T (n = p),

I8 F(z) is given by (1.4) and 3°7° (X, +V;,) =1 with X,, > 0,Y,, > 0.
In partlcular the extreme points of CR™ o are H, and G,

Proof: Let F(z) be of the form (4.1). Then we have

F(z) =, (Xn+Y,)2 +Z‘P+1{n(1+5) <7+5)}Fng
(1—7) v

" {n(1+0) +ply+0)} g "
_ (1=7)
S R i) s + TS
(1—7)
Y, 2"
2 TalT 5 0) + 5y + )T
Furthermore, let
|a | _ (1 _’7)
“{n(1+0) —p(y +0)} T
(1—19)

d |b,| = —

wd Il = G 6 T
- n(1+0) —p(y +4)
NOW, npi (1-7)

o JL+8)+p(Y+) | o
S M e
=1 Xn + 20 Yo =1-X,<1.So FeCR]}
Conversely, suppose that F € C’Rmp

Setting X,, = { n(1+ ?1) — 757 * 5)} Lo lan] (n>p+1)
n(1+5)+p(7+5)} o
Y, = L slbnl (n>p
e slonl (n2P)
and X, =1 -3, X, © % Vi

+2

X,z"

Lap lanl+
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Therefore,
F(z) =2 + 3 0y lan] 2" + 2200, [bn]2"

=2+ Zzo:p+1 {n(

T L T 0) + 0y 7 07] P

1570)—ply+ o T
(1—7)

Y., 2"

=2+ 3 X {Hn(2) = 2P} + 300 [Bn {Gn(2) — 27}]
So F(z2) =3 2, (XnHn(2) + YaGu(2)) .

5

Open Problem

The open problem here is to find more normalized form of Mittag-Leffler-type
Poisson Distribution series and to find more classes of Harmonic functions
satisfying some conditions.Also to find some more properties like Radius of
starlikness, Radiud of convexity etc.
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